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PREFACE 


In the preparation of this volume, the authors have had in 

mind the needs of those colleges and technical schools in which 
_ the time devoted to calculus is limited to a three-hour course for 
a year, or perhaps to a five-hour course for two terms. 

The usual division of the subject into differential and integral 
calculus has been largely disregarded. By the arrangement 
adopted, the student is early led by easy steps into simple prac- 
tical applications of the calculus; and the more difficult topics 
are postponed until late in the course. 

The theory of limits has been used exclusively in the develop- — 
ment of fundamental principles. Throughout the book much 
emphasis is placed upon the applications of the calculus to prac- 

tical problems. Only such knowledge of physics on the part 
_ of the student is assumed as is usually included in an elementary 
_ course in that subject. Some problems are introduced that show 
the use of calculus in discussing well-known applications to 
physical and engineering phenomena. Such problems are so 
_ stated, however, as to require no technical knowledge on the part 
of the student. The applications to geometry are such as are 
essential and usually to be found in a first course in calculus. 
In the selection of material, the authors have departed some- 
_ what from the traditional course. Many topics usually included 
in caleulus have been entirely omitted or greatly reduced in 
ent. Thus, but little attention has been given to special 
methods of integration; and reduction formulas for integration, 
order of contact, envelopes, etc., have been omitted entirely. 
On the other hand, some parts of the text have been extended 
beyond the usual limits. Functions of two or more variables, 
ecause of their importance in physics, have been discussed more 
ully than usual. Special stress has been laid on the summation 
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process, and by numerous examples from physics the student 
is drilled in the choice of proper elements and in the setting up 
of definite integrals. Attention is called to the treatment of 
exact and inexact differentials; a subject of first importance 
in the physical applications of calculus, but one that usually 
receives little or no consideration. 

The authors take this occasion to express their obligations 
to their colleagues at the University of Illinois and elsewhere 
for their helpful suggestions in the preparation of this book, and 
to the publishers for their codperation in making its typography 
of high grade. The authors are under special obligations to 
Professor H. L. Rietz and to Dr. A. R. Crathorne for their assist- 
ance in seeing the book through the press. 


E. J. TOWNSEND. 


G. A. GOODENOUGH. 
UNIVERSITY OF ILLINOIS, 
July, 1910. 
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CALCULUS 


CHAPTER I 
FUNDAMENTAL NOTIONS AND DEFINITIONS 


1. Constants, variables. In the applications of mathematics to 
physical problems, we meet with such magnitudes as velocity, 
force, mass, length, area, volume, etc. The measure of a magni- 
tude is expressed by means of a number, represented by a figure 
or letter, which denotes the ratio that the given magnitude bears 
to some standard magnitude of the same kind adopted as a unit. 
For the purposes of calculation, it is the number that is of funda- 
mental importance. For the sake of brevity, however, we shall 
often speak of “a velocity v” or “an area A,” etc., instead of 
using the longer but perhaps more precise expressions “a, velocity 
whose measure is v units” or “an area whose ratio to the standard 
unit of area is A,” etc. : 

In any particular discussion, the magnitudes and consequently 
the corresponding numbers may or may not change. A number 
that remains unchanged is called a constant. A symbol is then 
said to represent a constant when it denotes but one value in a 
given discussion. A symbol that satisfies this condition is itself 
often called a constant. 

When a number is permitted to assume different values in the 
same discussion, it is called a variable. A symbol is said to repre- 
sent a variable if it has assigned to it different values in the same 
discussion. Here again it is usual to speak of the symbol itself 
as the variable. 

For example, suppose a body falls from rest. The law that 
gives the relation between the time ¢ and the distance s through 
which the body falls is expressed by the equation 

s= 4 gi’. (1) 
1 
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Here the number g is a constant denoting the acceleration at a 
point on the earth’s surface. On the other hand, the time ¢ and 
the distance s are variables, whose mutual relation is determined 
by the given equation. 

Again, in the equation of the circle 


(= 2) AAG aa a (2) 


2 and 8 are constants that determine the center of the circle, and 
yr is a constant denoting the length of the radius. However, x 
and y are variables whose corresponding values, as determined 
by the given equation, fix the various positions of the generating 
point. To the constant 7 we may assign any value at pleasure, 
but when it has been once assigned it must remain unchanged, 
so long as the circle remains fixed. A constant of this character 
is called an arbitrary constant or parameter. 


2. Functions. In each of the illustrations given in the preced- 
ing article, it will be observed that the variables involved stand 
in an intimate relation to each other. For example, in the law 
of falling bodies, s and ¢ are so related that to any value assigned 
to t there corresponds a definite value of s. Moreover, to every 
positive value that we may give s, the given relation between s 
and ¢t determines corresponding values of ¢. Again, in the equation 
of the circle the variables a and y are related in a similar manner. 
Other illustrations of such relations between variables are familiar 
to the student from his study of elementary mathematics and 
physics. Whenever such a relation exists between two variables, 
we say that the variables are connected by a functional relation, 
or that the one is a function of the other. We may then define a 
function as follows : 

If two variables are so related that for each value that may be 
assigned to the one there are determined one or more definite values 
of the other, the second variable is said to be a function of the first. 

The variable to which we may assign arbitrarily chosen values 
is called the independent variable. It is also frequently referred 
to simply as the variable or argument. The variable which is thus 


determined, that is, the function, is sometimes called the dependent 
variable. 
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A function may depend for its value upon two or more inde- 
pendent variables. For example, the area of an ellipse is a 
function of the lengths of the major and the minor axes; the 
volume of a gas is a function of the temperature and of the 
pressure to which the gas is subjected. Such functions are said to 
be functions of two variables. “For the present we shall consider 
only functions of a single variable; later, some of the properties 
of functions of two or more variables will be discussed. 


3. Fundamental problems of the calculus. In his study of ele- 
mentary mathematics and in his everyday experiences, the student 
has frequently had occasion to deal with magnitudes that change. | 
In many instances the changes are abrupt and sometimes periodic. 
For example, the market price of any commercial product changes 
abruptly from time to time. When money is placed at compound 
interest, the amount of interest is usually added to the principal 
at certain intervals. Among physical phenomena, on the other 
hand, we encounter numerous illustrations of changes which are 
evidently continuous. Thus the pressure of the atmosphere varies 
with the altitude, but the change is gradual, not abrupt; the speed 
of a railway train starting from a station changes continuously 
until the maximum speed is reached; the pressure of a liquid 
upon a vertical wall increases continuously with the depth. Many 
other illustrations of both continuous and discontinuous changes 
will occur to the student. 

Problems involving discontinuous changes are dealt with for 
the most part by the ordinary processes of arithmetic and algebra. 
Problems that involve continuous changes require more powerful 
mathematical methods and these are the special province of the 
calculus. To illustrate the methods of the calculus and in a 
general way give the student some notion of the scope of the sub- 
ject and of the class of problems to be considered, a few typical 
problems of fundamental importance are here introduced. 


4. Problem 1. Slope of a tangent. Required the angle that 
the tangent to a given curve at a point P, (Fig. 1) makes with 
the X-axis. To make the problem concrete let the equation 
of the curve be y=3-V<2, and let the abscissa of P, be «=4. 

Through the given point P, let a secant line be drawn cutting 
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the curve in a second point P. Denoting by Aw the increase P,Q, 
in the abscissa between P, and P, by Ay the corresponding increase 


QP of the ordinate, and by @ the angle that the secant makes 
with the X-axis, we have 
tan 6= QP =: Ay . 
PQ Az 
As the point P is made to approach the fixed point P,, the secant 
approaches as a limiting position the tangent at P, and the angle 


6 approaches the angle ¢. Hence, by taking Aw smaller and smaller 

and calculating the ratio = for the various values of Av, we can 
a 

approximate more and more closely the value of tang. The 


following table gives the calculated values for different assumed 
values of Az. 


1 Ay 

Aw Ay ce 
2. f 1.34847 0.67424 
il, 0.708204. 0.70820 
0.1 0.074537 0.74537 
0.01 0.007495 0.74953 


Using this arithmetical method, we can arrive at an approximate 
value of tand. The method, however, is tedious and the result is 
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at best an approximation. What we need is the limiting value 
o A 

otf x as Ax approaches the value zero. This limit can be found 

by considering the equation of the curve. 


Let (a, 7) be the codrdinatés of the given point P,. The co- 
ordinates of the point P are then (x, + Az, y,+ Ay). Hence from 


the equation of the curve, y=3-/2, we have 


1=8V 2, (1) 
Y, + Ay = 8-V a, + Az. (2) 
By subtraction, we have 
Ay =8(V%, + Az — Vx), (8) 
and therefore it follows that 
Big SETAE Ey (4) 
Ax Ax 


Rationalizing the numerator, we obtain 
Ay 3 Ag 3 
Se (@) 
AX Aa(V2,4+Ar+Vx) Va,+Ar+Va, 
eRe lt eee 
Va, + At + Vx, 
, and since at the same time tan @, which is given by the ratio 


As Ax approaches zero, the expression approaches 


€ 


2V a 
= , approaches tan ¢, we infer that tan ¢ = ee - We have then 
the result that for 2, =4, tan ¢ = bade == 0.70, 
2V4 

The method here developed has the added advantage, that the 
result is general and the slope of the tangent at any point can be 
found when once we know the abscissa of the point. All we need 
to do is to substitute the given value of w in the general formula 


Al The difficulty of applying this method to all problems is 
2Vx 
that in most cases that arise it is not easy to find the limiting 


value of 2Y. In the subsequent chapters of the calculus we shall 
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develop methods by means of which this limit, known as the 
derivative of y with respect to ~, may be obtained directly from 
the given functional relation between a and y. 


5. Problem 2. Speed ofa falling body. To determine the average 
speed of a moving body during a given time, we simply divide the 
distance traveled by the time occupied. Thus, an eighteen-hour 
train from Chicago to New York has an average speed of 905 +18 
= 50,5, miles per hour. The speed at any particular instant is not 
so easily determined. The obvious way to find this speed approxi- 
mately is to take small intervals of time, say 5 seconds, 1 second, 
jy second, ete., immediately following the instant in question, and 
divide the distance traversed in the assumed time interval by that 
time interval. The result is the mean speed for the time interval, 
and it is evident that the smaller the chosen interval is taken the 
more nearly the quotient gives the instantaneous speed at the be- 
ginning of the interval. Such a method is, however, open to the 
criticism mentioned in the previous problem; namely, no matter 
how small the interval taken, the result is merely an approxima- 
tion. To obviate this objection we make use of the definite law 
which the motion follows and as in problem 1 find the value of 
the limit involved. 

As a concrete case, let us consider the motion of a body falling 
ina vacuum. From physics, it is known that s=4g@*, where s 
denotes the distance traversed in ¢ seconds starting from rest, and 
g is a constant whose value is approximately 32.2. Suppose we 
wish to find the speed at the end of t, seconds. The distance s, 
traversed in the time ¢, is given by 


s,=1 gt? (1) 


If At denotes the assumed time interval immediately following ty 
and As denotes the distance traversed in this interval of time, we 
have 


8 + As=} g(t 4+ At)* (2) 
From (1) and (2) we obtain 


| As=to[(,4+ Aty—t7] 
= gtAt + 4 g(t)”. 
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Therefore, we have 7 =gttig At. (3) 
Equation (3) gives the mean speed for the time At, and it is seen 
that this speed is a variable magnitude depending upon the as- 
sumed time interval At. <9 

As At is taken smaller, this mean speed for the interval ap- 
proaches the instantaneous speed at the end of ¢, seconds. How- 
ever, as At becomes smaller, the expression gt, + 4g At approaches 
the fixed value gt. We conclude, therefore, that gt, is the actual 
speed at the end of ¢, seconds. At the end of 3 seconds, for ex- 
ample, the speed is 32.2 x 3=96.6 feet per second, and at the end 
of 10 seconds 322 feet per second. When we have learned how to 
find the derivative of the function s with respect to ¢, that is, the 


limit of the ratio me directly from the functional relation between 


s and ¢t, the process here indicated will be very much simplified. 


6. Problem 3. Given a derivative, to find the original function. 
In problems 1 and 2 we saw the importance of being able to find 
from the functional relation between two variables the derivative 
of the one with respect to the other, that is, the limiting values of 
AY and = In the one case, the result gave the slope of the tan- 
Ax 
gent to a curve, and in the other, the speed of a moving body at a 
particular instant. It is often equally as important to be able to 
solve the inverse problem; that is, if we have given ae as the 

2V% 
slope of the tangent to a curve, or gt as the speed of a moving 
body, it is of value in certain discussions to be able to say that the 
curve in question is given by the functional relation y=3Va or 
in the other case that the law of motion for the body is expressed 
by the equation s=4 gt’. A process of the calculus known as in- 


2 
tegration enables us to solve such problems. 


7. Problem 4. Area underacurve. One of the most important 
problems in calculus, in fact, one of the problems that led to the 
invention of the calculus, is that of finding the area between a 
given curve, the X-axis and two given ordinates. To take a con- 
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crete example, let us attempt 
to find the area between the 
parabola y = 2’, the X-axis, the 
origin, and the ordinate #=5. 
See Fig. 2. 

Let the part of the X-axis 
between we=O0 and w=3 be 
divided into n equal parts, each 
denoted by Ax. At the subdivi- 
sions A,, A, etc., let ordinates 
be erected and rectangles be 
constructed as shown in the 
figure. The abcissas of the 
points A,, A,, .A;, ete., are Az, 

Fic. 2. 2 Aa, 3 Aa, ete., and the altitudes 

of the successive rectangles are 

0, (Aa)’, (2 Aa)’, etc. Hence the sum of the areas of the rectangles 
is 


A,=( - Az + Ax(Aw)’?+ Ax(2 Ax)? + -- +Axr(n—1 Aw)? 
= (Aaw)*[1? + 2? + 3?+ -- + (n—1)?]. (1) 
From algebra,* we have 


124 9° 4 324. Ds: + (n—1)'= 24 DEn=). (2): 


Hence, we have from (1) 


A, = (Aa)? s (x = ue NS 1) 


2(n- Avy?—8 NM * LX a : 
nA (n + Ax) e solar dt (aey). (3) 


But, it will be remembered that 
n+ Av =segment OA, =3. 
Equation (8) then becomes 


18 —9 Aw + (Az) 
A, = 3 | ae ee 
(aa «) 


* Rietz & Crathorne’s College Algebra, p. 87, Ex. 4. 
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Equation (4) gives the sum of the areas of the rectangles for any 
assumed value of Ax. As Aw is taken smaller and smaller and 
‘the number of rectangles is correspondingly increased, the area _A, 
approaches as a limit the area A under the curve, that is, the area 
OP,A,. However, from (4) it follows that as Aw approaches 
zero, A, has the limiting value eS 
a result A= 9. £ 

This problem illustrates a large and important class of problems 
considered in calculus, namely, those requiring for their solution 
the summation of an indefinitely large number of indefinitely 
small elements. All problems in areas and volumes, and many . 
of the applications to mechanics and mathematical physics, are of 
this character. 

The preceding problems have been selected as typical of the 
kind of problems to be discussed later and as indicating some- 
what the class of problems to which the methods of the calculus 
particularly apply. The student will have observed that each 
of these problems depends for its solution upon the finding the 
limiting value of some function. However, the methods employed 
in these examples for finding the limit are not of great value, 
because they become too complicated and tedious when applied 
to any but the simplest cases. For example, in the last problem, 
we were able to find the limit easily because the sum of the 
squares of the first n integers happens to be known. If the curve 
were given by the equation y= V2, we should have 

A, = (Aa) (V1+-V24-V34 +> +Vn—1), 
and the solution would be much more difficult. In the succeeding 
chapters we shall develop methods for accomplishing this same 
purpose much more directly and easily. In the meantime it is 
essential that we call attention to some of the fundamental prop- 
erties of functions and the laws of limits as applied to the prob- 
lems that we shall need to consider. 


= 9, and hence we have as 


EXERCISES 
1. By the method of problem 4 find the area between the X-axis, the 
line y = 24, and the ordinate x = 5. 


2. Find the slope of the tangent to the curve y = x? at the point «= 3, 
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3. Find the slope of the tangent to the curve y = 2 at the point = 6. 


4. If a body is projected vertically upward with an initial speed v9, the 
relation between the distance s and the time ¢ iss=v,¢—4g¢. Find an 
expression for the speed at the end of ¢; seconds. If vy = 150, find the speed 
at the end of 4 seconds. : 


8. Functional notation. As we have seen (Arts. 2, 4, 5), the 
relation between a variable and a function of it is expressed by 
an equation; as y=3V2, s=4gé. However, even when the 
analytic relation between the independent and dependent varia- 
bles is known, it is convenient to have a general symbol that shall 

- stand for the function as expressed in terms of its variable. For 
this purpose the variable is inclosed in a parenthesis and some 
letter is prefixed. Thus, a function of 2 may be denoted by such 
symbols as the following: 


F(x), F(x), $(@), (a), ete., 

which are read “f function of a” (or simply “fof #”), “# function 
of x,” etc. It is to be understood that the letters f, F, 4, y, ete., 
are symbols of functionality and not factors. Whenever two or 
more different functions are employed in the same discussion, a 
different symbol must be used for each. 

If a function depends upon two variables instead of one, it may 
be expressed symbolically by f(a, 7), $(@, y), ete. 

When, in connection with any discussion, we have once defined 
f(x), then f(a) denotes the same expression with x replaced by a. 


In a similar way we may form nee S(t), F(4), F(@ +h), ete. 
Thus, if we have 


S(®)=32°+7%+49, 
it follows that 
fH =3A+47t4+9, 
f(A) =8 P47 -44+9=85, 
S@+h) =8a@+ h)? +7(a+h)+9. 
Instead of replacing the variable by another variable or by a 


constant, we may replace it by any function of the same variable 
or of a different variable. Thus we may write | 


Sl o(@)], FUS(Y)], y(sin 6), ete. 


Arts. 8, 9] GRAPHS OF FUNCTIONS ikl 


Given, for example, the function 
F(x)=2—3x+T, 
we have 
F(sin 2) = sin? %—3ssin v-+ 7. 


EXERCISES 

1. Given f(x) =x#?—6%2?+5x—14. Find the values of f(4), f(0), 
J(—8). Write the expression for f(sin @) and for f(x +h). 

2. If ¢(@) =522— 22 + 8, write expressions for ¢(«“?), ¢(— x*), ¢(tan @), 
$(0), $(f). 

3. If F(0) =cos 4, find the value of F'(0), F(t), F(S), F(r). 

4. It f(@) =2—423 +a, show that f(—«“) =—/f(«). 

5. If f(«) =x*—6 2?+1, show that f(—x) =f (#). 

6. Given F(x) =3 —Vaand f(y)=y?+4. Find F[f(y)]and fs[F(«)], 
also f[ f(y) and F[F(«)]. 


Zar Given?y — (2) = : = = and z=f(y) =sT7(2)] ; express 2 as a func- 


tion of x. 
8. If ¢(%) =2 «2 —1, show that ¢(cos 6) = cos 2 6. 


9. If (x) = 22Vv1—2?, show that ¢(sin @) = ¢(cos @) = sin 2 6. 


10. If f(x) =log,, show that f(x) — f(y) =4(), and f (2) + (y) 
=f (ay). 
11, If f(@) =cos @, show that f(@)=f(—@)=—f(r + 2) =—f(m — 8). 
12. If f(x) =sin x and ¢(«) = cos «, find f(x) - ¢(y)+ $(2) - f(y). 
© 18. If f(x) = e*,* show that f(2) -f(y)=f(a +9). 
14. If f(x) = V1 — xgfind f (sin 6) and f (cos 6). 
15. If f(x) =V1+2°, find f (tan 6). 
16. If f(~)=tan z, find Aa) fy) 
1+F(@) SY) 


9. Graphs of functions. In accordance with the principles of 
analytic geometry, a geometric interpretation may be given to 


* The symbol ¢ is used to denote the base of the natural system of loga- 
rithms, namely, 2.718-.-. Log x.indicates the logarithm of « to the base e. - 
When any other base is used, that fact will be indicated by a subscript, 
as log, %, logio 30. 
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the relation of a function to its variable. If the values of the 
independent variable be laid off as abscissas, the corresponding 
values of the function may be used as ordinates. The assemblage 
of the extremities of these ordinates is called the graph of the 
function. It is to be noted that the ordinates of the points on 
the graph and not the graph itself represent the values of the 
function. It is assumed that the student is already familiar with 
the graphical representation of functions from his study of ana- 
lytic geometry. 


10. Definition of a limit. The general notion of a limit is 
perhaps fairly clear from the illustrative problems, Arts. 4~7. 
We must, however, formulate a definition with sufficient accuracy 
that it may be made the basis of a mathematical investigation. 
For this purpose, let us consider two variables, one a function of 
the other; say, y = f(a). 

Let the independent variable a vary in such a manner that it 
differs less and less numerically from some constant a, that is, in 
such a way that the numerical value of «—a, written |#—al|, 
becomes and remains less than any positive constant however 
small. We say then that w approaches a, and indicate that fact 
by writing «=a, which is to be read “x approaches a.” 

As the independent variable @ approaches the constant a the 
dependent variable or function f(w) assumes a corresponding set 
of values. When x becomes very nearly equal to a, these values 
of f(@) may at the same time become very nearly equal to some 
constant, say 4. Moreover, it may occur that we may not only 
make f(#) differ as little as we please from A by taking a value 
of a sufficiently near to a, but that it will remain at least as 
close to A for all values of x that lie between a and this chosen 
value of « When these conditions are fulfilled, we call A the 
limit of the function f(«) as # approaches a. 

The problem of falling bodies, Art. 5, furnishes a good illus- 
tration. The function gt,+1gAt not only may be made to 
differ as little as we please Foe gt, by taking A¢ sufficiently small, 
but as At assumes any value still closer to zero the function differs 
less from gt. Hence we were justified in speaking of a as the 
limit of gt; + $9 At, as At=0. 
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We may now define a limit as follows: 


If a constant A can be found such that, as « approaches a, f(a) — 
becomes and remains less numerically than any constant however 
small, then A is called the limit of f(x) as @ approaches a. 


If the function f(a) has the limit A, we indicate the fact by 
writing 


EL I@=A. (1) 


Since by the definition of a limit /(@) can be made to differ from 
A as little as we please by the proper selection of w, we may also 
write 


S@) =A + |e(a)], (2) 


where e(x) can be made as small as we choose by taking « suffi- 
ciently near to a. Equations (1) and (2) are equivalent and are 
merely different forms of expression for the same relation. In 
some demonstrations form (2) will be found the more convenient. 


Ex. Consider the limit of the function 


f@) = 


ae = 1 
as «=2. By taking the value of «x sufficiently near 2, we may make the 
value of f(x) differ as little as we please from 4. Hence, we have 


Theyre 


zH2 G2 44° 5 


In the preceding discussion of limits nothing has been said 
about the value of f(#) for e=a. The limit depends for its 
value upon the values of f(x) for « very close to #=a, or, as we 
frequently say, “in the neighborhood of a,” and it is not affected 
by the value that f(~) takes for «=a. As we shall see later the 
value that the function takes for w= a, that is, f(a), may or gaey 
not be equal to the limit of f(a) as # approaches a. 

To determine whether a function has a limit as the variable 
approaches a definite value, we must consider all values of the 
function in the neighborhood of the limiting value of the variable. 
In other words, a limit of the values of the function must exist 
as the variable approaches its limit from either direction, and 
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these two limiting values of the function must be equal. The 
following example serves as an illustration. 

Ex. Given the function 
y = are tan i, the graph 
of which is shown in- Fig. 
8. When the independent 


variable is restricted to 
positive values, we obtain 


the limit z as z=0; when 
negative values only are 
considered, we get —= as 
x =:0. Hence the function 


cannot be said to have a 
limit as x = 0. 


Hig. 3. 


11. Infinity. In the discussion of limits thus far, we have 
considered only the case in which the independent variable ap- 
proaches a definite number. The student is familiar from his 
study of algebra and geometry with the case in which the inde- 
pendent variable increases without limit. For example, the area 
of a circle is the limit of the area of a regular inscribed polygon 
as the number of sides increases without limit. Again, the value 
of an infinite series is obtained by taking the limit of the sum of 
a finite number of terms as the number of terms increases with- 
out limit. We say in such cases that the independent variable 
becomes infinite, and express that fact by writing r=o, n=, 
etc. Here the symbol = is not to be understood in the ordinary 
sense of “is equal to,” but rather in the sense of “becomes,” and 
the above expressions should be read “a becomes infinite,” “n be- 
comes infinite,” etc. Instead of the independent variable, the 
function may become infinite. This may occur when the yaria- 
ble also becomes infinite, or when it approaches a definite number. 
Thus 2? becomes infinite as «+0. While it is customary to 


write L x '=o, the function cannot be said to have a limit, 
Gall ; 


because it does not approach any definite number however large 
that number may be. ; 

When a function has the limit zero, it is often spoken of as an 
infinitesimal. 
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The introduction of the concept infinity extends the use of 
limits so as to include a large number. of important applications, 
of which the following are illustrations. 


Ex. 1. An air pump is used to zemove air from an inclosed space. At 
each stroke of the piston, part of the air is removed, and in consequence the 
density of the air remaining is diminished. Let @ denote the original 
density, d, the density after n strokes of the piston, v the volume of the 
inclosed space, and v! the volume of the pump cylinder. From physics, we 


have q 
” n d 
dn = a(sy =) (ey 
% 


Here the density d, is a function of the number of strokes. If n is increased 
without limit, we have, since the denominator is greater than unity, 


fh apg a a MF 


cr) 


Hence, as the variable increases without limit, the function approaches 0 as a 
limit. With a perfect pump we may therefore make the density as small as 
we please by taking the number of strokes sufficiently large. 


Ex. 2. The work done by a gas in expanding from a volume v to a 
volume v according to the law pv* = const. is given by the expression 


prot a = a ] 
k—1Le oe} 


Tf the expansion proceeds without limit, that is, if v= oo, the expression for 
the work becomes 


zp pot p_t 1 =e i 9 | 2% 


pawk—1Lo. ov] k—1Le1 pes 


In this case the function approaches a definite limit as the variable increases 
without limit. 
Ex. 3. If the gas expands according to Boyle’s law, pv = const., 


the expression for the work done is py v; log BG Tf, in this case, the volume 
U1 


» increases without limit, we have for the work done 


L piv (og v — log 71)= & ; 
C=D 


that is, the function representing the work done also increases without limit. 


12. Continuity of functions. We have seen that the value of 
a limit depends upon the values of the function in the vicinity of 
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the limiting value of the variable, and not upon the value of the 
function at that point. In some cases the limit is the same as the 
value of the function at the limiting point, and in some cases it 
is not. If the two values are equal, the function is said to be 
continuous at the point in question. If, on the other hand, the 
limit is different from the value of the function at the limiting 
point, or if for any reason the function has no limit, the function 
is said to be discontinuous at that point. The condition that f() 
shall be continuous for «=a is then given by the equation 
L f(x) =f). 
x=a 

As we shall see, continuity is a very important property of the 
functions to be discussed later. In fact, we shall confine our- 
selves for the most part to functions having this property. The 
following examples will serve to make clear the distinction be- 
tween continuous and discontinuous functions. 


Ex. 1. The function 
s=f() = }9? 
is continuous for all values of ¢; for, we have 


Ly ge= 3 gt, =f (to), 
t=" 


where ¢, is any definite value of ¢. 


Ex. 2. Consider the function 


S@= x 


“4 Ho 


for values in the neighborhood of the origin. We have 


ken. 
w=) x ene 
which is another way of saying that as «= 0, the value of the function in- 
creases without limit, and hence has no limit. The function is therefore dis- 
continuous for*=0. A function always has a discontinuity for any value 
of the variable for which the function becomes infinite, 
We have a similar condition in Boyle’s law, which is expressed by the 


. 1 
equation pu=k or p=k = If the volume v be diminished indefinitely, 


the pressure increases without limit and hence has a discontinuity for 
v=0, 


Arr. 12] CONTINUITY OF FUNCTIONS Eh 


Ex. 3. Suppose a given mass of ice at a temperature below 32° F. to be 
heated. As heat is applied, the temperature of the ice rises, and the quantity 
of heat Q is a function of the temperature r. So long as r remains below the 
melting point the function is continuous. But when the melting point 32° F. 
is reached, a quantity of heat represented by AB, Fig. 4, is absorbed without 
any change in temperature. Like- 
wise, when the water reaches the 
boiling point, heat represented by 
CD is absorbed without change of 
temperature. At these particular 
temperatures the function is there- 
fore discontinuous. 


In the preceding discussion, 
we have spoken only of the 
continuity of a function at a 
single point. If a function is 
continuous at all points of an 
interval, then it is said to be continuous throughout the interval. 

In plotting a graph, it is of great assistance to know that the 
graph represents a continuous function and has a definite direction 
at each point; for then we need only to locate points of the graph 
sufficiently dense to give the general outline and to draw through 
these points a continuous curve. Since it is obviously impossible 
to locate all of the points of a curve, this is, in fact, the only way 
in which a graph can be drawn. In case the function has a dis- 
continuity, care must be taken to locate points sufficiently dense 
in the neighborhood of the discontinuity to determine its character. 


EXERCISES 
1. Which of the trigonometric functions have points of discontinuity ? 


2. Find the values of x for which the function PRES eS is discontinuous, 
g—524+6 


3. If f(x) and ¢() are integral rational functions, under what conditions 


~ is the function Ff (#) discontinuous ? 
p(x) 


4. Examine for continuity the functions 


1 abou) 
(a) y = are eas (b) y= i 
; J 
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13. Laws of operation with limits. In this section, we shall 
state without proof * several properties of limits that will be 
utilized in later discussions. These are given in the following 
theorems. 

Turorem I. The limit of a constant times a function is equal to 
the constant times the limit of the function ; that is, 


Le-f(a)=e-L f(a). 
L=a Ce 


Turorem II. Jf each of two functions approaches a limit, the 
limit of the sum (or difference) of the functions is equal to the sum 
(or difference) of the limits ; that is, 


LUsf@)+$@]=L F@+EL $@). 


TuHeorEM III. Jf each of two functions has a limit, the limit of 
the product of the functions is equal to the product of the limits; 


that is, 
EUG) -$@1]= LS@) DL 9). 


When Theorem III is extended to the product of a finite num- 
ber n of equal functions, we have the following: 


Corotiary. Ifa function has a limit, the limit of the nth power 
of the function is equal to the nth power of its limit. 


THroreM IV. Jf each of two functions has a limit, the limit of 
the quotient of the functions is equal to the quotient of the limits, pro- 
vided the limit of the denominator is different from zero ; that is, 

Lf) 
46, I (2) _%t=a 
azap(@) ee ae Ny ie 


L g(2) #0. 


Turorem V, If Fly) is a continuous function of y, and y is 
any function of x, say y = (a), such that L o(a)=6, 
eas (E) 


then Be Sekt =F L (a) ]. 


*For formal proof of these theorems see First Course in Calculus, or 
Rietz and Crathorne’s College Algebra. 
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The following example will illustrate the use of this theorem: 
Ex. Find the limit Z log (e2+2a+1). 


e=2 
Since the logarithm is a continuous function for all values different from 
zero, we may apply the above theorem and write 


Lilog @?+22+1)=log ZL (@?+4+2x%+1)=log 9. 
= 2 e=2 


c= 
In fact, we may always write 
L log ¢(x)= log LZ $(@), 
ec=a ea 


provided the limit Z ¢(«) is different from zero. 
=a 
TuroreM VI. Ifa given function lies between the values of two 


other functions which approach a common limit, the given function 
approaches the same limit. 


Thus, if $(x) S f(x) Sy), 
and L $(@) = Ly(@)=A4; 
t=a C= : 
then L f(«) =A. 
Ye 


6+0 
In Fig. 5, an are AD is described with a radius OA=r, and angle 
AOD=90. ‘Then we have, if 6 is expressed in radians, 
arc AD=ré, A 
AB=rsin 6, 
AC=r tan 6. 
From geometry * 
AB<AD< AC, 
or rsindé<ré<r tan 0. 
Dividing by 7 sin 0, we get 


Hx. Show that £ 21, ana 1 22 =1 
e-0 @ 0 


he aha sec 6. 
sin 6 


Now Z sec 6=1; hence, since the 


fraction Bie lies between two values 


whose limits are equal, its limit must be the Fig. 5. 
same, that is, eS sin 0 
e20sind 6=0 0 


* See Holgate’s Geometry, Arts, 356-861. 
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Dividing-the members of the inequality by 7 tan @, we get 
0 
cos é<— —= <1. 
= tan 6 * 


Since Z cos @=1, it follows that 
6+ 0 


i Up ee™ pak tan a 
g+otan é g-o0 8 

14. Limit of a monotone function. It is not always easy to find 
a limit of a function. Moreover, in some discussions we are not 
so much concerned as to what the limit is as to whether the given 
function has a limit. The following propositions, which we give 
without proof,* will aid us in answering this question for certain 
types of functions: 


(a) If a function never decreases, but always remains less than 
some constant, then it has a limit. 

(b) Ifa function never increases but always remains greater than 
some constant, then it has a limit. 


Functions of the kind described in (a) and (b) belong to a class 
of functions called monotone functions. 

The following illustration will perhaps aid in making clear the 
significance of these statements. 


Given 
: f(n) =0.333 « 
of Se. eee 
=707 107 10°" Tio 


As n increases f(n) never decreases, but always remains less than 
0.4. For n= 2, f(n) lies between 0.3 and 0.4; for n=3, between 
0.33 and 0.34; for n=4, between 0.333 and 0.334, ete. It is evi- 
dent that as n increases, the range of ~alues within which f(n) must 
he constantly decreases. Consequently, there must be some con- 
stant such that we can make f(n) differ from it by as little as we 
please by giving 7 an integral value sufficiently large. We know in 
this case that the constant in question is 4, but that is not essential 
in establishing the fact that f(m) has a limit as m becomes infinite. 


* Geometrical considerations make these propositions plausible. The 
formal proof, while not difficult, is scarcely within the scope of this book. 
See Pierpont’s Theory of Functions, Art. 108, 
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EXERCISES 

Verify the following. 
epee eT 25 a p, @rh2—Sha _ 

ats «—5 4 h=0° 2(2+h) 
3. Lsin= + ¥ cos *—Y = sin y. : 4. dog (44 2) tor a. 
‘why 2 a0 & 
5. L log —*) = og 2. 6. JZ logsing=0 

w=4 a+1 o== 

7. L [log (a? — 1) —log @ — 1)]=log3 


15. Indeterminate forms. It may happen that for some value 
of the variable the function takes an illusory or indeterminate 


form, as ; . The evaluation of such an indeterminate form will 


be of value in finding the derivatives of functions, a process to be 


considered formally in the next chapter. 
a” — 4 


Consider, for example, the function y= 5° For every 
ti 

value of the variable x other than x= 2, the function has 

a definité value, but for «=2 it becomes a=5 Strictly 


—4 has no definite value for x= 2; 


speaking, the function % 


hence, in order to NF 
define the function 
completely for every 
value of the variable, 
we must assign it a 
value for this particu- 
lar value of the vari- 
able. To guide us 
in our definition, we 
make use of a simple 
graphical representa- 
tion. For # different 
from ‘x = 2, the equa- 

tion 
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reduces to y=x+2, (1)? 


whose graph is the line HF, Fig. 6. Hence for values of & other 
than 2, the values of the function are represented graphically by 
points on the line HF, as B, C, D. But when x=2 the function 
has no definite value, and hence we may represent it by any point 
whatever on the line # = 2, that is, on MN. Of the values which 
might be assigned’ to the function for «= 2, there is one value, 
represented by the point P, which is the limit of the values repre- 
sented by the points on HF’as x approaches 2; and it is convenient 
to select this value of y as the value of the function when «= 2. 
We define therefore the value of the function for the critical 
value of the variable as the limit that the function approaches as 
the variable approaches the value for which the function becomes 


indeterminate. Thus for «= 2, the value of the function ole 
2 
is defined as L ~— 4. 
eaQu—2 ° 


Any definition of a function for those values of the variable for 
which it becomes indeterminate is of course merely a convention; 
but the definition adopted in this case is a very useful conven- 
tion, because by it the function becomes continuous for the values 
in question. 

In general, if f(w) is indeterminate for any value «=a, the 
value of the function for «=a is defined by the limit L f(a). 

ra 
The complete definition of a function when it assumes an indeter- 
minate form involves, therefore, the determination of a limit. 

Among the indeterminate forms that a function may assume 
are the following: ‘ 

0” co 
Ones, 


An example of the first form is given by the function oe which 
By 


co, —= 003 Oi eb O 8 nico andes 


for «= 0 takes the form 3. The value of this function for «=0 
is therefore defined by the limit 
Load, (Art. 13) 


x=0 & 
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The function «log x for 2=0 has the form 0x «©, and the 


1 
function (1+) for «=0 has the form 1°. By proper trans- 
formations all these indeterminate forms may be reduced to the 
0 


f =. cai 
orm 0 


In many cases the limits are easily found by obvious algebraic 
transformations or by the use of series. In the evaluation of the 
indeterminate form of a rational function, that is, the quotient of 
two polynomials, the following principles may be used to advantage. 


1. If the function is of the form ae and takes the form : for 
hy 


*=0, divide both numerator and denominator by the lowest 
power of x that occurs in either numerator or denominator. 


if the fraction becomes © for x=, divide both terms of the 


fraction by the highest power of «# in either numerator or 
denominator. 


2. If the function has the form $ (2) and takes the form : for 
x 


x= a, divide both (a) and y(a) by the highest power of (a — a) 
common to both. 

The student should note that we do not divide the terms of the 
fraction by zero or infinity. For example, while the division by 
the factor (e—a) holds only for a different from a, the values 
of x may, however, be taken as close as we please to a. Hence, 
dividing first by this factor and afterwards passing to the limit, 
we obtain the proper result. Indeterminate forms will be again 
considered in Chapter XV. 

The following examples illustrate some methods that may be 
used in evaluating various indeterminate forms. 


: a? —64 = 
Ex. 1. Find the value of TEE for 7 = 0. 
ere OO x — 6 ete 
oz) 0—4a2—120% wen t?—4u—12 2 
2 3 
Ex. 2. Evaluate the function 227 + 3% for %= 0. 
- ao+628 
2 
2258) 
2774+ 323 7 Rie ORs ee 
= 1 =OTE=E: 


D=O & + 5 ae ee or 2 ae6 0+5 
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: vo —3e7+5¢—3 is) 
Ex. 3. Find the value of oe Ee ee for %= 1. 


o8—3a2+5e—3  (#2—-2%+3)(4—1) = e—2%+3 — 
208—5224+8x2—5 (297-824 5)(@—-1) 222-8245 


$_ 8e27+5%—3 y2?—2%4%4+3 1 
H h oe - salar Ks aA ET 
A ge A w=120?—50?+8e—-—5 g21207—-—8445 2 
Soe 
Ex. 4. Evaluate a=Ve— 2 tore =0, 

x 


This function takes the form w To find its value for « = 0, we multiply 


both terms of the fraction by the complementary surd a + Va? — z?. 
then have 


We 


a—Var— a a? — (a? — x”) 


ue & 1 
a? 2at+¢V@—-2) 2(atVe—®) atvea—e 
and ve e=VvVe—e 


RE fr see ere 


e=0qgtVq@—m@ 24 


Ex. 5. Evaluate 1 — cos 6 for@=0. 


We have 
2 sin2 2 sin 2 : 
1—cosé _ Pes 2 
SR OR SOT PSS) 7) 
2 
2 2 
[sia | sin 2 
Bae er eG 
e=02| 0 9=020+0| 8 
2 2 
Hence, for 6 = 0, 1 — cos 8 is defined as 0. 


EXERCISES 


Find the limiting values of the following functions for the given values of 
the variables. 


4e3—3¢" 3 aD gt ae 12 
1. —————_—_ , += 0. a A 8 i 
28 —Sa2+ 5x = 244a2—21 ,o= 8. 


4. vi Seal eo 
x 
v3 — 64 


45 — ad 
6. 2 es a: 


3. V1+%2—V2,2=0. =0. 
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sin sin n@ 


7. Show that Z =. 
e=o sin ‘sin @ 
sin n@ sin n@ ep sin n0 
pee SI 0 no ne = Ms Al 
etree ano” ’Sind ~ 7 sing 1 
6 6 6 
8. Show that for 6 = 0, Ss 0. 
sin @ 
sec. _ 
TT nl Crom ell 10. Show that Z 1sin2=!, 
o== e=0 2 2 
2— 52 
11. Evaluate ges OE Be for. = Ojand 2 = 
3at— 208+ 62 args 
12. Evaluate Z ae 13. Show that Z 1 con 2d, 
2=0 x 6=0 6 2 


MISCELLANEOUS EXERCISES 


1. Given y=a2?—32+5. (a) Find the increment Ay corresponding 
to the increment Az of the variable. (b) Calculate Ay for 2; = 38 and Ax = 
0.1. 


2. Given y=<*. (a) Find the expression for the increment Ay for 


a= a. (6) Find the limit of the ratio at as Ax = 0. 
x 


3. Given y=sinz. Take x, = 30°, and assume for Az the following 
values: 1°, 30/, 5’. Make a table showing the values of sin (#; + Az), 


Ay, and. See if the ratio approaches a limit. 
x 


4. If ¢(x%) = a*, show that [¢(x)]?= ¢(22). 

5. If o(y) =e + e-¥, show that ¢3y) = [¢(y)]?—- 3 4) 
and oa@t+y) o@—y) =9(2") + oy). 

6. Give a physical illustration of a function that approaches a limit as 
the variable increases indefinitely. 


7. For which of the trigonometric functions is f(@) = f(— 9) ? 


8. From geometry or physics give two or more examples of monotone 
functions. 


9. Suppose that air inclosed in a cylinder has an initial volume of 10 
cubic feet and an initial pressure of 20 lbs. per square inch. Assuming that 
air expands according to Boyle’s law, viz. pv = constant, calculate the value 


of a for Av = 2,1, 0.1, 0.01. Determine the same ratio for Au=h, and 
v 


show that as Av = 0, this ratio has the limit — 2. 
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10. Show that Z (sec x — tanxz)=0. 
ot 
2 
1 


11. Examine the function ez for continuity. Draw the graph of the func- 


tion from « =— 2 tox =+4 2. 
12. Find the limiting values of the following functions for the given value 

of the variable : 
(a) sneer o=0. hy eee. 


13. If n is a positive integer show that 


14. If the variables in any given functional relation are interchanged 
(as y = e*, x = eY), show that the graphs of the two functions are symmetri- 
cal with respect to the line «—y=0. 


CHAPTER II 
DERIVATIVES OF ALGEBRAIC FUNCTIONS 


16. Increments. ‘The idea of a variable as employed through: 
out the calculus is but little used in elementary mathematics. 
There the symbols 2, y, etc., stand usually for unknown but fixed 
numbers whose values are to be determined. Here, as in the 
analytic geometry, we associate the same symbols with magnitudes 
that change or grow according to some law determined by the 
nature of the problem under discussion. As we have already seen, 
this idea of growth is of prime importance in the calculus, and it 
lies at the basis of the discussion in the present chapter. 

If a variable be assigned some arbitrary value as a, a function 
of the variable takes a corresponding value f(a); and if the vari- 
able changes to any other value a, the function takes a correspond- 
ing value f(#). The changes #—«, and + 
J (@)—f(#,) of the variable and of the [Y 
function, respectively, are called incre- 
ments of the variable and of the function 
and are denoted by Aw and Af(x). See 
Fig. 7. We have therefore 


(&)-f(x,) 


Av =X — %, O j 
Af (x) =f («) —f (a) Fre. 7. 

=f (a + Aa) — f(a). 

If we have y=/ (x), then instead of writing Af(a) we can equally 
well write Ay. 

Given the increment of the variable, we may calculate the cor- 

responding increment of the function, as shown in the following 

examples. 


Ex. 1. Given the function 
Sf(@)=30? +4242. 
Then Af (@) =f (41 + Ax) — f (a1) 
= 8 (a, +Ax)? + 4(a + Av) +2 —(8 a1? + 441+ 2) 
= 6 myAx + 38(Ax)? + 4 Az. 
Q7 
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Ex. 2. Given the law of falling bodies s = 3 gé#, Calculate As correspond. 
ing to At =4, ti = 4. 
We have here As=h4g(i+4)?—-t9t? 
=$9(4+4)?—294%=239 


Increments are, in general, variables and may be either positive 
or negative. 

As was shown in the illustrative problems, Arts. 4 and 5, the 
ratio of the increment of the function to that of the variable 
is useful in giving the slope of a secant line, the mean speed 
of a moving point, etc. In fact, this ratio of the increments 
always gives a mean value of some kind. It is, however, the 
limit of this ratio, the derivative, that is of special importance. 


17. Definition of a derivative. Consider the ratio 


Ay _ Af («) _f(% + Ax) —f (%) 
Ax Ag Aa : 


x, being some particular value of a For Av =0 this ratio assumes 


the indeterminate form ; , and to evaluate it for this value of Ax 


we must find its limit as Aw= 0, according to the principles laid 
down for the evaluation of indeterminate forms. This limit is 
called the derivative of f(#) with respect to x for the value x= a}. 
We shall denote derivatives with respect to the variables a, t, etc., 
by the symbols D,, D,, etc. Thus we have for any value of a, 


D, fw) = LE Peteof@)— p A. (1) 
The derivative may therefore be defined as the limit of the ratio of 
the increment of the function to that of the variable as the latter in- 
crement approaches the value zero. 
Instead of the symbol D,, other symbols are often employed. 
For example, having 


¥ =f (2), 


we may indicate the derivative by any one of the following 
symbols: 


S'(@), ya', y', Dy. 
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The last two symbols are used only when there is no ambiguity 
as to the independent variable. 

The derivative is also referred to as the differential coefficient or 
as the derived function,* and the process of finding the derivative 
is called differentiation. This process consists of the following 
steps: 


1. Give to the independent variable an increment. 

2. Calculate the corresponding increment of the function. 

3. Find the ratio of the increment of the function to that of the 
variable. 

4. Determine the limit of this ratio as the increment of the 
variable is allowed to approach zero. 


The following examples illustrate the process of differentiation. 
Ex. 1. Find the derivative of y=f(2) =5a2?—324-4. 
First, giving the variable the increment Ax, we have 


y + Ay=f(a + Az) = 5(% + Ax)?—38 (+ Ax) + 4 
=52?—38%+4-+4 (10x%—38) Ax + 5 (Az)?. 


Subtracting, we obtain as the increment of the function 
Ay =f (a + Ax) — f(#) = (10 x — 8) Ax + 5 (Az)?. 
The result of dividing by Az is the ratio 


AY 104 —3+45Az; 
Ax 
and the limit of this ratio as Av approaches zero is 


AY_ fT (0e-3+45Azx)=102-3. 
Axn=0 Ax Awv=0 


Hence, fl(e) = De (5227-32444) =102—3. 


To find the value of the derivative for some particular value of 2, we 
merely substitute that value of « in the derived function f/(#). Thus, for 
“=m, f'(#1) =10%,—8; for e=5, f'(5) =10x5—3=47. 


*The word *‘ derivative ’’ is frequently used to mean the value of the limit 
(1) for a particular value of z. The term ‘‘derived function’’ refers more 
properly to the assemblage of all such values. 
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Ex. 2. Given the equation expressing Boyle’s law, viz. pv =k, or p = a 
Find the derivative of p with respect to v. 


We have p= A 
v 
whence ptAp= Be 
v + Av 
Subtracting, we get for the increment of p, 
Ap LS Tad pa es : 
v+Av v(v + Av) 
Ap 1 
h sr ey) fae re 
fgehy Av v(v+ Av) 
and Eo BSE y oan ee 
Av=0 Av Av=0 U(v + Av) v2 
Hence Dp =f'o)=— Ld 
2 
For k = 200, and v = 10 (see Ex. 9, p. 25), 
200 
1110) =— =— 
fi) =- = 
EXERCISES 


Find the derivatives of the following functions, using the general process 
described in this section. 


ab, Sees 2. y= x? —4245 
end ae 
3. y=—: tte ee 
x2 
x 
5. y=e—24+ 2. 6 Pas | 
Ty (Bi— 1). 8. s=igit. 


9. s=at+igt. 10. p=aé+be-1, 
11. If p(w — b)=&, find Dy p. 


18. Conditions for a derivative. Not every function has a 
derivative for all values of the variable. In order that the ratio 


T(% a Ax) — f(a) (1) 


Ax 


shall have a limit as Ax=+0, it is necessary that the numerator 
shall approach zero simultaneously with the denominator. In 
other words, we must have 


L 1 I 1)9 
peg tht) = FH) 
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which is equivalent to writing 
L f@)=f(m). 
L=T 


This is, however, the condition for the continuity of f(x) for the 
valuez=. It follows that a function cannot have a derivative 
at a point of discontinuity. 

Although the numerator of (1) must vanish simultaneously 
with the denominator, it may happen that as Ax=O the ratio 
becomes infinite for particular values of the variable. In such 
cases, we say that for the particular value of x in question, say 
£ = %, the value of the derivative becomes infinite, and write 


J Gio. 
19. Geometrical and physical significance of the derivative. It 
has been pointed out that the ratio afd gives the slope of the 
LL 


secant line passing through the points whose ordinates are 
I, =f (2%), ¥=f(a%, + Ax). If Ax be allowed to approach zero, the 
secant line approaches as a limit the tangent to the curve y = f(a) 
at the point (x, 4). 

Hence, if y = f(z) is represented by a continuous curve, we have 

S'(a) = tan ¢, 

where ¢ is the angle made with the axis of X by the tangent to the 
given curve at the point (2,4). For the sake of definiteness we 
shall take ¢ as the acute angle made with the positive direction 
of the X-axis. It may be either positive or negative. Tan ¢ is 
called the slope or gradient of the tangent to the curve; hence 
the derivative of the function f(x) for the value «=a, represents the 
slope of the curve y = f(x) at the point (2, 4;). 


Again, it has been shown that ~ gives the mean speed of the 


moving point during the time At. If At approaches zero, the 
limit, that is the value of the derivative Ds for t=t, gives 
the speed of the moving particle at that instant. Similarly, if m 
denotes the mass and V the volume of a body, the limit of the 


ratio ae as AV approaches zero gives the density at a point; and 
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if AQ denotes the heat entering a body and Ar the corresponding 


rise in temperature, the limit of the ratio af, as Ar approaches 
T 


zero, gives the specific heat at the definite temperature 7. 

The ratio of the increments gives always a mean value for an 
interval; the derivative an instantaneous value or the value at a 
point. 


20. General theorems on differentiation. While the process of 
finding a derivative described in Art. 16 is sufficient for the dif- 
ferentiation of all functions that can be differentiated, it becomes 
inconvenient when the function is complicated, and the labor of 
differentiation can be abridged by the use of certain general 
theorems that apply to all classes of functions. These theorems 
are given in the following Arts. 21-29. Because of their funda- 
mental importance, the student should have them at his ready 
command, 


21. Derivative of a constant. 


Let Se 
Then y+Ay=ce. 
Subtracting, we have Ay=0, 
whence | Dn) —= aed, pa 0, 
Aw = 0Aw 
or D,,c = 0. 


We have therefore the following theorem: 


Turorem I. The derivative of a constant is zero. 


Geometrically the equation y=c is represented by a straight 
line parallel to the X-axis. The slope of this line is zero in 
accordance with Theorem I, 


22. Derivative of a variable with respect to itself. 
Given y =a, 

then y+ Ay=a-+ Aa, 

and Ay = Aa. 


vy 
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Ar=042 p~z=zoAzr 
that is, Dt = ib 


This result gives the following theorem: 


Tuxorem Il. The derivative of a variable with respect to itself 
18 unity. 


Ex. Give a geometrical illustration of Theorem IL. 


23. Derivative of a sum. 


Let y =S(2) + (2). 

Then yt+Ay=f(2+ Az)+ o(4+ Az), 

eed Ay _S(@ + As) —f(@) , o(@+ Ax) — $(2) - 
Az Ag Az 


Taking the limits of both members, we have 
zt Ye L S(a+he —S@) L et A= 9), 
Az=04% pv=d Ag Ar +0 Az 
or Dy = D,f+ D4. 
This process may be extended to the sum of any finite number 
of functions. Thus, if we have 


Y=U+V04+4, 


where u, v, w are functions of x, we may write 


D,y = D,u4+04+wW) = D,u + Dw + Dw. 
We may, therefore, state the following theorem : 
Tuxorem III. The derivative of the algebraic sum of a finite 
number of terms is the algebraic sum of their derivatives. 
24. Derivative of a function plus a constant. 
Let yY=f (2) +6. 
By the application of Theorem III, we have 
Dy = D,f (2) + De 
= D.f(2). (Art. 21) 
That is, Di f(2@) +e] = Df(#). 


84 DERIVATIVES OF ALGEBRAIC FUNCTIONS [Cnap. IL 


If u be used to denote f(a), this result may be written 
D,(u +e) = Du. 


We have, therefore, as a corollary to Theorem ITI, the following: 
CoroLtuARy. The derivative 
of a function is not affected by 
increasing or decreasing the func- 
tion by an additive constant. . 


Y 


It follows also that two func- 
tions differing only by aconstant 
term have the same derivative. 
Inthe process of differentiating, 
the constant terms may conse- 
quently be neglected. 

X Geometrically, this corollary 
has an interesting significance. 
Suppose the function y=/(#) + ¢ to represent some curve. The 
effect of adding or subtracting a constant term, that is, of chang- 
ing the value of ¢, is simply to shift the curve up or down with 
reference to the X-axis. (See Fig. 8.) As has been shown, the 
derivative measures the slope of the curve, and it is evident that 
this slope for any particular value of x, as a, is not changed by 
shifting the curve as indicated. 
This corollary has also an important significance in the inverse 
operation of integration, as we shall see later. 


0 
Fig. 8. 


25. Derivative of a product. 
Given y= f(@) - $@). 
We have then y+Ay=/f(x+ Az) - $(x+ Aa), 


Ay _ f@+ Aa) - p(@+Az)—f(@)-d@), 


d = 
an IN NS 


By adding and subtracting f(x) - («+ Av) in the numerator, 
this ratio may be written in the form 


Ay _ f(@+ Ax) —f@ (a + Ax) — 
a= b(@+ Az): 2 ) 4 £0) (Se 
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Since ¢(x) is by hypothesis continuous, (a+ Ax) in the limit 
becomes ¢(x); hence, we have upon passing to the limit, 
Dy=¢- Df +f + Dd. 

This result can be extended to the product of a finite number 

of functions; thus, if 
y= wu, 
where u, v, w are functions of a, we have 
Dzy = Dy, (Uvw) = Uw - Dyw + ww . Dav + vw + Dy. 


We have then the following theorem: 


~ 


THeorEM IV. The derivative of the product of a finite number 
of factors is the sum of the products obtained by multiplying the 
derivative of each factor by the product of all the other factors. 


26. Derivative of a constant times a function. 
If we have given Vi= C$ (i), 
we have, from Theorem IV, 
Dy =c¢- D, f(x) + f(x) - Dc 
Sie D,f (a). 
That is, Dicie) = ¢- Df): 
Again, using u to denote f(«), this result may be written 
Dy, (cu) = cDzU. 
Hence we have the following corollary to Theorem IV: 
Corotiary. The derivative of a constant times a function ts the 
constant tines the derivative of the function. 


We may now combine the results of Theorem I, the corollary 
to Theorem III, and the above corollary in the one general state- 
ment that in the process of differentiation constant terms disappear 
but constant factors remain. 


Ex. Find the derivative of y=23+7%+8. 


We have Dzy = D,(x®) + Dz (7 2) + Dz 8. (Citi, 1006) 
Dz (x8) = Dz (xxx) = 22D x + 27D, + 2D x (Th. IV) 
=a Gwa,s 100) 
Die De (Cor. ) 
=e (Th. IT) 


D,8 =. (Th. FD) 
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Combining these results, we have 


Dy =3247. 


The student need not write down each step as has been done in 
this illustrative example; but he should make himself so familiar 
with the principles set forth in the preceding theorems. that he 
can write down the results at once. 


EXERCISES 
Find the derivatives of the following functions, 
ths Mites 2. y=e?—-10444. 3. y=2?(x—1). 
4. y=523—x(e+4 2). 5. y= 2? (a?-—2)+7 (+4 38). 


6. Plot the curve y = 4%? +c, giving ¢ the values 2, 4, 6, 8, and show that 
each of these curves has the same slope for x = 2. 


7. Let the distance traversed by a moving point be given as a function of 
the time by the equation s = 80 ¢— 16 #2. Derive a general expression for the 
speed D,s, and find the speed at the end of 3 seconds, 


27. Derivative of a quotient. 


Let y= J (2) ; 
> (2) 
_ f@+Az) 
then  ¥+Ay= Terai 


and consequently 

S@+ Ax) fe) _d(@)-f@+Ax) —f(@) -o(@t+ Az) 
o(@+Ax) (a) $ (w+ Ax) - (a) 
Subtracting and adding ¢(#) - f(v) in the numerator, we have, 
after dividing by Aa, 


(a) 2 Ga ed iC nt es Je) — $(2) 


Ay= 


es 
Ax p(x + Ax) - p(x) 
Remembering that (a) is continuous and hence, as Ax=0, 
(a+ Ax) becomes $(x), we have for the limiting value 


(0) - Def @) = £@) + Ded (2), 
[s@F 


Dy = 
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Denoting the two functions by u and 2, respectively, this result 
can be more conveniently written as follows: 
) _vD,u—UuD,zv 

7 a ve 


>.| 


We may state this result in the following theorem: 


TuroreM V. The derivative of a fraction is equal to the denomi- 
nator times the derivative of the numerator minus the numerator 
times the derivative of the denominator, all divided by the square of 
the denominator. 


28. Derivative of the quotient of a constant by a variable. 


If the numerator of the fraction is a constant, the result just 
obtained becomes 


ve 


5) ce Dyv 


Hence we have the following corollary to Theorem V: 


CoroLuARy. The derivative of the quotient of a constant by a 
variable is equal to minus the product of the constant and the deriva- 
_ tive of the variable divided by the square of the variable. 

Ex. Given f(@)= ooreE find /"(«). 

From Theorem V, we have 
fi@)= (7+32+1) D.(@+2)—@4+ cB) D+ 3% +1) 
: (227+ 3% +4 1)? 
_@%4+8e+4+1)1—(@+2)204+8)_ (+4045) 


(@+32+4+1)? (a? + 3” +4 1)?” 
EXERCISES 
Find the derivatives of the following functions: 
1. y=30?—424-6.- 2. y=403 —227+4+ 6. 
3. y=x?(x — 5). 4. y=2(4+1)(4—2). 
5. y= 23 (22 —2)(44+ 1). 6. y= 22(4—4)+ x(a? + 38). 
_“£—3 ma 
7 fering Say aa: 
Say m 10 a eat.P 


38 DERIVATIVES OF ALGEBRAIC FUNCTIONS [Cuap. II. 


1 5t 
. pardo-——. Las 
Hak ey R 2 Ald 
2_4¢4+6 2 —6 
13. aU ——., 14. = ——_——.. 
$y ue? + 2 y x -+4a—5 


2 
15. Plot the curve y =7 +c, giving c the values 1, 3, 5, and show that 


each of the curves has the same slope for « = 3. 


16. Show that if the nth power of a variable occurs as a factor in the 
denominator of a fraction, the n + lst power of the factor will occur in the 
denominator of the derivative of the fraction after reduction to lowest terms. 


29. Derivative of w”. Let u denote any function of 2 To 
determine the derivative of wu" with respect to 2, we proceed in 
the usual manner. Thus, let 


y= u", 
then y+ Ay=(u+ Au)’, 
and provided Au + 0, we have 
Ay _ (ut Au)y*—u" | Aw (1) 
Ax Au Ax 


Since uw is continuous and therefore Aw approaches zero with Aa, 
we have upon passing to the limit 


Da = tl ST ee ee 
Ar=0A® Au=0 Au Av=0 AX 
The evaluation of the first limit in the second member requires 
consideration of the special limit 
ata ©-A 


Let n be any positive integer ; then by division we obtain 


rr — qr = sy 
ea stages gn-l ++ an 2a eee aqn-2 a a"-l, 
== 
whence 
or — qr 
L ——= | (aml 4 gn—2q 4 oe + gn-2 + a), 
ea L—- 4 Via 


In the parenthesis there are n terms, each of which has the limit a@*-1 as 
=a. Since nis finite, the limit of the sum is equal to the sum of the limits, 
and we have therefore 


i 
yp © = nal, (3) 
era L—-4 
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It is easily shown that (8) holds when n is a positive fraction, also when 


n is negative, either integral or fractional. For the first case let n=”? and 


assume x = 22, @= 02; for the second, putn=—m. The proof is similar to 
that just given. 


In (3) let a be replaced by w+ Aw and a by w; then as aa, 


Au = 0, and (3) becomes ips at oa (4) 

Au=0 Au 

Using this result in (2), we obtain when n is a positive integer 
Du") = nu" "Du. (5) 


In Art. 65 it will be shown that formula (5) holds good when 
m is any real constant, rational or irrational. 
If u=2, we have, since D,u =1, the important special case 


Ds (ac) = noe _ (6) 


Ex. 1. Let y=a(3 2? + 7)3; find D,y. 


Put U=3%7-+ 7. 
We have then DA =G DAF = Sau Dat. 
But Dt = D310) = Orn, 


Combining these results, we obtain 
D,y = 18 az(8 x? + 7)?. 
Ex. 2. Let y = V2? — a’. 


Substituting, u= x? — a, 
1 
we have ‘ y=U". 
ny 
Hence Dpeius Du ait k 2 
Va? — @ 


30. Explicit and Implicit Functions. Algebraic functions. If a 
function is expressed directly in terms of the variable, it is called 
an explicit function of that variable; if, on the other hand, it is not 
expressed directly in terms of the variable, it is called an implicit 
function. Thus, 

' y=3e4+7T#+9 
is an explicit function of x, while in 
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y is an implicit function of a We can express y as an explicit 
function of a by solving the above equation for y and thus obtain 


A function of the general form 
Y = Apa" + aya" + + + Oy 
belongs to a class of functions known as algebraic functions.* In 
the form in which the function is here written it is also an ex- 
plicit function of x The general laws for differentiation that 
have been developed in the preceding articles are sufficient to 
enable the student to write at once the derivative of any explicit 


algebraic function.. The differentiation of implicit functions will 
be considered later. 


Ex. Differentiate the function y = #—4a”+4 2¢7-1, 
From Art. 28, Dy = D,(«)— D,(4%)+ Dz(2 27), 
whence, using (6), Art. 29, we have 
Dy =3 2? — 4 — 2 x2, 


EXERCISES 
Differentiate the following algebraic functions. 
3 

aks Wp SSR, 2. y=? — 71 45. 

3. y=at—a 4. y=(2e—5)4. 

5. y=(a?—4% +4 8)% 6. y = (a? — a®)3, 

7. y= V1+ 22 8. y=(4243) 5, 

2 2 
recip cca on Fig Oe 
Y Not + a aD errr 

1. p= A+ 242. 12: p= O84 kot — 2, 
13. s=80— 1622. 14. y=a«(1— 2). 
15. y=22V 2? — 5. a OS 8 (a2 — a2)5, 


17. By differentiating = , Show that D,«” = nx”! holds for negative inte- 
gral values of n. ay 


= 
18. Given we 3=c; express y as an explicit function of x. 


* For amore general definition of an algebraic function, see First Course, 
p. 9. 
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19. Given x=f()=a(¢ — sin d) 
y=F(¢)= a(1 — cos ¢), 
_ express & as an explicit function of y. 


31. Derivative of a function of a function. The derivative of u” 
discussed in Art. 29, where u is a function of a, is a special form 
of the more general case which we shall now consider. Let us 
suppose that y=/(w), and w=¢(«), where these functions have 
respectively the derivatives f'(w) and $'(x) for the corresponding 
values of the variables u and x. If we wish to find D,y, we can 
do so by substituting the given value of u in f(w), thus expressing 
y directly as a function of x; from this expression we can obtain 
the desired result by methods already explained. In many cases, 
however, the derivative can be obtained more easily by the follow- 
ing method. 

Let x take an increment ; then w and y will also take increments, 
and since wu and y are continuous functions of 2, these increments 
will approach zero as the increment of # approaches zero. We 


have then 
Ay = f(u + Au) — f(u). 


Ay | _ fu +Au) — Su) . a %, Aux, 
Ax Au 


Since Au = 0 as Ax=0, we have in the limit 


we ages Sut Au) —f@) ay 
=9AX® Auz0 Au =9 Aa’ 


that is, D,y = Dyy - Du. (1) 
This formula expressed in words gives us the following theorem: 


TurorEeM. If y=f(u) and u= (a), the derivative of y with 
respect to x is the product of the derivative of y with respect to u and 
the derivative of u with respect to x. 


This theorem asserts the principle that if w changes m times 
as rapidly as x, and y changes n times as rapidly as wu, then 
y changes mn times as rapidly as x. For example, if a horse 
travels twice as fast as a man, and a train four times as fast as 
the horse, the train travels eight times as fast as the man. 
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Ex. 1. Find D,y when y= Vu and u=382?— 4. 


rads | 
We have Diy =u, and. Du = 60; 
aos! 
hence Dy =4u? 6% =30u Le, 
V3 x2 — 4 
=8 
Ex. 2. Find D,y when y =(a?— x?) 2. 
8 213 
Put vu =a?— 27; theny=u 7, Diy=— iu *, and Duw=—2¢a. 
-3 34 
Therefore Dry ott ee 
(a2 — 22)2 
EXERCISES 


Differentiate the following functions : 
: y = V2? +5. 2. y =(a2 — 244 5)3. 
5 

5 PSG = tye 


1 

3 5 
ee 4. y=(a? — 2?) 2, 

Ss (GE BOE FE 

7 

9 


ain elaes ee; 
b y= V3 w— 4 a2. 6. =(— | _ 


¢ 4 4 es 
6 y =(#8 —244 5) 8. 8. y=V(@+m) (ae +n). 


IL p=Vi a 10. y =3(a? —4)2(@ +8)2. 
pen | 
13. y=(e@+-Ve—a)?. 12. p=(1+8) % 
2 vary 
Daal 1, y= 2. 
Vat — x2 Vaerz4 1 


16. By putting f(w) = cu, prove the corollary to Theorem IV, Art. 26, 


17. By putting f(w) = w”, develop the law for differentiation of w” given 
in Art, 29. 


18. Write a function which has x? as its derivative. 


19. Show that the curve for which the slope of the tangent line (that is, 
tan ¢) is numerically equal to the abscissa has the general form y = 4.2?+C. 


20. Find the values of « for which the derivative of f(x) =a — 947+ 24x 
becomes zero. What is the geometrical interpretation ? 


21. At what points of the curve y = #3 — 12” is the tangent parallel to 
the X-axis ? 


32. Derivatives of inverse functions. If y is given as an 
explicit function of x, and it is possible to solve for « in terms 


of y, we may then express # as an explicit function of y. 
Thus, if 


Arr. 32] INVERSE FUNCTIONS |, 43 
y= a? — 4, 
we have e=tVy+4. 


In general, let «= ¢(y) be the result of solving the equation 
y =f (a) for x; then f(«) and ¢(y) are said to be inverse functions. 


‘Examples of inverse functions are sin @ and arc sin y, log w and e’, 
1 


x” and y”, ete. 

In the process of differentiation we ordinarily express y as an 
explicit function of a and determine D,y directly. Sometimes, 
however, it is convenient to express x as a function of y and find 
D,y by means of the inverse function. To find the relation between 
the two derivatives, we.may proceed as follows: 


Given y=f (2); (1) 
and let the inverse function be 
x= (y). (2) 


By differentiation, we have from (2) by aid of Art. 31, 
1=D,o(y) - Diy, 


or a) a 7, 
Hence we have, provided D,« +0, 
ae ee! 


This formula states the principle that if y is changing n times 


as rapidly as x, then x is changing * th as rapidly as y. 


Ex. Given the equation of the parabola y? =4 pz ; find D,y. Solving for 
x, we have 


a: 
omy 
eI os Y 
whence LSE ge 


From the theorem of inverse functions, we have 


1 2p 2p Dp 
DZ = —- = = =H DE 
sf Dy Y VA px x 
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EXERCISES 


1. Find D,y when y? = x — 4. _ 2. Find D,y when 


3. If p?=aé + b, find Dep. 
5. Find functions inverse to the following functions : 


(a) y=a5; (6) y=log (@?+0%); (¢) y=va?— a. 


6. Find the function inverse to 


S(@) = log @ +VeF FI). 


4. If v?=2 9s, find D,v. 


ie, 


33. Derivative of one function with respect to another, when both 


are functions of a common variable. 
Suppose we have given 
y=f0, c=9(d, 
and that we wish to find D,y. We have, for At+0, 


Ay 
Ay At 
Ax Ax 
At 


Because of the continuity of f(f) and ¢(t), Ay=0 and Axr=0 
simultaneously as At=0. Hence, by Art. 17, we have upon 


passing to the limit. 


Diy 
D. i= 
al D, 

Ex. 1. Given y= 2241, and%=vz; find D,y. 

We have Diy 22, 
and D= 4 at, 
Hence, Dy = 22 =4 ze = 473, 

be 


Ex. 2. The equations s = 3 gi? and v = gt refer to falling bodies. 


the derivative D,v. 


Dey seeker Ae 
DSa Slaten. 


EXERCISES 
1. Find D,y, when y = 3 #—t¢—10 anda =#+8. 


Find 


2. Find D,y, when y=t—3047 andva=t#—2¢+4. Find the values 


of this derivative for ¢ = 0, 2, 5. 
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. Ifp=Vé and 6 = t? — 10, find Dep. 
If «= at and y = bt — 4 c#?, find D,y and D,x. 


a Pp w 


. Work examples 3 and 4 by eliminating ¢ before differentiating. 


6. Prove the theorem of Art. 33 by-making use of the theorems of Arts. 
31 and 32, = 


MISCELLANEOUS EXERCISES 


Differentiate the following functions with respect to the variable indicated. 


1. y=5at4 303-8247. 2. y= 92 (3 a2 —4)(x +1). 
1 1 
3. y=a3 at — at), ig = ema SL 
; ( ) Y= F@—2?2 
5. y= SD vigw Sy Oe 
xe 
_ en 
8. ee = 9. ee ee 
F (1+ 2)” / x" (a+ %)™ 
10. y= (1 +V2—1)". UW. y=Vat+vi¢e 
oT ani 
12) y=4(2—". 13. je 
u Na+ Ane Noe 
14. a at) SA 15. ee eave Fe 
142% V2 4+1—Vat=1 
rie 
16.4 = 0 — 0")? | i Ik f i ee 
r+a 2 +-V22 —1 
24+j\—o4 c a 
18. See eZ 19, p=202=2. 
Ve+1ia ae 


20. Given v= ie m (1+ ap), where m, C, and a are constants, find D, p. 
Db 


21. Show that the slope of the tangent to the curve y = x? + 4 is never 
negative. Find the slope for 7=0,“—=2. For what values of x does the 
slope decrease as x increases ? 

22. Find the angle which the tangent to the parabola y? = 9 x at the point 
(4, 6) makes with the X-axis. 

23. Given = pie era and u=22— 5; find D,y. 

Vu — 15 
24. Given s = bt + 1a? and v = at, find D,v in terms of v. 


25. The equation pv = C expresses Boyle’s law, C being aconstant, Find | 
D,p and Dpv. 
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26. From Regnault’s experiments, the heat qg required to raise the tem- 
perature of a unit weight of water from 0° C. to a temperature 7 is given 


by the equation 
gq =T + 0.00002 7? + 0.0000008 7%. 


(a) Find Drg. (b) Calculate the numerical value of D-g for r = 35°. 
27. The efficiency of a screw as a mechanical device is given by the 


relation H = ae , where » denotes the coefficient of friction and « 
Ss od 

the tangent of the pitch angle of the screw. Find the derivative D,Z, and its 

values forx=0Oanda%=vp. Find also the value of x for which D,H = 0. 


28. Find the slope of the tangent to the circle 2 + y? = 25 for the points 
=), Pe eS OF 


29. Find Dv, where v2 = 2 ¢ (; _ *): 


2 
380. Day = 2 and u=—“%o24 62. Find Dyy. 
g ac +b ye wi arc 


31. Interpret geometrically the corollary of Art. 26. 
32. Find functions which have the following derivatives : 
(a) 8a; (0) 48-1; () at 242; (@ —4. 
x 
33. Deduce Theorem V, Art. 27, from Theorem IV by means of the sub- 


hs mea 
stitution pm w, whence D,u = D, (vw). 


34. If the factor (@— a) occurs » times in a function f(a), show that it 
occurs n — 1 times in the:derivative D,f (x), and from this principle deduce a 
method of finding whether an algebraic equation has multiple roots. 


CHAPPER III 
ELEMENTARY APPLICATIONS OF DERIVATIVES 


34. Slope of a curve. The equations of the curves thus far 
discussed have all been given in the form 


y=f(@), or F(a, y)=0. (1) 


In some cases it is more convenient to express both a and y in 
terms of a third variable; thus 


ot o(t), Y= Y(t), (2) 
where ¢(¢), ¥(é) are single-valued functions of the variable t. We 
call these equations the parametric equations of the curve. As 
examples of parametric equations of curves, we have for the 
eircle the equations 

y =a sin 0, «=a Cos 0, 
and for the cycloid 

y = a (1 — cos 6), 

% = a (6 — sin 6). 


We may pass from the parametric form of expression to that 
given by equation (1) by eliminating the common variable. _ 
In whichever form the equation of the curve is given, we have 


Dy = tan $; (3) 


where ¢ denotes the acute angle between the tangent to the curve 
and the positive direction of the X-axis. To determine tan ¢ from 
the parametric equations of the curve, we have by Art. 33 
Dy 
IDG SBI. 4 
Aes ’ (4) 


t 


- 


Tan ¢ has been defined as the slope or gradient of the tangent to 

the curve. It may also be called the slope of the. curve, for the 

direction of the tangent to the curve is also the direction of the 
47 


48 ELEMENTARY APPLICATIONS OF DERIVATIVES [Cuap. III. 


curve at the point of tangency. The slope of the curve, therefore, 
is given by the value of the derivative D,y. 

The value of the derivative at any point gives still other 
properties of the curve. Since the direction of the tangent is. 
identical with the direction of the curve at the point of tangency, 
it follows that so long as ¢ is a positive angle the ordinates of 
the curve are increasing as the abscissa increases. When, how- 
ever, ¢ is positive, tan ¢, and hence D,y, is positive; similarly, 
when ¢ is negative, the ordinates of the curve are decreasing as 
the abscissa increases. But in this case tan ¢, and hence D,y, is 
negative. If the value of D,y becomes zero for any value of 2, 
then tan ¢ is zero and ¢@ must be zero; that is, the tangent to the 
curve at this point is parallel to the X-axis. This occurs when- 
ever the curve has a turning point, that is, a point where the or- 
dinates cease to increase and begin to decrease, or vice versa. 
Turning points are shown at A, C, and Z, Fig.10. If D,y be- 
comes infinite for a particular value of a, the value of ¢ is then 
im or —47; that is, the tangent to the curve at that point is per- 
pendicular to the X-axis. We may summarize these results as 
follows: 


At any point of the curve y = f(x), the ordinate increases or de- 
creases with increasing « according as D,y is positive or negative. 
If Dy is zero for any value of x, then at that point the tangent to the 
curve is parallel to the axis of abscissas. If D,y becomes infinite for 
any value of , the tangent to the curve is perpendicular to the axis 
of abscissas at that point. 


Ex. 1. Investigate the curve y = 7 23 —a 
by means of its derivative. 

Differentiating, we get 

Dy se te Ee 
12 4 

For «>2 or «<—2, D,y is positive, 
and consequently y increases with ~«. 
For values of « between 2 and — 2, D,y is 
negative, and y therefore decreases as % 
increases. For *=2 and for «= —2, 
Dy =; hence at these points the tangent 
to the curve is parallel to the X-axis. The. 
curve is shown in Fig. 9. 


Arts. 34, 35] DERIVED CURVES ; 49 


EXERCISES 


Investigate the following curves by means of their derivatives. 


1. y=e—327?+62. 2. y2=8x%—10. 3. eos 
x 


4. For what values of x does the function 22 ree! increase with «? For 
x 
what value does it decrease as « increases ? 


5. The equation 
1 
T = 53.6 p® — 35.7 
gives approximately the temperature 7 of steam as a function of its pressure 
p. (Here 7 is in degrees Fahrenheit, and p in pounds per square foot.) 
Show how the derivative D,7 changes as the pressure increases, and sketch 
roughly the curve r = f(p). 

6. A cylindrical vessel with one end open is to hold 300 cu. in. The 
superficial area A of this vessel (cylindrical wall plus one base) is a function 
of the radius of the base. Deduce the equation and examine it by means of 
the derivative. Interpret the results. 

7. The efficiency y of a hoisting device is a function of the load P raised 


as expressed by the equation 
He 


Lares n° 


where m and n are constants. Show how the derivative varies with the load 
P and sketch the general form of the curve 7 = f(P). 


8. By means of the derivative investigate the curves: 
(@) y=at bx —c)?; 
(b:) y=a+b(a—e)i. 
Show the form of the curves in the vicinity of the point (c, a). 


9. Given the continuous curve y=f(«). Show by means of the graph 
that, for positive values of Az, Ay is positive or negative according as the 
function is increasing or decreasing at a given point. By considering the 


limit Z AY deduce the general law given on p. 48, 
Aw=0 Ax 
35. Derived curves. The derivative of a function is also, in 
general, a function of the independent variable, and may be rep- 
resented by a graph in the same manner and under the same 
conditions as the original function. This curve, whose equation 
is y =f'(a), is known as the derived curve. 
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The principles developed in the last article enable us to estab- 
lish certain general properties of derived curves. Thus the graph 
of y=f"'(«) crosses the axis of at those points for which the 
original curve has a turning point. Moreover, we can tell whether 
the derived curve crosses the X-axis from above to below or vice 
versa ; for we know that as a increases, f'(a) is positive or nega- 
tive according as f(#) increases or decreases. Hence, if the values 
of f(«) are increasing as the turning point is approached, and de- 
creasing after it is passed, as at points 4 and JZ, Fig. 10, the 


Y yo 6 


values of f’(@) pass from positive to negative, and the derived 
curve passes from the upper to the lower side of the axis, as 
shown at points A’ and Z'. At the turning point OC, on the other 
hand, f(#) changes from a decreasing to an increasing function 
and f'(@) passes from negative to positive values; that is, the 
derived curve passes from the lower to the upper side of the 
X-axis at the point C’. 

Where the derived curve has turning points, as at B’ and D’, 
the curve y= f(x) has points of inflection, as B and D. See 
Art. 88. 

For those functions that are to be considered in the present 
volume the derived curve is, in general, a continuous curve. We 
shall meet, however, two exceptional cases in which it becomes 
discontinuous. 
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1. When the tangent to the curve y= f(a) becomes perpen- 
dicular to the X-axis, as at M, Fig. 11. Here the value of f KE) 
becomes infinite and the derived curve m has infinite branches. 

2. When the curve y=/(«) has an angular point, as at J, 
Fig. 12. At such a point, the limiting position of the tangent as 
the point of tangency approaches N from the left is different 


Fre. 11. Fia. 12. 


from the limiting position as the point of tangency approaches 
N from the right. Hence, the value of /'(#) takes a sudden 
jump, and the derived curve m has a discontinuity. 

The ordinates of the derived curve are the successive values of 
D,y of the original curve. Since D,y measures the slope of the 
tangent to the original curve, it follows that for any value of « 
the ordinate of the derived curve measures the slope of the 
original curve. 

It is evident that the slope of the curve y= (a) is independent 
of the position of the axes so long as they remain parallel to their 
original position. We can shift the curve in the direction of the 
Y-axis, Fig. 8, and the values of f'(w) will remain unchanged. 


52. ELEMENTARY APPLICATIONS OF DERIVATIVES [Cnap. III. 


In other words, the curves y=f(#) and y=f(«) + ¢, where ¢ is 
any constant, have the same derived curve (see Art. 24). 


EXERCISES 
Draw the graphs of the following functions and the derived curve for each 
of them. Study carefully the combined graphs, and trace out the connection 
between the slope of the original curve and the ordinate of the derived curve. 


3 
1. y=“ —x, 2. y= oi —2Qa24 5, 
DES y + 
3. y2=8x—10. 4. xy — 2d, 
Vea ow i 2 
5. y=38-4+Va —4. 6. y=84+(4—4)3. 


7. Draw several curves, and by observing the variation in the slope and 
the turning points sketch in approximately the derived curves. 


8. Draw a curve at random, and by observing the variation of the ordi- 
nate draw roughly the curve of which the first curve is the derived curve. 


36. Rolle’s theorem. The following proposition, known as 
Rolle’s theorem, is essential in the development of certain other 
useful theorems. 


TuroremM. If f(a) and f'(x) are single-valued and continuous 
for all values of « from x = a, tox = b, and if f(a) = f(b) =0, then 
S'(@) vanishes for at least one value of x between a and b.* 


Hither f(x) has a constant value zero for all values of ~ between 
a and 8, or it varies with a In the first case f"(a) is zero for all 
values of 2. In the second case, since 

S(@ =f(b) =0, 

J(@) must at some point begin to increase and afterwards decrease, 
or vice versa. It must then have a turning point for some partic- 
ular value of «, say «=a, lying between a and 8, since, by hy- 
pothesis, f(#) is continuous. 

Geometrically, Rolle’s theorem means that if a continuous curve 
cuts the X-axis in two points z=a, «=b, and has a definite 
direction at every point in this interval (a, b), then at some 


* Rolle’s theorem is stated here in sufficiently general terms for our 
present purposes, The proof given holds for the theorem as stated. For a 
more general statement of the theorem and its proof, see Pierpont’s Theory 
of Functions, Vol. I, p. 246. 
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intervening point, say 4Y 
v= 2, the tangent to the 
curve is parallel to the 
X-axis (Fig. 18). 

It is at once evident 
that, instead of the con- 
dition f(a)=/f(b) = 0, O x 
we might have f(a) and ~ © oe b 
(©) equal to any con- ces 
stant so long as they are equal to each other. The argument 
remains precisely the same in the two cases. 


EXERCISES 

1. By Rolle’s theorem show that at least one real root of the equation 
J'(@) = 0 lies between any two real roots of the equation f(a) = 0. 

2. From Ex. 1 show that if two roots of f(*) =0 are equal, one root of 
J'(@) = Ocoincides with them. Givea geometric illustration of this statement. 

37. Law of the mean. By the use of Rolle’s theorem, we may 
deduce one of the most fundamental theorems of the differential 
calculus, known as the law of the mean, or the theorem of mean value. 

THeorEeM. Let f(x) and f'(x) be single-valued and continuous 
functions of x in the interval a<a<b. Then there exists at least 


one value x of x for which 


LOL) _ 7), a <2 <b. 


Without loss of generality, we may assume f(a) < f(b). Geo- 
metrically, the quotient £ we =e) gives the slope to the secant 
—a 


AB, Fig. 14. Let y=/(«) be represented by the curve APDB, 
ve passing through the points A 
and B; f'(a) is then the slope 
of the tangent to this curve at 
the point D whose abscissa is 
a. The theorem asserts geo- 
metrically that there exists at 
least one point D of the curve 
at which the tangent is parallel 
to the secant line AB. 
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To prove this theorem we proceed as follows. The equation 
of the line AB is of the form 
y= m(e%—a) +e, 
where the slope m is LO — Ae) and the ordinate ¢ of the point 


—a 
where the curve cuts the line ~=a is f(a). Hence, we have 


y= TOL (@— a) +4). (1) 


The distance of any point P on the curve from the line AB, when 
measuring algng the ordinate through P, is given by 


w(x) = PQ= MQ-— MP 


FOLD) a) +f) I). (2) 
—a 
Now y(#) is a function that satisfies all of the requirements of 
Rolle’s theorem. At some point, say «= %, of the interval (a, b), 
we have therefore 
b) — 

¥ (a) LALO _ pa) =0, (3) 

whence EO) - fe) =f" (a9); (4) 


as the theorem requires. 

The theorem may be stated in another form which is sometimes 
convenient. The fact that a lies between a and 6 can be ex- 
pressed by the relation 

X= a+ 6(b—a), 


where 6 is some number between 0 and 1. We may also put 


‘ b—a=h. 
Equation (4) then takes the form 
Plath = 1) — pra + on). (5) 


fhe fraction £ at C evidently measures the average rate of 


increase of the function in the interval b—a. Thus, suppose 
s, and s, denote distances traversed by a moving point in the 
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times ¢, and t, respectively; the fraction “2—*! gives the average 
: i aera | 

speed of the point for the time interval ¢, —¢#,, and the law of the 

mean asserts that at some instant within this interval the actual 

instantaneous speed of the point-is equal to the average or mean 


speed for the whole interval. 


EXERCISES 

1. Show geometrically that Rolle’s theorem is a special case of the law 
of the mean. 

2. If f(x) = 2, find the value of @ that satisfies relation (5): (@) when 
@— 6. —157(b) when ¢@= 12, h=4. 

3. If f(«) =2%, find the value of @ in order that (5) shall be satisfied when 
oo 4, h = 1% 

4. A smooth curve is passed through three points (6, 3), (8, 5), and 
(10, 8.5), which have been determined experimentally, and the slope of the 
curve at the intermediate point (8, 5) is desired. Find by the law of the 
mean an approximate value for this slope. 


38. Equation of the tangent and of the normal to acurve. Let 
(x, y,) be any point on the curve whose equation is 


y =f (2). 


As we have seen, the slope of the tangent to the curve at the 
point (a, y) is given by substituting the value 2, for x in the 
derived function f'(x); that is, for r=, tand=/f'(a,). From 
analytic geometry, the equation of the tangent at any point 
(a, y;) on the curye is 

Y—ji= m(a— %), 


where m denotes the slope of the tangent at the point in question. 
Replacing m by f'(a,), we have for the equation of the tangent to 
the curve in terms of the derivative 


Ye Y,=f'(@,) (ae ae H,). (4) 


The normal to a curve is perpendicular to the tangent to the 
curve at the point of tangency. The condition that one straight 
line shall be perpendicular to another is that the slope of the one 
shall be the negative reciprocal of that of the other. It follows 
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that the equation of the normal to the given curve at the point 
(@, Yi) 18 


Y-Y,= (a — a,). | (2) 


eres. 
f'(@,) 
Because of the relation 
iL 1 
Dg TO 
the slope of the normal can frequently be most conveniently 
obtained by substituting y=y%, in D,a. 


(Art. 32) 


Ex. Find the equations of the tangent and normal to the curve 
Ys a at the point (4, 8). 
We have fi@)=3 xh, 
and for x = 4, {OH 2xX 238. 
Substituting this value of f/(7) in (1), the equation of the tangent is 
y—8=3("—4), 


or se-—y=4, 
At the given point, <i se= =f Hence, the equation of the normal is 
S'(@) 3 
; y—-8=—4(@—-4), 
or x+3y = 28. 
EXERCISES 


Find the equations of the tangent and normal to the following curves at the 
points indicated. 


1. yy =32x+4 10, at (— 2, 2). 

. xy = 86, at (4, 9). 

OY pa clit 

cal rea 

(@ — 4)? + (y + 8)? = 100, at (10, 5). 
2 y? 

—+2=1 2, 4 : 

25 16 , at ( , $V21) 

y= «—32%+4 10, at (2, 12). 
y=or—l, at (2, 34). 


, at (a, a). 


39 OF ON 


Find the equations of the tangent and normal to the following curves at the 
point (#1, 1). 


8. 9? = aa. 9. 28 4 3 =a’. 
10. 2+ y® = @".- 11. oF i 
a 9b? 
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39. Lengths of tangent, normal ; subtangent, subnormal. The 
length of the part of the tangent to a curve that lies between the 
point of tangency and the axis of abscissas is called the length of 
the tangent. The length of that part of the normal intercepted 
between the same point on the curve and the axis of abscissas is 
called the length of Y 
the normal. The 
projections of these 
lengths upon the 
axis of abscissas are 
called respectively 
the subtangent and 
the subnormal. Thus 
in Fig. 15 let the 
tangent to the curve 
at the point P, hav- 
ing the codrdinates 
2, %, meet the X-axis 
in the point A, and let the normal at the point P meet it at 
C. Let BP be a perpendicular let fall from P upon the X-axis. 
Then for the point P, PA is the length of the tangent, PC is the 
length of the normal, and AB and BC are the subtangent and 
subnormal respectively. 

In the triangles APB and BPC the side BP=y, is given, as is 
also the angle PAB=CPB=¢. If the equation of the curve is 
y=f(x), tan¢=f'(a,). The lengths of the tangent and normal, 
the subtangent and the subnormal, may therefore be expressed in 
terms of y, and f'(a,). For example, 


since AB= BP cot ¢, 


- we have subtangent = y, cot ¢= 


Lae B C 
Fic. 15. 


n 
t"(”1) 


: . 
Ex. Find the length of the normal to the curve pat at the point (4, 4). 


From Fig. 15, the required length is y,sec¢. Since Duy = 3 22, 
we have f(a) =f'(4 =43V4 =$; 
therefore tang=4, secg= V1+ (3, 


_and the length of the normal is 4V1 + (3)? = 2V13. 
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EXERCISES 
1. Find the length of the tangent, the subtangent, and the subnormal for 
op 
the curve y? = = at the point (4,4). 


2. Derive general formulas for the length of the tangent, length of the 

normal, subtangent, and subnormal in terms of y; and f/(a;). 
Find the subtangent, subnormal, length of the tangent, and length of the 

normal for each of the following curves at the points indicated. 

3. y27 =8 0, at (2, 4). 

4. xy = a?, at (a1, ¥1)- 

5. (a —4)2+ (y+ 8)? = 25, at (7, 1). 

6. y =22—32+410, at (x1, ¥1). 

th OP See) Oi (Cy @)o 
8 


8 
ye = a Cea). 
2a—% 
2 2 2 
9. #5 +y3 = a3, at (M1, y1). 
10. Show that the subnormal to the parabola y2 = 2 ma is constant. 


11. Show that the length of the normal to the curve a? + y?= aq? is 
constant. 


12. Using the equations of the tangent and the normal in Art. 38, 
derive formulas for the length of the tangent, length of the normal, etc., by 
finding the intercepts of these lines on the X-axis. 


40. Tany, cot. Let p, 9 be the polar coérdinates of any 
point on a curve, @ being taken as the independent variable. In 
order to determine the di- 
rection of the curve at any 
point, it is convenient to 
express the tangent and 
cotangent of the angle y 
between the radius vector 
and the tangent to the 
curve in terms of p, 6, and 
their derivatives. 

Ps. a x In Fig. 16, let P be any 

point on the given curve, 
and let its polar codrdinates be p, 6. If 6 takes an increment AQ, 
then p will have a corresponding increment Ap. Let P! be the 


0° 
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. point having the codrdinates 6+ Aé, p+ Ap, and let MP be drawn 
perpendicular to OP’. 
From the figure, we have 
MP=psin A@, OM=p cos AO, 
and MP' = OP'— p cos AO =p + Ap— p cos AO. 


Hence, iuwpip.— es Ad. 
pP+op— p GOS A@é 


As A@=0, the angle MP'P approaches the angle y. Hence we 
have 


L tanMP'P=_ + pun Bl ies 
Ae = 0 A= 0 Ap + p(1 — cos A) 
sin A@ 
Epes wy AO eee: 
a oY = 802.0 Bp 1 — cos A6 
Ao °\ AG ) 


But we have seen that 


ea sme se earn es <a ee) 
hence, we have 
tan } = De =p D,?. (1) 
From (1) it follows at once that 
cot y= pes Dp (2) 
Ex. Let the equation of a curve be p? = : . Find the angle y for p=1. 
Writing the given equation in the form 
libs A = Oper, 
we find Dpd =— 2 ap-*. 
Hence, tan y = p Dog =— 2ap8=— 25, 
and cot y =— fake 
2a 
Hor p=; tan y ——2a, 


whence y = arc tan (— 2a). 
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41. Length of polar tangent and polar normal ; polar subtangent, 
polar subnormal. Given a curve and the polar codrdinates (p;, 6) 
‘of any point P upon it (Fig. 
17). At the point P, draw 
the tangent and the normal 
to the curve and through the 
pole O draw a perpendicular 
to the radius vector OP. Let 
this perpendicular cut the tan- 
gent and the normal in the 
points 7 and W respectively. 
PN is called the length of the 
polar normal, and PT the 
length of the polar tangent. The projections of these lines upon 
the perpendicular, namely, NO and OT, are called the polar sub- 
normal, and polar subtangent, respectively. 

It will be observed that in the ease of rectangular codrdinates, 
the line upon which the tangent and normal were projected to 
determine the subtangent and subnormal was the X-axis, while 
in polar coérdinates, it is not the initial line but a line through 
the pole perpendicular to the radius vector. 

In each of the right triangles OPT and OPN one angle y and 
one side OP=p, are given. Since, from the preceding article, 
y = are tan : 


Le 
Fig. 17. 


Fa,’ where F"(6,) is obtained from the equation 
1 

of the curve p= /’(), it follows that the four lengths in question 
can be expressed in terms of p, and F''(6,). 


Ex. Find the lengths of the polar tangent of the curve p? = .. 


Putting the equation in the form p = ao"?, 


_3 
we get Dp =— 409%; hence, F’(6,) =— —“ ; 
2 6,2 
1 
Therefore Coty ee Bape 
: “ Py ) 6,2 a 2 6:2 2 Oy 
and tan y =— 2 64. 


From Fig. 17, length of polar tangent = p; sec y = o V14+4 6,2. 
; 6, 
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EXERCISES 


1. Derive general formulas for the lengths of the polar tangent and polar 


normal, the polar subtangent, the polar subnormal, in terms of p; and F’(6,). 
2. Find the polar subtangent and polar subnormal of the curve p? = «. 


3. Find the length of the polar normal of the same curve. 
Find general expressions for the length of the tangent, subtangent, length 
of the normal, and subnormal of the following curves : 


4. p=a0. 5. p—ae. 6. pate. 7. p> =a + be, 


8. Find tan y for the curves of Exs. 4-7. 


9. Show that the polar subtangent to the curve pé = a is of constant length. 
Trace the curve. ; 


42. Speed and acceleration. Let a point move in a given path, 
straight or curved, and let s denote the variable distance of the 
point measured along the path from some fixed origin O. Assum- 
ing continuous motion from O, the distance s evidently depends 
upon the time?¢; that is,s=f(¢). Ina time interval At the point 


moves over an element of path of length As, and the ratio 7 gives 


the mean speed of the point for this interval. The limiting value 
of this quotient as the time interval Af approaches zero gives the 
instantaneous speed at the beginning of the interval. Denoting 
this by v, we have therefore 


v= L Mpg; (1) 


that is, the speed of a moving point is the time-derivative of the space 
traversed. 


The words ‘‘speed’’ and ‘‘ velocity ’’ are often used as synonyms. An 
important distinction is, however, frequently made. The term “speed”? is 
used to indicate merely the rate of motion in the path irrespective of direc- 
tion. Speed, therefore, has only magnitude. The term ‘velocity ’’ carries 
with it the additional notion of direction, hence to specify a velocity both 
magnitude and direction are required. 


The speed v is, in general, a function of the time ¢. If Av 
denotes the change of speed between two points, then the quotient 
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~ defines the average tangential acceleration* between those 
t 
points; and the limit of this quotient as At = 0 defines the instan- 


taneous tangential acceleration. Denoting this by a, we have 


a= L —=Dy; é (2) 


that is, the tangential acceleration is the time-derivative of the speed. 

The ordinary unit of speed is the foot per second, that of accel- 
eration the foot per second per second. These are abbreviated to 
ft./sec. and ft./sec.’ respectively. 


Ex. In a certain motion the space described is expressed as a function of 
the time by the following equation : 
s=at?+bt+e. 
For the speed, we have v= Dis=2 at + b, 
and for the tangential acceleration, we obtain 


Gi) rae 


43. Angular speed and acceleration. If a body rotates about a 
fixed axis, any given point of it, not on the axis, moves in a circle 
B whose center lies on this axis, 

and whose plane is perpendicu- 
lar to the axis. Let O be the 
center and PAB the circular 
path of the point, Fig.18. Dur- 
ing the motion of the point from 
P to A, the radius OA sweeps 
O P over an angle 6, and in the ad- 
a ditional interval of time At re- 

- quired for the motion from A to B it sweeps over the angle 


A 


AOB=A6. The ratio “ defines the mean angular speed of the 
body between the positions OA and OB, and the limit of this 


* Tangential acceleration is the acceleration in the direction of the motion, 
that is, tangent to the path. In the case of rectilinear motion, this is the 
only acceleration ; but in the case of a point moving in a curve, there is 
another acceleration perpendicular to the tangent, 


Art. 43] ANGULAR SPEED AND ACCELERATION 63 


ratio as B is made to approach A defines the instantaneous 
angular speed for the position OA of the radius. Denoting this 
angular speed by w, we have 


Aé 
— lp —=—— 1) 0: 
tat Sakis? pec 


that is, the angular speed is the time-derivative of the angle swept 
over. 

The angular speed may be constant or variable. If variable, 
the increment between two positions, say A and B, may be de- 


noted by Aw, and the ratio ae gives the mean angular acceleration 


between the positions in question. The limit of this mean value 
as the two chosen positions are made to approach each other is 
the instantaneous angular acceleration, which is denoted by «. We 
have then 


Aw 
z At =0 At e @) 


that is, the angular acceleration is the time-derivative of the angular 
speed. 

With angles measured in radians, the unit of angular speed is 
the radian per second (rad./sec.), and that of angular acceleration 
is the radian per second per second (rad. /sec.”). 

The relation between the angular speed of a rotating body and 
the linear speed of any point of the body in its circular path is 
readily derived. Referring to Fig. 18, AB is an element As of 
the circular path of P. Denoting the radius OA by 7, we have 
therefore 


As=rAdé, 
whence As _ PN 
Ts ns 
and finally Ds=rD J. (3) 


That is, the speed of any point of a body rotating about a fixed axis 
is the product of the distance of the point from the axis and the angu- 
lar speed of the body. 
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A similar law holds for tangential acceleration. Thus from (3) 


V= Yo, 
whence Dv=rDo, 
or a=Tra; (4) 


that is, the tangential acceleration of the point is the angular accel- 
eration about the fixed axis multiplied by the distance from the point 
to the awis. 


EXERCISES 


1. If a body is projected vertically upward with a speed of v, feet per 
second, the space traversed in ¢ seconds from the instant of projection is given 
by the equation 

$= vot — 3 g?. 


(a) Find expressions for the speed and acceleration at the time 4. 
(b) Take vp = 300 and g = 82.2, and find the speed and acceleration at the 
end of 2 seconds; (c) at the end of 12 seconds. 


2. In Ex. 1, find the whole time occupied by the body rising and falling, 
also the height to which it rises. 
Suacestion: Make s = 0 and solve for ¢. 


3. When a body moves in a straight line under the influence of an 
attractive force that varies as the inverse square of the distance, the motion 


is given by the equation 1? ane in which & is a constant. Show that the 
8 


acceleration is peg A 
2 82 


4. The angle (in radians) through which a given rotating body turns, start- 
ing from rest, is given by the equation 
6=+4 5t. 
Find the angular speed and angular acceleration at the end of 4 seconds. 
5. If the angle is given by the equation 
6= 112¢— 162, 


find (a) the speed and acceleration at the end of 2.5 seconds; (b) the time 
that elapses before the body comes to rest. 


Derive expressions for w and @ from each of the following relations between 
6 and t: 


6. 6=at — be. 7. 0=at?. 8. 0=a+4 bt + ct. 


44. Miscellaneous applications. In physics and in chemistry 
the notion of the derivative is repeatedly encountered. In 
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the case of a moving point, the term “speed” is used for the 
time-derivative of the distance traversed. In chemistry, likewise, 
we have the same term used for other time-derivatives; thus, the 
speed of reaction and the speed of solution are such derivatives. 
In physics we meet with a great number of derivatives expressing 
the rates of change of various physical magnitudes. The heating 
of substances, variations of pressure, density, and temperature, the 
variations in velocity and in energy, etc., are such changes. A 
few of these derivatives are discussed in the following paragraphs. 


(a) Coefficients of expansion. Let a rod or wire have unit length (1 foot 
or 1 yard) at some standard temperature, say 32°F. or 0°C. When heated the 
rod expands by an amount x depending upon the temperature. Thus, denoting 
the temperature by 7, the expansion is « = f(r) and the new length of the rod is 

1+ae=1+4+/f(r). Q) 
If now the temperature rises by an amount Ar, the length of the rod will 
te 


increase by a corresponding amount Ay. The quotient r. is called the 
Te 


average coefficient of linear expansion for the interval Ar, and its limit as Ar 
is made to approach zero is the coefficient of linear expansion for the tempera- 
ture 7. Denoting this by Ci, we have 

Ost 22 = Die. (2) 

Ar=0 AT 

In most cases we may assume with sufficient approximation 

G—= fit) — Or DT, 
whence Cy =a+2br; , (38) 
that is, CO, is itself a function of the temperature. 

In the same way we may arrive at the coefficients of superficial and cubical 
expansion. Consider a cube with its edge having unit length at 0° C. 
Assuming equal expansion in all directions, each edge at the temperature 7 will 
have a length 1+ (7). Hence the area of a face will be 


A= {hte i (t)}7, (4) 
and the volume of the cube will be 
V=[14+7@)]* (5) 


The derivatives D;A and D;V are the coefficients of superficial and cubical 
expansion respectively, and may be denoted by C2 and C3. 


(b) Specific heat. A body, originally at some definite temperature 7, is 
heated and its temperature rises. The heat Q absorbed by the body is in 
general a function of the final temperature 7 ; that is, 


C=7@)- . (6) 
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An increment of heat A@ causes a corresponding rise in temperature Ar, and 


the quotient Ae is called the average specific heat of the body for the inter- 
T 


val Ar. ‘The limit of this quotient as Ar approaches zero is defined as the 
specific heat at the temperature r. Denoting this by c, we have 


C= Ib; ao 27,0. 7 (7) 
Ar=0 AT ° 
EXERCISES 


1. Regnault’s experiments on the heating of various substances are repre- 
sented by the following equations : 

Ether, Q = 0.5290 7 + 0.000296 72. 

Chloroform, @ = 0.2324 r + 0.00005 7?. 

Bisulphide of carbon, Q = 0.23527 + 0.000082 72. 
In each case @ denotes the heat required to raise the temperature of the sub- 
stance from 0°C, to 7°C. For each substance find the specific heat at 20°C. 


2. It is found by experiment that the volume of water which at 4° C. has 
unit volume is given by the equation 


f V=1+a(r —4)%, 


where 7 denotes the temperature of the water and ¢@ = 0.00000838. Find the 
coefficient of cubical expansion when 7 = 0°; also for r = 20°. 


3. The electrical resistance R of a wire varies with the temperature 7 of 
the wire, the relation being expressed by R=f(r). (a) What is expressed 
by the derivative D;R? (b) Find the expression for this derivative from 
Callendar’s formula — 

R= RR, + ar + Br?) 
in which Ry, @, and # are constants. 


4. (a) What derivative expresses the rate of the rise of temperature of 
a gas with respect to the pressure? (b) With respect to the volume? 
(c) What derivative gives the rate of change of the energy U of the gas 
with respect to the temperature 7 ? 


5. The pressure of the atmosphere decreases as the distance from the 
earth’s surface increases, and the rate of change of pressure with the height 
is proportional to the pressure. State this law in the form of an equation. 


MISCELLANEOUS EXERCISES 
1. The equation of a curve is 4 ay = #3 — 2 az? + a3. 


(a) Find the slope for « = 0 and x =a. 
(b) Find the points where the curve is parallel to the X-axis. 
(c) Find the points at which the slope of the curve is 1. 
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2. Find the angle at which the circle x2 + y2 = 8 x intersects the curve 

- pete 
~~ 2—@ 

3. Find the equation of the tangent to the hyperbola xy = 80 that cuts 
the X-axis in the point «=4. Show that the point of tangency of any 
tangent to this curve lies midway between the intersections of the tan- 
gent with the X- and Y-axes. 


y 


Investigate the following curves by means of their derivatives : 


4. y= 2? (a—2x)2. Bye es 6307 = Ae 
y ( ) ears Ue soar 


7. Draw curves showing the speed v of a body falling in vacuo (s=} gt?), 
(@) with values of ¢ as abscissas, (6) with values of s as abscissas. Show 
that the subnormal of the second curve is numerically equal to the acceler- 
ation. 

8. In the case of the semicubical parabola ay? = #3 show that 

subnormal = (subtangent)? - at . 

9. (a) Find the equation of a curve whose polar subnormal is constant. 

(6) Find a curve whose polar subtangent is constant. 


10. Show that Rolle’s theorem does not hold for f(x) = (a —1)8—1 
between x=—0 and x =2. Explain why. ; 

11. Apply Eq. (5), Art. 37, to the function f(7) =a —6a—8. Find 
the value of 6 fora =4,h=1; alsofora=7,h=2. 

12. Show that for every quadratic function f(#) = ax? + bx +c, Eq. (5), 
Art. 37, is satisfied when @= 4. From this fact deduce a geometric property 
of the parabola. 

13. If Q denotes quantity of heat, r temperature, s length or distance, 
and ¢ time, express in words what is meant by the equation 
D.Q=—k + Ds, 

which applies to the flow of heat along a bar. 

14. Show that the coefficients of superficial and cubical expansion are re- 
spectively two and three times the coefficient of linear expansion, very nearly. 

15. Let m denote the mass of a body moving in a straight line, v the 
speed, and a the acceleration of the body, F the constant force acting on it, 
and s the distance traversed. From mechanics we have the following defi- 


nitions and symbols: 
mv = momentum of body, (M), 


ma = force acting, (F), 

Fs = work of force F, (W). 
Show that F = D,(mv) = DM, 
and also that F=D,W. 
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16. The kinetic energy of the body (Ex. 15) is given by the expression 
LS. 10, 
(a) Show that the momentum is the v-derivative of the kinetic energy. (6) 
Show that the time-derivative of the kinetic energy is the product Fv. 
17. Iffor any motion a curve is drawn with the speed v as ordinates and 


the distances s as abscissas, show that the tangential acceleration for any 
value of s is given by the subnormal to the curve at that point. 


18. The equation of van der Waals, 
(» ea) @—H=0 
v 


gives the isothermal curves of carbon dioxide. By means of the derivative in- 
vestigate the general form of the isothermal curves obtained by giving C' dif- 
ferent constant values. 


19. The following values of corresponding pressures and temperatures of 
saturated steam are taken from a standard table : 
p 1b. /sq. in. 84 ~ 85 86 87 88 
7 temperature F. 315.19° 316.02° 316.84° 317.65° 318.45° 
Making use of the law of the mean, find approximately the value of the de- 
rivative D,r for p = 85; also for p=87. Take @= 0.5. 


20. Rankine’s formula for long columns has the form 
a 
1+ bz? 
By means of the derivative investigate the general character of this function, 
and sketch the curve that represents it. 


Y= 


CHAPTER IV 


THE DIFFERENTIAL NOTATION 


45. The derivative as a rate. The fundamental problem of 
differential calculus is the measurement of the rate of change of 
the function with respect to the variable. We are not concerned 
so much with the actual change of the function as with its change 
per unit increase of the variable, or, in other words, its rate of 
change.. The great importance of the derivative lies in the fact 
that it gives a precise measure of this rate of change. Thus the 
derivative D,s measures the rate of change of the distance s with 
respect to the time, or, more briefly stated, the time-rate of s; the 
derivative D,6, the angular speed, is likewise the time-rate of the 
angle 6. Again, consider the case of heating a metal bar. The 
length « of the bar is a function of its temperature r, say x= f(r), 
and. the derivative D,a gives the rate of change of length with 
respect to the temperature. 

That the derivative measures the rate of change of the fanichion 
is easily seen. If Ay denotes the change of the function corre- 
sponding to a change Az of the variable, the quotient 


Ay _f@ + Ax) — f(a) 
Ax Ax 


gives the average rate of change for the interval Ax. The rate at 
which y is changing with respect to # at any particular value of 2, 
aS %, is the limiting value of this quotient as Aw approaches zero, 
that is, 
a 1 
ae au = f"(%)- 

It is not necessary that y be expressed directly in terms of a in 
order that we may discuss their comparative rates of change. In 
fact, it is often convenient to compare the rates of change of two 


functions by means of a third variable. For example, we may 
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compare the relative rate of change in the market value of wheat 
in Chicago and steel rails in New York by the use of a third vari- 
able representing money. The speed of a locomotive may be 
compared with that of a street car, or the relative speed of two 
chemical reactions may be found by means of a third variable rep- 
resenting time. 

The conception of the derivative as arate is filaments in the 
developments of the present chapter. 


46. Differentials. In the preceding chapters we have employed 
the notation of derivatives explained in Art. 16. We-shall now 
: introduce another nota- 
if tion, that of differentials, 
which for certain pur- 
poses 1s more convenient 
than that of derivatives. 
Let us consider first the 
case in which y is ex- 
pressed directly in terms 
of x, and let y=f(«) be 
acontinuous function rep- 
resented by the curve in 
Fig. 19. At any point P 
Fra. 19. of the curve let a tangent 
be drawn, and let PS rep- 
resent an assumed increment Aw of the independent variable 2. 
The corresponding increment Ay of the function is represented 
by SQ, while the intercept SR between PS and the tangent 
represents the product Aw - tan d= /f'(v) Aw Denoting this 
product by dy, we have therefore 


dy =f" (a) Aa. (1) 
In order to make the notation symmetrical, it is customary to 
denote the increment of # by dx; that is, to write da for Aa. 
With this convention (1) becomes 

dy = f'(a) da. (2) 
In equation (2) da is called the differential of x, dy the differential 
of y, and j"(x) dw the differential of f(«). We have therefore the 


O 
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following definitions: The differential of the variable x is merely 
an assumed increment of x; and the differential of the function y 
is the product of the ievanee S'(&) of the function and the ae 
ferential dx of the variable. 

Frequently j"(~) is called the. differential coefficient, that is, 
the coefficient of the differential of the independent variable. 

Having assigned a value to dx (= Az), the values of dy and Ay are 
determined by the nature of the functional relation y=/(a). 
Usually these two symbols do not represent the same value. The 
value of dy is determined by /'(x) da, that is, by dw - tan d, and is 
represented in the figure by SR. On the other hand, Ay is the 
change in the function f(x) corresponding to the change Aw of 
the independent variable, that is, SQ in the figure. The two 
symbols dy and Ay represent the same value when, and only when, 
y = f(x) is represented by a straight line. 

It should be noted that dy is the increment that the ordinate 
would have if the rate of change of y at the point P were main- 
tained throughout the interval Az. It is evident also that if Aw is 
sufficiently small dy is an approximation to the increment Ay, and 
that the smaller Aw is chosen, the closer is the approximation. 

The relation (2) between dy and dw evidently holds when a and 
y are given as functions of a third variable t. The parametric 
representation has the advantage that it enables us to show 
clearly the relation between differentials and rates as measured 
in terms of a common variable. Suppose we have given 


= $(t), y= V(t). (3) 

Eliminating ¢ in the second equation by means of the first, we 

have y=f (a), where «= ¢$(i). . (4) 
Hence by Art. 31, we have 

Dy =F '(@) Dx. (5) 


As we have seen, the derivatives D,x, Dy express the rates of 
change of the variables 2 and y with respect to ¢, the common 
variable in terms of which both x and y are expressed. It will 
‘be observed that D,x, D,y enter homogeneously into equation (5) 
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as do dx, dy in equation (2). Moreover, by a comparison of equa- 
tions (2) and (5), we have 


fia) = = Pe 


dx Da’ 


We may then say that the rates Dw, Dy are either equal to the 
differentials dz, dy or proportional tothem. ‘This relation may be, 
and often is, made the basis of the definition of differentials; and 
it enables us to write the derivatives D,x, Dy in terms of the 
differentials, or vice versa, whenever it suits our purpose to do so. 

Since we have 


(6) 


Dy aio) =, (7) 


it follows that a derivative is equal to the quotient of two differen- 
tials. It is frequently convenient to write the derivative as such 


a quotient, and in the future we shall employ either D,y or “ as 


best suits the problem under discussion. We may read a either 
: s 


“the derivative of y with respect to x,” or “ differential y divided 
by differential .” 


The distinction between the symbols D,y and & “should, how- 


ever, be carefully noted. While both lead to ae same numerical 
result and may therefore be used interchangeably, D,y indicates 
that a certain operation has been performed upon the function y 
with respect to the independent variable ~ It is not possible to 


separate this symbol into two parts. On the other hand, 


merely a quotient which can be dealt with by the ordinary oat 
of algebra. 


47. Kinematic interpretation of differentials. An instructive 
illustration of the use of differentials is afforded by the velocity 
components of a moving point. 

Suppose a point P to move along a curve m, Fig. 20, and let P, 
and P, be the projections of P on the X-axis and Y-axis respec- 
tively. As P moves on the curve, the projections P, and P, move 
on the axes. The velocity of P, along OX is evidently the time- 
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rate of change of the abscissa a, and is therefore given by the 
derivative D,x. Likewise, the velocity of P, along the Y-axis is 
Dy. The velocity of P along the curve has the direction of the 
tangent PT, and its magnitude is 
given by the derivative D,s. Suppose 
that the velocity of P is such that in 
a unit of time P would be carried 
along the tangent from P to T. This 
displacement PT can be effected in the 
following manner: Move P along a 
horizontal line from P to A, and at 
the same time move the horizontal line PA vertically to BT. 
Evidently, if the horizontal and vertical motions are made with 
constant velocity, the point P will move along P7 with constant 
velocity. Since the motion takes place in a unit of time, the 
displacements PT, PA, and PB respresent respectively the ve- 
locity in the path, the velocity of the horizontal motion of P,, 
and the velocity of the vertical motion of P,; that is, PT = D,s, 
a= De, and PB = D,y. 

The two velocities D, and D,y, which together may replace the 
velocity D,s in the curve, are called the component velocities in the 
direction of the axes. From the figure the following relations 
between the velocity in the curve and the components along the 
axes are evident: 


Fig. 20. 


Pie PARR, 
hence (D,s)? = (D,«)? + (Dy) (1) 


Substituting the differentials ds, dx, and dy for the time-rates, we 
have 


ds® = dx” + dy”. (2) 
Furthermore, since PA= PT cos, 
and PB= PT sin ¢, 
we have du = ds cos (3) 
dy = ds sin | 


~ 


Ex. 1. A point moves tn the parabola y? = 8 x with a constant velocity of 
5 units. Find the components along the axes when the point is at (12.5, 10). 
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From the given equation, we get 


2 yD, y =8 Dix, 
or 2y dy = 8 dz, 
4 
whence dy =- dx. 
But ds =V dx? + dy? = 5, 
whence arr +1=5. 
y? 
We have then ae mals Pe 
V16 + y? 
which becomes for y = 10, (im ous = cei V29 ; 
vii6 29 
4 2b a0) 
and Y= 75 59 2 99 V29. 


Tf a point moves along a curve whose equation is given in polar 
coordinates, it is convenient to resolve the velocity along the curve 
into components along and perpendicu- 
lar to the radius vector, respectively. 
Thus, in Fig. 21, the velocity repre- 
sented by PT may be resolved into com- 
ponents represented by PA and PB. 
As before, PT=D,s. The velocity 
component PA is evidently the time-rate 
of increase of the radius vector OP=p, that is, PA=D,. The 
component PB is the velocity that P would have if it remained at 
rest on the radius while the latter rotated about the pole 0; 
hence, if » denotes the angular speed of OP about the pole O, 


Fig. 21. 


PB=OPo= p DO. (See Art. 43) 
Since PT’ = PA’ + PB, 
(Djs)? = (Dip)? + (p DA), & 


or, substituting differentials for the time-derivatives, 


ds” = dp” + p” de”. (5) 
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It follows also from the figure that 


tany =? ee 
dp 
dp = dscos y, (6) 


pd =ds sin y. 


Ex. 2. A point moves in the curve p=aé with a constant velocity m. 
Find the velocity components when 6 = 7. 


Since pi ae; 
we have Dip = aD,8, 
or dp = ado. 
Then dp” = a? dé?, 


ds? = dp? + p? dé? = (a? + p?) d6?, 
ds = m = (a? + p*)? ds, 


or | ae a 
Vaz + p? 

whence pd= eee 
Vaz+ p? 

and dp — , f 
V a2 + p? 


For §@=7,p=arn- Substituting, we obtain 


pdé = ae , velocity perpendicular to OP, 
ae 
dp = =i velocity along OP. 
1+ 7? 


48. Differentiation with differentials. The passage from the 
derivative to the differential notation, or vice versa, is effected 
by the defining equation 


dy = f'(«) da. (1) 
Thus, if y = ax’ +b, 
S'@) = 2.0, 


whence ; dy = 2 ax da, 
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Conversely, if we have given 
dy = (8 # + 4) da, 
we obtain by division, 
dy _ 
da 

In the operation of differentiation, we may therefore employ 
either of the following methods: (1) we may obtain the deriv- 
ative directly by the theorems already established; or, (2) we 
may derive an equation in the form (1) which is homogeneous in 
the differentials of the variables, and then obtain the derivative 
by division. 

The general theorems of differentiation may be easily stated 
in terms of the differential notation. All that is necessary is to 
replace D,y, D,u, D,v, etc., by their equivalents a wy Ly etc., 

da dx dx 
and multiply by dz. The following are the results thus obtained, 
which the student may easily verify. 


J'@=3¢7 +4. 


(a) Given y=c, 
(b) Given y= 2, 


dy = dx. 


(c) Given y=(u+v+w), dy=du+dv+4 dw. 


(d) Given y=u+e, dy = du. 
(e) Given y= uw», dy =udv+vdu. 
(f) Given y=cu, dy =cdu. 
(g) Given y= us dye vdu = udv. 
v v 
(b) Given y=S, dy= ae 
v v 
(t) Given y=u’, dy = nu" du. 


The following examples will illustrate the use of the preceding formulas: 


Ex. 1. y=arvi1—72. 


dy =V1— 2? d(ax) + ax-dV1— x2 


~aVio pape Se 


V1l—«x? 


— a1 — 22) dx 


V1l— 2 
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, 


Exo. yoo 
Vaz — @ 
dy = VV = @dx—2-dvVe—- a 
(Va2 — a2)? 
Vit — @ dx — 2 
= V' 42 — qt — a dx 
EXERCISES 


Differentiate the following functions and express the results in differential 
form. : 


x yo. 2 y tVG=—@ 
eg Vaz + 2 
1 et Z 
3. y=2' (@=—a) °. ap oe 
ym 
5. y=(a+ ba). Sy ha oleae 
7. (ab — aby}. Gis 
ev 2 ax — x? 
a 3 
9. (Bat —297+42)V2a0?+ 1. 10, (2at— 2")? | 
eS ax 
11. ae at 12. (a? — 8) Va? + 1. 
ax 


49. Differentiation of implicit functions. It frequently happens 
that the relation between two variables, as x and y, is conveniently 
expressed by means of an implicit function. In such cases the 
derivative f'(a) can be found by differentiating according to 


the general formulas just given and finding the quotient mt : 
a 


Another method will be discussed in Chapter XIII. The expression 
for the derivative will generally contain both variables, and its 
numerical value can be found for known simultaneous values of « 
and y. 


Ex. 1. Given wy —4ay2+622?—3y—0, 
- we obtain by differentiation (using the formula for the product) 
(3 xy dx + x8 dy) — (4y2%dx + 8 ay dy) + 12adz—3dy=0, 


dy 8 ary —4y? +124 
h eel ea a 
ergs dx. @—8ay—8 
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The values 2 =1, y=1 satisfy the original equation, and for these values 
the derivative has the value 

dy = if rex ets 

Chalice  1Ky 
that is, the slope of the curve is 1.1 at the point (1, 1). 


Ex. 2. The equation representing the adiabatic expansion of air (7.e. ex- 
pansion without gain or loss of heat) is pvt = C, where & and C are constants. 
p denotes the pressure and v the volume of the air. Find the rate of change 
of pressure relative to the volume. 


Differentiating, we obtain 
vi dp + kpv't-* dv = 0, 


or vdp + kpdv =0, 
whence ab =— 42. 
dv v 
EXERCISES 
Find the derivative a for each of the following functions: 
1. 2? —ay?—38=0. 2. 077 = a7y2 = a762. 
3. a+y =e. 4. xt — ay + wy? + 2ay> = 0, 


5. Find the general expression for the slope of the tangent to the conic 
section whose equation is 


ax? + 2 hay + by? +2 9%+2 fy+c=0. 
6. Find the slope of the circle «? + y? = 100 at the point ( — 8, 6). 
7. Find the slope of the ellipse 9 x? + 14 y? = 50 at the point (2, 1); at 
the point (— 2, 1). 
8. Find the slope of the curve 


wy — 5 wy? + 12 yt = 0 
at the point (2, 1). 


_9. Derive expressions for the polar subtangent and polar subnormal of 
the curves: 


(a) ey ah (0) p—p?0+ C=0. 


10. Derive general expressions for the derivative ap when the expansion 
of a gas follows the following laws, respectively : a . 


(a) p™w" = OC, (m, n, and C constants) ; 


(b) (p+) (wa 20, 
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Find dy in the following : 
dx 


ll. (+ 2)2y = 1 — 2) y? — 23, 12. xy? = b2(b—2@). 
13. avy —yvVz = C. 


50. Applications of differentials. Suppose we have given 


y=f (2), 
and by differentiation we obtain 
dy = f'(a) da. (1) 


The differentials dy and dx may be taken as representing the deriva- 
tives D,y and D,«, where ¢t denotes any third variable. If we con- 
sider the variable ¢ as denoting time, then dy and dx represent the 
time rates of the function y and of the variable x respectively. 
Hence, if the time rate of # is given, the time rate of y is found 
by differentiation. 

Ex. 1. Boyle’s law for the expansion of air is expressed by the equation 
pv=C. At a given instant the pressure is 40 lb./sq. in., the volume of the 
air is 8 cu. ft., and the volume is increasing at the rate of 0.5 cu. ft./sec. At 
what rate is the pressure changing ? 


We have pv= C, 
whence pdv+vdp =0, 
or dp = — P dv. 
Since dy = Do = 0.5, 
dp =— 2 x (he o5 


Hence, the pressure is decreasing at the rate of 2.5 lb./sq. in. per second. 


If in equation (1) the differentials are replaced by the incre- 
ments Ay and Aa, the result is an approximate relation 


Ay=f'(a) Aa, (2) 
‘which is frequently useful in finding the error in the result of a 
computation due to a small error in the observed data upon which 
the computation is based. The relative error AY ig given approxi- 
mately by the equation y 
oak Ay _f'(2) pn 3) 

y f@) 
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Ex. 2. The area A of a circle being determined from a measurement of 
the diameter D, find the relative error in the calculated area due to an error 
in the measurement. 


Since A=i17rD%, 
we have dA=inD- dD, 
whence approximately AA =47D-AD, 
AA_ 47D AD 
es os ES WN 
ane Ai init D 


Hence an error of one per cent in the measurement of the diameter gives 
approximately an error of two per cent in the calculated area. 


EXERCISES 


1. A point moves in the straight line 5% — 3 y = 30 in such a way that 
the ¥-component of its velocity is 6. Find the X-component and the 
velocity in the path. 

2. Find the X- and Y-components of the velocity of a point that moves 
in the line 3% + 4 y = 12 with a speed of 15 units. 


3. Suppose that a straight wire rotates about one end with an angular 
speed of 38 rad./sec. and that a bead on this wire moves along it with a speed 
of 8 ft./sec. When the bead is 2 feet from the center of rotation, (a) what 
is the component of its velocity perpendicular to the wire ? (b) what is its 
velocity in its path ? : 

4. Find the polar equation of the curve described by the bead, Ex. 3, 
(a) when the angular speed w of the wire is a times the linear speed of the 
bead along the wire; (6) when w is constant and the speed of the bead on 
the wire varies inversely as the distance from the center of rotation. 

5. If a soap bubble’s diameter is increasing at the rate of } in./sec. when 
it is 4 inches, at what rate is the inclosed volume increasing ? ; 

6. If a man 6 feet in height is walking at the rate of 3 mi./hr. away 


from a lamp-post 30 feet high, at what rate is the end of his shadow receding 
from the lamp-post ? 


7. The time of a complete oscillation of a pendulum of length Z is given 
by the formula Ts 
(ba yz. A 
g 


Find the rate of change of the time compared with that of the pendulum’s 
length. 


8. Find the error in the calculated time if the error in the measurement 
of the length of the pendulum is 0.5 per cent. 


9. Find an expression for the relative error in the volume of a sphere 
calculated from a measurement of the diameter if there is- an error in the 
measurement. 
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10. From the formula for kinetic energy T = 4 mv?, show that a small 
change in v involves approximately twice as great a relative change in T. 

11. An engine cylinder has a diameter of 12 inches. At what speed is 
the piston moving when steam is entering the cylinder at the rate of 18 cu. 
ft./ sec. ? 


” 


MISCELLANEOUS EXERCISES 


Differentiate the following functions, using differentials. 


je eae pee oe ee VS at = 
323 x 

3. bai @t—4)?@478, fee Ga 

: Va—Va—2 


Find ou for the functions defined by the following equations. 


5. 8—5ary+7y?=0. 6. gop asa 
vV1—-y¥ 
sen ee 8. be eee 
“a+y E Wil SET 


9. Find expressions for the velocity components of a point moving in the 
parabola y? = 20 % with a speed of 12 in./sec. Find the values for the point 
(5, 10). 

10. A point moves in the straight line 6% — 8 y = 12 with a velocity of 
5 ft: /sec. Find the components of the velocity along the X-and Y-axes, 
respectively. 

11. A point moves in the circle x? + y? = 36 with a velocity of 8 ft. /sec. 


Find the X- and Y-components when the point is at (5, V11). 


12. A point moves along the curve p = When p =3, the component 
0 


of the point’s velocity along the radius vector is 5 ft. /sec. Find (@) the 
component perpendicular to the radius vector, and (b) the velocity in the 
curve. 

13. A crank pin moves in a circle 2 feet in diameter with a constant speed 
of 28 ft./sec. When the crank makes an angle of 30° with the horizontal, 
what is (a) the vertical component of the crank pin’s velocity? (6) the 
horizontal component ? 

14. The path of a projectile is the parabola 

gx 
2 v2 cos? a’ 
and the horizontal velocity (Dx) is v9 cos &. Show that the velocity in the 
path is Vv? — 2 gy, and that the vertical acceleration is g. 


y=axtan oe — 
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. 2 2 2 
15. If a point moves in the curve whose equation is «3 + y3 = c? so that 
the X-component of the velocity is constant, find the acceleration in the 
direction of the Y-axis. 


16. Find the equation of the path of a point which moves in such a way 
that the X-component of the velocity is constant while the Y-component is 
negative and varies directly as the time. Give a physical illustration, — 


17. Sand or grain, when poured from a height on a level surface, forms a 
cone with a circular base and a constant angle 8 at the vertex, dependent on 
the material. Let a denote the radius of the base of the cone at a given time, 
and suppose material is being added at the rate of C cu. ft./sec. At what 
rate is the radius increasing ? 


18. The velocity of a jet of liquid issuing from an orifice is given by the 
formula, v= V2 gh, where h is the height of the liquid surface above the 
orifice. If h = 100 feet and is decreasing at the rate of 0.2 ft./sec., find 
the rate at which v is decreasing. Take g = 52.2. 


19. Given x=3y?+7y+1; find D,y without first obtaining y as an 
explicit function of x. 


20. Air expands according to the adiabatic law pv!4= C. When the 
pressure is 40 lb. /sq. in., the volume is 5 cubic feet and is increasing at the 
rate of 0.2 cu. ft./sec. Find the rate at which the pressure is changing. 


21. The formula for the electrical resistance of a platinum wire is 
R= fo (1 + ar + br?), 
where Fo, a, and } are constants, and r denotes the temperature of the wire. 


Find the rate of increase of resistance at the temperature 71, if the tempera- 
ture is rising at the rate of 0.1° per second. 


22. Another formula for the variation of electrical resistance of a metal 
wire with the temperature is R = Ro (1—er-+jfr2)—1. Find the rate of 
change of the resistance compared with that of the temperature at tempera- 
ture 74. 


23. Given (a? + y?)? = a? (#2 — y2). (a) For what values of x has the 
curve representing this function a turning point? (6) For what value of « 
does the tangent make an angle of 45° with the X-axis? (c) Write the 


equation of the normal at ae Sy 

24. A hemispherical bowl 20 inches in diameter has an orifice in the 
bottom through which the water contained in the bowl is flowing. If, when 
the surface of the water is 8 inches above the bottom, the rate of flow is 


16 cu. in./sec., at what rate is the water level falling, assuming that the 
surface temains plane ? 


CHAPTER V 
DIFFERENTIATION OF TRANSCENDENTAL FUNCTIONS 


51. Transcendental functions. All functions that are not alge- 
braic (Art. 30) are called transcendental. The transcendental 
functions include trigonometric, inverse trigonometric, exponential, 
and logarithmic functions. Ina former chapter we considered the 
differentiation of algebraic functions; in this chapter we shall 
develop formulas for the differentiation of the more elementary 
transcendental functions, starting with the trigonometric functions. 

In the derivation of the following formulas, we shall assume wu 
to be a continuous function of x, and we shall find the derivatives 
with respect to 2. 


52. Differentiation of sin w. 
Let y=sin wu 
Then y + Ay = sin (uw + Aw) 
and Ay = sin (u + Av)— sin u 
= sin wu cos Au + sin Au cos u — sin u. 


Therefore, we have 


Ay _[ _ sin u (1 —cos Aw) Bria sin Aw 
Au i” Au Aw 


Bie eer ee OS AM gaa 7 ut 
Au = o0Au Au =0 Au Au=0 Au 


and 


The two limits in the second member have been evaluated; thus, 


L 1— cos Au _ Ghandi) sin Aw _ 4. (Arts. 13, 15, Ex. 5) 


Au=o Aw - Auto Au 
Hence, fp D,y = Cos u. 
Au=0Au 
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Since uw is a function of x, we have by Art. 31 
Day == Diy 2, 
Therefore Dy = cos u Dw; 
that is, D,, (sin W) = cos U Dat. (1) 
In the differential notation, we have 
dy = cos u du, 
or d (sin w) = cos u du, (2) 
In the special case where «= 2, (1) becomes 
D, sin x = cos x, (3) 
The other trigonometric functions may now be differentiated 


by applying the general laws of differentiation. 


53. Differentiation of cos w. 


Let y = cos U= sin & — ") 


ad 


Then Dy = cos (5 = *) DLS — “) 


“a 


=—sinu Du; 


that is, Dy (cos U) =— sinu Dzu, (1) 
or, in the notation of differentials, | 
d (cos w) =— sinu du. (2) 
For w=2, 
Dy (€08 2) =— sina. (8) 


54. Differentiation of tan w. 
sin u 
cos wu’ 


If y=tanu= 


ayh Dy= cos u D, sin u — sin u D, cos u 
cos” u 
__ cos? u + sin? u D 
= —__*~__ D, 
: cos? u 
ak 


Aas rey Du= sec’ u Du. 
U 


Arts, 55, 56] DIFFERENTIATION - 
_ Hence Dy, (tan u) = sec? wu Dzu, 
or d (tan w) = sec? u du. 


Also D, (tana) = see? a, 


> 


55. Differentiation of cot w. 


COs u 
Let y = cot u = ——_ ; 
sin u 
sin u D. _ , D, si 
Sem Dye « D,, cos u cos uw D, sin u 
sin? wu 
Wn 2 
sin* wu COs” u 
=— J Dw =— ese? u Du. 
sin? wu 

Hence D, (cot uw) =— esc? uw D,.u, 
or d (cot wu) =— ese? u du. 
For u =, - Dz (cot x) =— ese? x. 


56. Differentiation of sec w and csc w. 


If y=sec u= 1 ; 
COs u 
we have Dy =— oe D,,(cos w) 
COs? u 


te sec? uw sin u D,u = sec u tan uw Du. 
Therefore Dy (see w) = sec u tan u Dz, 
and d (sec wu) = sec u tan wu du. 
Proceeding as above, we find 
Dy, (ese Ww) =— ese u Cot U Dy, 
or d (ese wu) =— ese u cot u du. 


The details of the proof are left to the student. 


© Ex: Differentiate f(x) = tan? Va? — x. 
We have y = tan? V a? — x’, 


whence Dy = 2 tan Va? — x? D, tan Va? — x. 


(1), 
@) 
(3) 


(1) 
(2) 


(3) 
(4) 
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From (1) Art. 54, taking uw = Va? — «*, we obtain 


D,tan Va2 — x2 = sec? Va? — x? D, Va? — x 


; = — sec? Va? — a2 =. 
Var — x? 
Hence, f'i@) == eae tan Va? — a? sec? Va? — x2. 
Va? — x 
EXERCISES 
Differentiate the following. 
1. y= cos ax. 2 af eS es 
3. y=sin2«—cos2z2. 4. y=sec?a. 
Say sin23 20. 6. y = cos® (a? — #?). 
thy DSi, 8. Tan 
9. y = cos Vx? — a. 10. y=x— tang. 
ere esc ares 12. y=sinx —“cosa. 
13. y=2a% cosx + (a? — 2) sin 2. 14, y=«x—sin x cosa. 
15 2p 42 16.ip= 90 
. y=sin x (cos? x + 2). - p= aay 
1 
17. p=avceos 20. 18. p=a(sinnd)". 
8 1 
19. p=asec3—- 20... 
4 3 eT — cos 6 


21. s= Acos wt — Bsin ot. 
22. s=—reosd +1.(1—y1— sin? ). 


23. Find the derivative Dy, when 
x= a(¢ —sin 9), 
y=a(1—cos¢). 

24. Let x=acos¢+a¢sin ¢, 
y = asin  — ag cos ¢. 

Find Dgx, Dsy, and Dz,y. 


25. Find the polar subtangent and polar subnormal of the curves: 
(a) p =sin 0, (>) p=a(1— cos 8). (c) p = asec? 5 E 


26. From the equation sin 2 6 =2sin 6 cos 0, derive by differentiation 2 
formula for cos 2 0. 


27. Find expressions for the subtangent and subnormal of the curve 
y= asin g. 
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28. Find the angle at which the curves y = cos# and y = tan « intersect. 
29. Find the angle which the curves y =sinx and y = cosz make with 
each other at their points of intersection, 


30. Find the value of 6 for which tan @ is in- 
creasing twice as fast as 0. 


31. When @ = 22°, find approximately the 
changes in sin @ and cos 6, for a change of 1! in 
the angle. 


32. In a triangle two sides a and b include 
an angle @. If the sides remain Of constant 
length and the angle is varied, find the rate of 
change of the area of the triangle with respect to 


6 when @=7- J 


33. In a certain type of motion the velocity 
is given by the expression v =v, coskt. Find an 
expression for the acceleration. 


57. Inverse trigonometric functions. The 
trigonometric functions are all single 
valued functions; that is, for each value of 
the variable there corresponds one and 
only one value of the function. Thus, from 
x=siny, « has but one value for each 
value of y. The inverse trigonometric 
functions are not single-valued, but mul- 
tiple-valued functions, for to each value 
of variable there corresponds any number 
of values of the function. In Fig. 22 is given the graph of 
y=arcsing. For =a, it will be seen that y may have any one 
of the values indicated by the points 1, M;, M;, ---. If, however, 


Fig. 22. 


the values of y be restricted to the interval { — Bi 5) , then within 


this range the function is single-valued. 

The graph of y=arcsecaz is given in Fig. 23. From the 
examination of this graph, it will be seen that the function will 
be single-valued if OS y<7z. 


Ex. Plot roughly the graphs of arccos#, arctanz, and are cota, and 
determine limits within which these functions are single-valued. 
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be 


27 |-—- 


Ry 3 


Fie. 23. 


58. Differentiation of arc sin w and arc cos w. 
Let y =are sin u, 
then U = sin y. 


Differentiating, we obtain D,u= cos y. 


Therefore Dy= s 

cos y 
and Dy = Diy» Du (Art. 31) 

1 
= le 

cos y 
Since cos y= V1 — sin? y = V1 — v?, 
we have Dy= : D,u. 


vV1i-v 
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Hence, D,, are sin u = 1 D,u, (1) 
1- wv 

or in the differential notation, 

dare sinw = —2%_., (2) 
Vi-w 
If, as a special case, u = 2, 
= 1 

D;, are sina — ——__—, 3 
we == (3) 


Proceeding in the same way with y = arc cos uw, we obtain 


Dy, arc cos U =— ye D,u, (4) 
dare cos w =— —O_, (5) 
V1- wu 
a ee 1 
D, are cos & = A" (6) 


Since the sign of the radical /1 — 2 may be either positive or 
negative, the signs of the derivatives in (3) and (6) are ambiguous. 
Reference to the graph of are sina, Fig. 22, shows how the ambi- 
guity arises. Thus for «=a, the derivative is positive at M4, M,, 
M,, etc., and negative at points M,, M, etc. When y is restricted 


to the interval as <y =5 so as to make the function single- 
valued, the radical must be taken with the positive sign. The 
student may show that if 0<y<z, the function y=are cos @ is 


single-valued and the derivative given by (6) has the proper sign 
when the radical is given the positive sign. 


59. Differentiation of arc tan w and arc cot w. 


. Let y = are tan u, 
whence u=tany, 
and Dyu = sec? y =1+ v’. 
i i 

Nj ==> 5 
We have then WY Se ae 
a 
But by Art. 31, Da= Days Dave eet Diu; 
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therefore, Dy are tan uw = — ae Dy, (1) 
142 
and dare tan u = =e (2) 
1+? 
1 
For v= D, are tan x =———.. 3 


To differentiate arc cot u, we may proceed as above, or we may 
derive the result from (1). Thus, since 


al 
y = are cot vu = are tan _, 
3 U 


we have 
Bn a(@l ste Ciena 
ae (;) U 14 @ +u 
u u) 
Hence, we have Dz, are cot uw =— ; : — Dxt, (4) 
we 
du 

d } t = ? 5 

are cot w Tica (5) 
1 

De t 2 = — A 6 

are cot x ie (6) 


60. Differentiation of arc sec w and arc csc z. 


Let y = are SEC U, 
then U= sec Y, 
and Dyu = sec y tan y. 
Hence, we have Dy= eae SS 
sec y tan y 
and Dy = Dy Dw (Art. 31) 
= ee 
sec y tan y 
Since sec y =u, and tan y = Vsec? y — 1 = Vr? — 1, 
we may write Digy= al se Du. 
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Therefore Dz are see u = ——1___ DD ntl 
uVu2—1 
and dare see u = Le 


he i 
wuVu2—1 


1 


Also IDF NRO 40 3 
a Va2—1 


Proceeding in the same way, we obtain 


1 


Dy, are ese u = — —_— D,U, 
wVuz—1 
d arc ese u = —- —_@4&__, 
uVvur—1 
Dy articotess ee 
aVar—1 
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(6) 


From the graph of are sec a, Fig. 23, it is readily seen that for 


0SySt, the derivative is positive and therefore the positive 


sign of the radical -/a?—1 must be taken; but for a8 y Sn the 


derivative is positive while 2 is negative, and therefore for this 


interval the negative sign of the radical must be taken. 


From 


the graph for are csc x the student may deduce a similar statement 


relative to the radical in (6). 


Ex. y=are tan —“_. 
V1 — 22? 
Let —*___ =u; theny =arctanu, dy = due 
vV1—22 14+ 
——— 2 
VI—-2e+ Gee 
x 1—2 2? 1 
and = du = ¢————. =§ ir = ————,, 
V1 — 2 x 1—22 (1 —222)2 
Substituting these values of w and du, we get 
1 1 i! 


ee A —— dy 
1 as a2 (1—222)3 (1 — #?) v1 — 2a? 
' 1— 222 
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EXERCISES 
Differentiate the following : 
ao 
1. y = are cos. 2. y =arc tan——- 
2 aa 
3. y = arcsec =. 4. y=arcsin Va? — 2, 
a 
p 
5. y= «are tan x. 6. 6 = arc sec ————.- 
/ Vp? — a? 
« Voz — a2 L a 
7, 6=arcsin YP —“. 8. y =arc tan — + arc tan —. 
p a x 
' 9. y = arc cos (cos 2). 10. y =arc tan V1 — k* tan? x. 
c 1 L 
SOS 2 7 = arctan —. 
Ll. y = 2? arc cos x2. 12s -y =e = 
j V a2 — a2 
13. y=" —* + are sin=. i B— @— aare sec =. 


2 
15. y=—5 Va — a + © aresin=. 
: a 


16. y=aarecosz — V1 — 2. 


61. Exponential and logarithmic functions. The differentiation 
of the exponential functions a“ and e“ depends upon the evalua- 


tion of the limit ,@a 1 


C= Ome 
and this limit in turn involves the limit Z € +3). It will be 
Gi==100 x 
necessary to consider these two limits before the desired formu- 
las for differentiation can be deduced. 


? 


L (1 + x)”. It can readily be shown that Z (1 + x)", where n is a 
2 


r= aw n=O 
positive integer, is some number lying between 2 and 4. The outline of the 
proof is as follows: Take two numbers a and b such that a>b>0 and 
let n be a positive integer. Then we have the identity, 
qntl — pntl 


a be a" + a1 + ar—2b? +... + bn, @) 


from which follows the inequality 
qntl ee brtl 
—_—_—_ <@(n+1 
eae pS (n+ 1), 


or atl — oH < ar(a—b)(n +1). 
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The last inequality may be thrown into the form, 
ata —(a— b)(n+1)] < O41, (2) 


Now choose for @ and 6 two sets of numbers, subject to the condition 

a>b>0. Let these be: = 
i 1 

OC) eee 10 i) ae ee 

¢ ) = nr’ + n i 1 ? 


dita, oe 
2n 


Substituting these values respectively in (2), we get the two inequalities 


(1 ty <(1 eye (3) 
3(1 coe 12 (4) 


From (8) it appears that the function (1 - ail increases with n ; that is, 
n 


the function is monotone. For n = 1, the function takes the value 2, From 
the inequality (4) we obtain, by squaring both members, 


whence it follows that the’ function (1 + ai cannot exceed 4, 
n 


The limit required must therefore exist (Art. 14) and it lies between 2 and 
4. The exact value of this limit is 2.7182818285 ---, as will be shown here- 
after in connection with infinite series. This number is denoted by e and is 
the base of the natural system of logarithms. 

In the preceding discussion n was given only positive integral values. The 
limit is the same, however, if instead of m we take a variable x which can 
take all real values. Hence, in general, we have 


rE we 
L (1 + =) =e; (5) 
r=D aw 
L a®—1 . To obtain the limit of “= 1 as x approaches zero, let 
e=0 w oe : 

y=a*—1. Then «=log, (1+y) and asx+0,y+0, We have therefore 

zr a=—1 ae a rr = iF ES Mn 

20 28 y=0logg(1+y) y=0 u 

. Be loga (1+y)u 
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Since, however, i ae log a, we have finally 


Oa € 
Toes log a. 
xw=0 Ww 

The substitution of e for a in (6) gives 


“+= loge=1. 
x0 @& 


62. Differentiation of a“ and e™. 


Let Tiles 
then yt Ay=a't, 
and Ay = ithe —gq"* =a" (a pees 1). 
[STIs oe 
Therefore a ant i 
Au Au 


Taking limits, we have 
Au 
an" —1 
IG as Os ls 
Au=0AU au=o Au 
But, as shown in the preceding discussion, 


Au _— 


Eee =loga; 
Au=0 Aw one 
hence, we have Dy= L Ay _ gy log a. 
Au = AU 


Using the theorem of Art. 31, we have 
Dy = Dy + Diu 

=a" log a D,u; 
that is, D,a” = a” log a Du, 
or da“ = a“ log a du. 
If wa, we have 

Dra” =a*loga, or da®~ =a” logadza. 
If in (1) we substitute e for a, we obtain (since log e = 1) 


D,e"% =e"D,u; dew=e"du. 


(6) 


(7) 


(1) 
() 


@) 


(4) 
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For u=2, we have 
D,e* = e= ; de® = e* dx. (5) 
It may be noted that e* is a function whose derivative is 
the function itself. = 
63. Differentiation of logy w. 
Let - y = log, u, 
whence u=a". 
From the preceding article, we obtain 


Du =a" log a, 


whence Dy= Be Li 
a’ log a 
By the theorem of Art. 31, 
Dope Diy > Da 
1 
= tt = ele 
a log a u log a 
We have therefore 
es Ra ae edu 
D, logg U = ieee or dlogg u = eciee (1) 
If w=, we have 
Posies Are eke OX 9 
leh erat? BLE ree see (2) 


The fraction ; I is called,the modulus of the system of log- 
og a 


arithms whose base is a, and may be denoted by m. For the 
Briggs’ or common system, in which a= 10, m= .434294 -..., 
We have, therefore, 


Dilog, 2.= oe 
x ry 
64. Differentiation of log w. 


By the substitution of e for a in (1) and (2) of the preceding 
article, the following formulas are obtained (since log e=1): 


‘14; 5 _ du 
Dz log u=7 wus adlogu= a5 (1) 


; dlog x = ae (2) 


D, log x = 


gle 
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Ex. 1. y = log sin x. 
dy ee dsin «= —— cos xdx = cot x dx. 
sin % sin % 
Ex. 2. i et 1427, 
dy = 18 a(V1 +) = eV * _4 _ a. 
V1+2?— 


65. Logarithmic differentiation. If a function consists of a 
number of factors, it may be conveniently differentiated by tak- 
ing logarithms. Thus, if 


y = www, 
log y = log u+ log v + log w. 
Differentiating, we have 


? 
Ye G40 


or dy = Y du + Y dy + 4 dw, 
uU v w 


Ex. 1. Differentiate the function y = av x? — 3 
(x + 7)? 
Taking logarithms, we have 
log y = log x + } log (a2 — 8) — 2log (x + 7), 


whence by differentiation 


dy 1 x 2 
oS — [= = d 
y ae ra 


— 144+ 8%—21 
x (x + 7) (a? —3) 
Therefore 
dy _«xVx®—38 14274+38%—21 
dx  (%+7) x(@+7)(@?—3) 
— 14224+3%—21 
(@ + 7)8 Va? — 3 


Logarithmic differentiation is especially useful in differentiating 
an exponential function having a variable base. 
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1 
Ex. 2. Given y= erat, 


we have log y = log e* + Log a 
a 
1 
=x + -loge. 
x 
Differentiating, we have 


d 1 1 
7 2 OBL ae + at, 


dy 1 
es 1 = — 
= y| haat 0g) | 


1 ia 
= erat + eta? (1 — loge). 


Logarithmic differentiation also enables us to differentiate u”, 
where n may have any constant value. We have | 


y=u"" 
whence log y =n log u. 
Differentiating, we obtain 
lny = af! Diu, 
y u 
whence Dy=n Y Du. 
u 
or D,y =nu" 1D,u. 


This completes the demonstration begun in Art. 29, and shows 
that the formula given there for the derivative of wu” tds for all 


veal values of n. 


EXERCISES 
Differentiate the following: 
1. y=log(a?— 8245). "2. y =log,( Fe). 
3. y=a?:%, 4. yr=e"+e. 
5. y= close, 6. y= log (log~). 
Ere pa. ona oss 9B 
7. y=er+e*. ey —e-% 


9. y=emm, 10. y =logtanz. 
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11. Welog eee 12. y = log(% + V2? — a’). 
Ver+1+ea 
13. pa 16g 14. y=zare tana — log V1 + 2. 
@ qitv«2x? +a? 
15 hy =< (Can 1) 16 y= tog = 
ine aa ASAE ST 


In Exs. 17 to 20, differentiate by taking logarithms : 


2/42 — 4 
bepiees 1 + 22, 18,97 =< 
17. y=x(—2)vil+2 Y= "Ga By 

3a2—1 fi—z 
19. y= ————. 20. y= Ee 
aVv1l— a? Vig¢a 


21. If z= AcE + Be-6Vk, find a. 
22. Find an expression for the velocity when the distance trayersed by a 
moving point is expressed as a function of the time by the equation 
$=(A + Bi)e—*. 
23. Ifs =e-*[asin mt + bcos mt], find an expression for the velocity. 


24. Find the polar subtangent, polar subnormal, lengths of polar tangent 
and polar normal of the curve p = e%?. 


25. Find the angle between the curve y = log and the axis of x; between 
the same curve and the line y = 2. 


26. Find the subtangent, subnormal, and the length of the normal of the 
catenary ve “ (@ +e), 

27. Given log 4.32 = 1.4633, find approximately the value of log 4.38 by 
means of the theorem Ay = f!(a) Ax. 

28. By logarithmic differentiation derive the result da“=a" log a du. 


MISCELLANEOUS EXERCISES 


1. Derive the formulas for the derivatives of cosu, tan wu, and secu 
directly from the defining equation 


ie Ay _ 7 f(u+ Au) — fe) 
Aux=0 AU Aw=0 Au 
and the theorem of Art. 31. 


2. Obtain the derivative of cot wu from the relation cot u = 
the derivative of sec u from sec u = V1 + tan?u. 


1 ; also 
u 
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3. Write out formulas for the derivatives of the inverse circular functions 
for the case in which u =<. 

} a 

4. Discuss the following curves by means of their derivatives. Find 


where they cross the X-axis, the angles at which they cross, and the point at 
which their tangents are parallel to the X-axis. 


(a) y=sin ear (0) y=sin 2-2. 
(c) y=sinxz + cose. (d) y=log-. 


5. When @ = 36°, what is the rate of increase of (a) sin@; (b) cos@; 
(c) tan @ compared with the rate of increase of 6 ? 


6. The cycloid is given by the equations 
x=a(é—siné), 
y = a(1 — cos @). 


Derive an expression for the slope of the tangent, and find the value of this 
slope when a=3,0=$7. For what value of 6 is the tangent parallel to the 
X-axis ? 
Differentiate the following : 
Se a2 — 72 
7. V@—a— alogttVe=2, 
x 


8. anes V2axn + 42+ 5 a log (ata+v2ax + 2). 


ae Vat — 42+ Cape sin”. 
2 2 a 
Her x 
10. — —— +arctanz. 11. log (e* + e-?). 12. tana*. 
Ge aye 
13. Find the polar subtangents and subnormals of the following curves: 
(a) p=a(1+cos6). (6) p? =e, 
6 
(c) p= a?sin? 6. (d) p = sec? 5° 


14. Find expressions for tan y(Art. 40) for the curves of Ex. 18. 
15. Ifa point moves in a logarithmic spiral p = e*®, show that the compo- 
— nents of its velocity along and perpendicular to the radius vector have a con- 
stant ratio. 


16. A point moves in the curve p = a(1 — cos @) With a speed of “m units. 
Find the velocity components along and perpendicular to the radius vector. 
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17. The following formulas give approximately the relation between the 
pressure and temperature of saturated steam : 


(a) logp= A+3 4S. (T=r + 461) 


(6) logp =m — nlog 


T . 
T-C 
(c) logp = a + ba? — cpe, (@= 7 — 82) 
From each formula derive an expression for the rate of change of the pres- 
sure with the temperature. 


18. A point moves in accordance with the law expressed by the equation 
s = ae cos 2 r(bt + ¢). 
Derive an expression for the velocity. 


19. A radius OP of length a, Fig. 24, 
rotates with constant angular speed w about 
x the point O, and the projection M of P on 
the X-axis therefore moves on this axis. 
Show that OM=x =a coswt, and derive 
expressions for the velocity and aeceleration. 

of the point M. 
(The motion of M is called orate har- 

monic motion.) 


20. Taking the time ¢ as abscissa, draw curves showing the displacement 
x, velocity v, and acceleration a of the point M. Take ¢ = 0 when M is at A. 


- 


CHAPTER VI 
INTEGRATION 


66. Anti-derivatives and integrals. Thus far we have been 
chiefly concerned in finding the derivatives of given functions. 
We shall now consider the inverse operation; that is, having 
given a function ¢(x), to find another function f(v) such that 
D,,f(x) = (@). This inverse operation is called integration, and 
the resulting function is called the anti-derivative or integral of the 
given function. The function integrated is called the integrand. 

Two symbols are in use to denote the inverse operation of 
integration. The symbol D,~' may be prefixed to the integrand ; 
thus, since 

De =o e, 
we have 
Dt 3a = 2, 


It is the universal custom, however, to denote integration by plac 
ing the symbol f before the differential. Thus, since 
d(a*) = 3 a? da, 
we write fs ao de= x. 
The direct and inverse operations may therefore be indicated by 


the symbols D, and D,-'; or by the symbols d and if 


EXERCISES 


Find anti-derivatives of the following functions : 
1 1 


iby eee 2. 2%. 3. cose. CSc Fe 
£ x 


Perform the following integrations: 


dx 
2 A b . 9. fe dx. 
6. Fee 6 dé. 7. f at dt. 8 4; aA 
101 


102 INTEGRATION [Cuar. VI. 


67. General theorems. It will be observed that the functions 
x and «*+ O, where Cis any constant, have the same differential 


3a’da. Hence the integral f3 x’ dv should have the general 


form z?+C. In general, since the derivative of a function plus 
a constant is always equal to the derivative of the function, we 
have the following : 


TueEorREM I. The general form of the anti-derivative or integral 
of a function must involve an additive constant. This constant is 
arbitrary, and is called the constant of integration. 


The value of the constant of integration in any particular case 
- may be determined when certain initial conditions in the problem 
under discussion are known. The determination of this constant 
from such conditions will be subsequently discussed more fully. 

An anti-derivative or integral function may be represented by a 
graph. The geometrical significance of annexing the constant of 
integration is to increase or decrease each ordinate of this graph 
by the same length. In other words, as we give various values to 
the constant of integration, we move the integral curve up or 
down. See Fig. 8. 

It has been shown that the derivative of the product of a con- 
' stant and a function is the product of the constant and the de- 
rivative of the function; that is, D,c -f(#) =c¢-D,f(#) or in the 
differential notation, d(cw)=cdu. ‘The inverse operation gives a 
sunilar theorem, namely : 

THEorEM II. A constant factor in the integrand may be written 


either before or after the symbol fi ; that is 


fe du= e (du. (1) 


The derivative of the sum of a finite number of functions was 
obtained by adding the derivatives of the separate functions. 
The inverse operation gives, therefore, the following theorem: 


TueorEM III. The integral of the algebraic sum of a finite num- 
ber of functions is equal to the algebraic sum of the integrals of these 
functions ; that is, 


J (ut dv + dw)=fdu+ (dv+ faw. (2) 
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68. The integral J u"du. By differentiating the function uw, 


we obtain d(u"*?) = (n+1)u" du, 
ynth 
whence a( t= u” du. 
n+l 
Therefore, we have 
= = antl 
Jur du=* nie Y 


which holds for all values of n except the value —1. This for- 
mula is especially useful in the integration of integral algebraic 


functions. 
Ex. 1. 52a = 5 {ade = $a!+C. 
re Pt fa x?—3)%xdx. Put wu=422— 38, whence du=8adx. The 
integral then takes the form afw du. Hence 
fa at — 8)8 x dx = yy(4a% — 8)* + C. 
EXERCISES 
Verify the following : 
rf fide = 408+ C. 2. fab dv=qat +0. 
3. [@-2045) dn =pot— +504 0. 
4. ic Pe atc. 


Evaluate the following integrals : 


5. § (ax-* + ba) de. 6. [Ge -4842047) de, 
7. [Gat+4— a +204) de. 8. ((Gtatn)® 
9. ft—se}) ae. 10. f@e—s8a)ae, 

11. f(x + b)? da. a2: fs a2(a8-+ 4)? dee. 

13. f 03(2 at— 5) de. 14. f «(8 @2— 7)$ de. 

15. (3 02— 5) du. 16. f ade 


SS 3 : 
abe (@ = 5)3 
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G9. Fundamental integrals. From the results obtained in the 
preceding chapters we have the following list of fundamental 
integrals. The student should make himself thoroughly familiar 
with these formulas. 


1 
1; fun du= ue +C. (n#-1), 
n+1 
2: feos w du =sinw + C. 3. fsinw du =—cosu+C. 
4, f seo? a du =tanu+C. 5. f ese? udu=—cotu+ C. 


6. fsec wtan w du =seew + C. ie fese w cot du =— ese u+€. 


8. __ aU __ _ ayesinu +C =} ue =aretanw+ C 
V1—u2 1l+2 
=—are cosu 4+ C’. =—arecotw+C’. 

10. § —P == are see w + C ata I, far au= + C. 

uvu2—1 log a 

=— are escuw+ C. 
12. fev du =en+ C. 13. fF =logu + €. 
u 


The following additional integrals are important and should 
also be committed to memory. 


du u—a 9 

14. =] 2 2s q@2 
Vere a =z gles 2+ (u*> a“) 

1 a—u F 9 
== le bs 2 2). 

oa Lee (U2 << a*) 


15. i =log (w+ Vu2 + @ a*)+C, 
Vu2 + a? 


16. {tan udu = log secu + C. 
17. feat u du = log sinew + C. 


18. feseu du = log tan a Cc. 


Bis: f see u du = log tan ai 4 4+.0¢ 
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The derivation of these last forms will be given later. The 
student may here verify them by differentiation. 


70. Integration by inspection. The integrals tabulated in the 
preceding article are called fundamental or standard integrals. In 
these, the integrands are recognized as the results of previous 
differentiations; hence, if a given integrand has one of these 
forms, the integral is known at once as the function previously 
differentiated. When the integrand has not one of these standard 
forms, it must be prepared for integration; that is, by suitable 
transformations, it must be reduced if possible to an integrand of 
standard form or toa sum of such integrands. The general method 
used for such reductions forms the subject matter of Chapter XII. 
In the present chapter we shall consider only such reductions as 
are quite obvious. 

It should be noted that the variable w in the standard forms 
may be any function, f(x). For example, consider the integral 


f e'"= cog x da. 


Since cosadw=d (sin 2), this may be written 


fe d (sin 2), 


which will be recognized as form 12, with wu replaced by sina. 

Frequently the integrand may be made to assume a standard 
form by the introduction of a constant factor. The following 
examples are illustrative: 


Ex. 1. if (3. — 2)? du. 


Here the standard form | wu"du, where u=3x%—2, and n=2, is sug- 
gested. Since du = d(3a—2)=38dz, the reduction is effected by introduc- 
ing the factor 3 in the integrand and the neutralizing factor 4 outside of the 
integral sign. ‘Thus, we have 


§ Gx—2)2dv=} ( (82-2) dr=3 ( Bx—2)2d (82-2) = 4B2—2)%4 0. 


az+-b 


+0. 


Ex. 2. ian dn=* {ewta Co = (ears d(ax+b)=2 
a a 
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Here the introduction of the factor a reduces the integrand to form 12, u 
being replaced by ax + b. 


Ex. 3. ji. =f(a — bx?) By, da. 
Va — bx? 
Introducing the factor — 26, we get 


- fo — ba?) 2 (— 2 bu dx) =— AKG — bx?) d(a — ba2). 


This integral will be recognized as the standard form 1 with u=a— bz, 
and n=—3. The result is therefore 


=—}41 
Sealey (a ba2) i C=—1(a— batt + C. 
2d aes b 


Ex. 4. ; i) eA ae 
a2 + 522 


Looking among the standard forms, it appears that form 9 is the one to 
which the integrand may be reduced. To get 1 as the first term of the denom- 
inator, we divide the denominator by a?, and thus obtain 


1 if dx 1 dx 
— )—— = = )—: 
1+ ec ) 
a 
We observe that by is the variable, whence the numerator must take 
a 


the form d E 2 Ze dx. Therefore introducing the factor b in the numera- 
a a a 


tor and the neutralizing factor ; outside the integral sign, we have 


1 
. aa f— a= paetan 4 Cc. 
1+ (22) a a 


Ex. 5. fee. 
8a2?—62"+45 


Tt will be observed that d(3 x2 — 6% + 5)=6(« —1) dx; hence, except for 
the factor 6, the numerator of the integrand is the differential of the denomi- 
nator. By the introduction of this factor the integral reduces to form 13, 


namely, fe. Thus, we have 


(a—l)de__.1( 6(@—1)de _1 (dBa22— 6a+5) _ =Flo 
8227-62415 6) 3802-62415 — ; 3a?—62+5 


g (82?—-62+5)+C. 


In some cases the integral can be reduced to the algebraic sum 
of several standard integrals. 
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Ex. 6. fA=zes Is a da +f w de ; 
V1 — 2 V1l— 2 V1l—a 
_ Now f _—@___aresin X, (Form 8) 
V1—2? 
1 a)-2 ee: -t 2 
and (22 =—1( (1-2 (—2adz)=—2 f (1-2) d(1 — 22) 
V1l-2 2 2 
=—(1 — 2?) (Form 1) 
Hence, VI+2 gy =arcesinaz —V1 — 424 C. 


Va eee 


If the integrand is a rational fraction having the denominator 
of the same degree as the numerator, or of lower degree, perform 
the division before integrating. 


Ex. 7. f Pa 
~—s 
oe 
We have oa QS PT phat toe, 
x—3 x— 3 
Fe TE oy ; da 
. Hence, f d= (ede +3 (de+2( 
r—3 x—3 


= 50 + 80+ 2log (e—3)+ C. 


The following examples show that it is often possible to reduce 
the given integrand to a standard form by writing the denomina- 
tor as the sum or difference of two squares. 

Ex. 8. (——- fj“ = are sin2— 
Vi+6a—2 V2 — (4 — 3)? 


dx = d(% + 2) 
Nee ee eee 


5b+24 


+ ¢. 


= Se 


eats C, if @ + 2)?<3?, 


lng #84 C, if (@4+2)2>32 


dat d(x + 2) 
Ex. 10. = ee 
i V(@+2)2?+4 
= log(a+24+v2?+4%48)+ C. 
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EXERCISES 


In the. following examples determine by inspection the proper standard 
form, find the function that replaces w in that form, and perform the 
integration. 


1. f@+ aan, Pe. fen — art an, 3. fe 
cos 6 dé 
4. f2 ver” dx. 5s ( ante: ? Zs 6. feos? pene a 
7, joc. 8. (ae mde : 3 . 
Lp V1— m2 . fsec tan 6 dé. 


10. Explain why the integration in Ex. 9 may lead to either jseo?e or 
dtan? 4. 


In the following, reduce the integrands to standard forms by the introduc- 
tion of proper factors, and integrate. 


11. § (ax + b)8 ae, 12. (=e. 13. {—2d2 _ 
203 — 5 V@+ a 

. dc dx . 
14. (_ 15. f—2—. Fan's > 
V1 — cx? LV a2x? — 1 ms pees 


In the following, reduce the integrands to standard forms by writing the 
denominator as the sum or the difference of squares, and integrate. 


da dx 

Soe ae oi es 18. \——. 

19. \ ES La 20. f ieee a 
a + 6a + 10 11410 a — a? 

Verify the following integrations. 
21. f= = weesin % 1 G=— aroeos “4. OF, 

Vat — x2 a a 
22. j= = sare tan” + ©, 

a ise a ao 
23. aoe vee Cie are csc let Ge 

sVe2—a & a a a 


The integrals of exercises 21-23 may be regarded as standard 
forms and should be memorized. 


71. Integration by substitution. The reduction of a given inte- 
grand to a standard form is sometimes most easily effected by the 
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substitution of a new variable. The following examples illustrate 
this method. 
Ex, 1. fa 


ete 3 


z 
Let 2 = z; then dx =2 @ , and the integral takes the form 


2 dz dz 
Srey Sine [eS Spano aE 
Ex. 2. f dx 
e2Vv1 — 2? 


Let x = cos @; then dx =— sin 0d6, V1 — x? = sin @, and the integral takes 
the form 


4 — m2 
(ee =— sec? ade =— tane + G=— 23 = 2G. 
cos? @sin 6 % 


The substitution x = may also be used. The student may work out the 
~ details. e 


As additional exercises, the derivations of forms 14 to 19 are 
given. 


Ex. 3. Since 


1 =5,,( Nr alee SY 
u2z—a* 2a\u-—a ut+a 


Cte. aa du 1 du 


w—a 2adJu—a 2aJu+a 


) , we have, if u2 > a, 


u-—a. 
Uta 


1 1 
== [log (u — a) — log (u + a)] =" log 


The student may derive the second integral of form 14 and show that it 
applies when wu? < a?. 


Ex. 4. To integrate Nae , put w+a?=2%. Then 2udu=22 dz, 
uw? + @ 3 
ahence : du _ dz _ du + dz + dz. 
ZU Ut2Z 
Therefore, f—. =/% du = (fC See + dz _ = log(u + 2) 
1S i@ 
= log(u + Vu? + a*). 
Ex. 5 franz ; oe pms x de _ d(cos £) 
a COs % cos & 


= — log cosa + C= log secu+ C. 


110 INTEGRATION [Cuar. VI. 


Ex. 6. Feot x dz = {8% Gee je 2) log sina + C. 
\ sin % sin x 
Ex. 7. § ese Os 
1+ 2? 2 dz 
Let ¢ = tan 5; then ese @ = Sy and de = 


Substituting these values, we get 
fesox dx =(2= log z+ C= log tan aps C. 
z 
Ex. 8. fsee x, dx. 


Making the same substitution as in Ex. 7, the integral reduces to the form 
2 dz 


Hence, we have 


1— 2 
; 1 i teatan 
fseon dx = 2 Saige tae oy C= 09 ae 
1-2 1-2 iene 
= log tan ea alae 
EXERCISES 
Thy f ada ; letz=a-+ de. 2 jf——. let « = asec 0. 
a + bu 2/42 — a2 
3. j——. let « = asin @. 4. if code 
(a2 — x) Va —2 
5. j—_., let 22=24+41. 
eV2xe+1 


6. Verify the integrations given in examples 21, 22, and 28 of the preced- 
ing article by the substitutions «=asiné, x =atand, and «=asec@, 
respectively. 


dx 


7. Evaluate the integral j_— by means of the substitution 
# = a(1— cos 6). V2 ax — a 


72. Character of the integration process. There is a funda- 
mental difference between differentiation and integration. The 
former is a direct, the latter an inverse process. As we have 
seen, when once the derivatives of the elementary functions have 
been found, the derivatives of any functions expressed in terms 
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of these functions can usually be obtained by one or more direct 
operations. On the contrary, it is not, in general, possible to 
determine the integral of a function from the known integrals of 
the elementary functions in terms of which the given function is 
expressed. There are no general methods for expressing the in- 
tegral of a product or a quotient of functions, or of a function of 
a function in terms of the integrals of the component functions. 
Hence the process of integration consists, not in a series of direct 
operations carried out in accordance with a general method, but 
rather in attempts to reduce the given function to a form, the 
integral of which is known. 

Integration, then, is largely a question of judgment in attack- 
ing the problem. Specific rules cannot be given, but the follow- 
ing general directions will be found useful. First inspect the 
integrand carefully and determine whether it is a standard form. 
Frequently the integrand is merely a disguised standard form 
and needs only a rearrangement of its terms to be recognized as 
such. If the integrand is not in a standard form, see if it cannot 
be made to assume such a form by the introduction of a constant 
factor. Do not neglect the neutralizing factor outside the in- 
tegral sign. If this device does not appear to be effective, try 
the substitution of a new variable. 


MISCELLANEOUS EXERCISES 


Integrate the following : 


1. mass di. 2. fe x— 22)3(3 — 2%) dx. 
3. if ede 4. fe. 
(x8 — a®)t w—6xe4+1 
cy, (yA 6. fae dit. 
Vez —62+1 
A cos 6 dé. 
7. f cos? @ sin 6 dé. 8. fuze 
2-30) dx dx 
9: (Ges RD SLE 10. f—*—- 
VA 8! (ax +0)? 
11. x? de 12 203—52+1 dk. 


303—5 Jat —6 24+22%—7 
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da x3 dx 
fr net ag 14. j=". 
~ ez eear “a+1 
20 +1 TG _sine dx. 
at Ne Ee a+b cosz 
1-2 
Bal 18. 
17. iE sin x daw. ine 
19 jj 20. j—_ =. 
> 2) ERT eo V12—32—22 
ie j——. 22 i dees 
Ve2+6x2+1 22—6 
dé dx 
23. i) : 24. j-—{—. 
25.6 xvV1— log? x 
25. —— 26. (—_—. 
V2as+ 32 Vv (u +m)? — n? 
27 f=. as, (Vl= 2a. 
Vai — 08 V1i+2 
a9, (ode. so, (242) ar. 
pie av xe 


31. Given y = f- “dt _. knowing that y=0 when x—0, find the 
Vai — 22 
integral, determine the constant of integration, and thus find the relation 


between « and y. 


32. In the preceding example, find the relation between # and y if y =0 
when « =a. 


33. A curve passes through the point (0, 2), and the general expression 
ip 
ae + 


34. Find the equation of a curve that passes through the point (1, 0) and 


for its slope is 


Find the equation of the curve. 


whose slope is given by the expression & + be. 
as 


35. In a certain type of motion the relation Bee: aa dt holds, v4 
0,2 — Ks? 
being the initial velocity. Express the distance s as a function of the time t, 
knowing that s = 0 when ¢ = 0. 


CHAPTER VII 
SIMPLE APPLICATIONS OF INTEGRATION 


73. Curves having given properties. It has been shown that 
the value of the derivative of a function y=/(«) for a particular 
value of the variable gives the slope of the tangent to the curve 
representing the function for the value of the variable. Further- 
more, it has been shown that the derivative enters into the equations 
of the tangent and normal to the curve and into the expressions 
for the length of the tangent, the length of the normal, the sub- 
tangent, and the subnormal. We have so far considered problems 
in which from a given function the derivative was found, and 
from this derivative the desired property of the curve was 
obtained. We shall now consider inverse problems in which a 
property of the curve is given, and from it the equation of the 
curve is to be obtained. ‘These problems naturally involve the 
evaluation of an integral. 

Ex.1. Determine the equation of a curve at every point of which the 


slope is equal numerically to one half the abscissa. 


We have here Duy = }2, 


whence y = [hea =402°+0C. 
This is the equation of a parabola having the Y-axis as the axis of the curve. 


By giving the constant C different values, we get a series of parabolas having 
the same slope for the same value of «x. 


Ex. 2. Find the equation of the curve whose polar subtangent has a con- 
stant length a. 


In this case, we have p? D0 =a, 
a 
or : 6 —— = 
f ‘ P p2 
d a 
Therefore, g= fa == C, 
p p 
or SE 
PGT 
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EXERCISES 


1. Find the equations of the curves whose slopes are respectively : 
pi 
ax 
2. Find the equation of the curve whose slope at any point is double the 
abscissa at that point. 


1 

8; 422; mx; ——; axr—)d; 
P aa) J ’ 2 
x 


3. Find the equation of a curve whose subnormal is } times the ordinate. 


4. Find the equation of the curve whose subnormal varies inversely as 
the ordinate. 


5. Find the polar equation of the curve for which tan y = kp. 


6. Find the polar equation of the curve whose polar subnormal has a 
constant length m. 


7. Find the equation of the curve which passes through the point (2, 3) 
and whose tangent has the slope 3 + 5. 


8. Find the equation of the curve whose slope at any point is propor- 
tional to the ordinate at that point. 


9. Find the equation of the curve whose subtangent has the constant 
value a. 


10. Find the polar equation of a curve for which the angle y is constant. 


74. Rectilinear motion. The relations between the time, speed, 
acceleration, and space traversed by a point moving in a straight 


line are: v= Ds, a= Dp. 


We have, therefore, the inverse relations 
0 = Daas | ade, (1) 
$= Dao= (at: (2) 


In the direct problem, starting with the space traversed as a 
function of the time, we were able, by taking derivatives, to find 
the speed and acceleration. In the inverse problem, having the 
acceleration given as a function of the time, we can by integra- 
tion determine first the speed, then the space traversed. 

A relation that is useful in certain problems is the following: 


Since a=— and v= 
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we get by eliminating dt, 
“vdv=ads, (3) 


whence v=2 f ads. (4) 


> 


Ex. 1. A point moves in a straight line with a constant acceleration a. 
The speed and the space passed over at the end of a given time-interval are 
required. 

_ We have v =(a Gay C. (a) 
To determine the constant C, let v denote the initial speed, that is, the speed 
whent=0. Substituting these values in (a), we have 

7 =0+ C, or C=; 


hence, (@) becomes v= at + Vo. (6) 
We have further s =(o dt = { (at + vo) dt, 


whence, performing the integration, we obtain 

s=tat?+vt+ C'. (c) 
To determine the constant C’, let so denote the initial space, that is, the space 
when¢=0. Substituting in (c), we have 

8 = 0+ C’, or C=, 
and we have finally s=t al? + vot + 8. (a) 


An important application of these laws is to the case of freely 
falling bodies. By observation, it is found that a body falling 
freely in a vacuum at a given point on the earth’s surface has a 
constant acceleration. This acceleration, while constant for any 
one place, varies for different localties within small limits. Its 
value may be taken as 32.2 ft./sec.’. 

If the body falls from rest, we have v1) =0 and s,=0. Denoting 
by g the constant acceleration, we have, therefore, 


v= gt, (5) 
=7 90. (6) 
Eliminating t between (5) and (6), we get as a third relation, 
v=2gs, 
“or v=vI G8, © 


which might also be obtained from (4). 
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Ex. 2. Investigate the motion of a body projected vertically upward from 
the earth’s surface with an initial velocity of b feet per second. 

We have here vy = b and s)=0. The acceleration is g, but in this case is 
opposite to the direction of motion; hencea=—g. From the fundamental 
relations (1) and (2), we have upon integration 


v=—gt+, 
—igt + bi. 
The body will reach its highest point when v = 0, that is, when 
b 
0=— gt +b, or ear; 


and the height h to which it rises is found by substituting this value of ¢ in 
the second equation. Thus 


pa ebb 
h=—-} (7) +b--==- 
2 EN Gh te eeg ag 


75. Rotation about a fixed axis. Corresponding to the direct 


relations 
oe D0 a= Dw, 


we have the inverse relations 


o= Dota= | a dt, a (1) 


G@='D w= fade, (2) 


and starting with the angular acceleration « as a given function 
ot the time, we can by integration determine the angular speed 
and the angle swept through by a given radius. For the case in 
which the angular acceleration is a constant, say %, we readily 
derive the following formulas for w and 6: 


w = cot + wo. (3) 
=1 cat? + wot + 9p. (4) 

As in Art. 74, we have also the useful relation 
odo = «dé. (5) 
76. Motion of a projectile. A body is thrown with an initial 
velocity v) at an angle « with the horizontal. Neglecting the 


resistance of the atmosphere, the ue of the body is to be 
determined. 
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Let the plane containing the path be taken as the X Y-plane, 
with the Y-axis vertical. Then the X- and Y-components of the 
initial velocity v) are respectively v,cos« and wsina. The 


e = 


O x 


Fic, 25. 
X-component remains constant throughout the motion, that is, 
the X-component a, of the acceleration of the body is zero. The 
Y-component a, of the acceleration is —g, as in the case of a 
body projected vertically upward. We have therefore 


a, — dv, — 0, v0, = C = Vo COB a. (1) 
dt 


To determine C,, we have at the beginning of the motion 
v, = % sin 4, whent=0; hence C,=% sin a, and v, = % sin a — gt. 
To find the X- and Y-coérdinates of the position of the body at 


the time t, we have te 
UV, = — = Vp COB &, 
dt 


whence L = Vot COS (3) 
where the constant of integration is zero, 
Similarly, (= oy =, sin a — gt, 
whence y= v¢ sina—tgf’. (4) 
Eliminating t between (3) and (4), the resulting equation, 

ve rides (5) 


is the equation of the path. 
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EXERCISES 
1. Find an expression for the velocity » and distance s when the accelera- 
tion is given by the relation : 
(a) a=m— nt. (b) a=— mk? cos kt. QO) i= on (e# — e-*), 


2. If the speed of a point moving in a straight line is given by the relation 
v = 10t — 2, find expressions for the acceleration and the distance traversed, 
starting from rest, at the end of t, seconds. 


3. In Ex. 2 find the time that will elapse before the point comes to rest, 
the distance the point has moved in that time, and the final acceleration. 


4. A hoisting drum has an angular speed wo = 24 rad./sec. A brake is 
applied in such a way as to produce a retardation (negative acceleration) of 
3 rad./sec. Find the time required to bring the drum to rest and the number 
of revolutions made after the brake is applied. 


5. Show that the range of a projectile on a horizontal plane is 


me 
R=—sin2 a. 
g 


6. Show that the velocity of a projectile at any instant is v = Vvo? — 2 gy. 


7. A stone is thrown horizontally with an initial velocity vo from the top 
of a cliff. Find the path followed. 


8. If the top of the cliff is 100 feet above the level of a stream 150 feet 
wide at its base, what initial velocity is required to carry the stone across the 
stream ? 


77. Harmonic motion. According to the laws of mechanics, 
the acceleration of a body of given mass is proportional to the 
force acting on it. Hence, since it is usually the force that is 
known, the character of the motion is specified by the law ac- 
cording to which the acceleration changes; and the velocity and 
distance traversed are obtained by one and two integrations, 
respectively. The acceleration a may be given as a function of ¢, 
of v, or of s. In this article and those immediately following 
we shall consider a few important examples of motion following 
various laws. 

When a point moves in such a way that the negative accelera- 
tion is proportional to the distance of the point from a fixed origin 
O, the motion is said to be simple harmonic. In this case, we have 


=i, 1) 
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whence from the relation v dv = ads, [Art. 74, Eq. (3)} 


vdv=—k’sds. 
Integrating, we obtain 
v= C— k's’, 
To determine the constant C, let x denote the velocity at the 
origin O; then v= when s=0, and consequently C=», 


Hence v' = v — k's’. (2) 


Evidently v=0 when v,?= k’s’, that is, when s= + a It follows 


that the point oscillates between the points “ and —% equidis-— 
tant from the origin. a 8 

The relation between the distance traversed and the time is 
obtained from the relation 


whence es Ne 
Vv," — 2s? 
Integrating, we have 
jaresin © =14 0. (3) 


If we make ¢=0 when the point is at the origin and s=0, then 


C= 0, and we have s; 
I= % sin kt. (4) 


From (4), as from (2), we can see the vibratory character of the 


motion; for as kt takes successively the values 0, B T; =z, 27, 


etc., sin kt takes the values 0,1, 0, ~-1, 0, etc., and s the values 0, 


70, af 0, ete. 

78. Motion in a resisting medium. When a body moves in a 
medium as air or water, it encounters a resistance that is de- 
pendent upon the velocity v. For small values of v, this resistance 
is approximately proportional to the first power of v, while for 
higher velocities it is more nearly proportional to v*. 
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1. Let a body having an initial velocity % be subjected to a 
resistance proportional to v; then the acceleration is — kv, where 
k is a constant, and we have 


= WO = — ky, 1 
a 2 v, | (1) 
whence dt = — ail 
kv 
and t=+logl + G, 2) 
k v 


To determine C,, we have v= v% whent=0. Therefore C,= slog Vo, 
and (2) becomes 


t == log = (3) 
whence theo (4) 


To find a relation between s and ¢, we have from (4) 


ds = 
— = Ye 
at it > 
whence s=— e*+ Cy. (5) 


Putting s= 0, when t=0, we find C,= > whence (5) becomes 
ees 1—e*). 
s= "1 —e) 


2. A body falling from a height to the earth encounters a 
resistance from the atmosphere proportional approximately to the 
square of the velocity. The acceleration without resistance being 
g, the acceleration when the resistance is taken into account is 
evidently g—k*v. We have then 


dv 
A =9 — kv’, (6) 
also from the relation v dv =ads, 
v dv = (g — k*v*) ds. (7) 
dv ot aan Votkv 
From (6), t= f = + C, 8 
2 g — kev ve * gute a o 
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ia V iL : 
and from (7) s= ie oe ai log (g — k*v”) + C,, (9) 


If we take the initial velocity as 0 when s=0 and t=0, we find 


the constants.to be C,=0, C, eee logg. Hence from (8), we get 


218 
os: V9 etVg _4 | 
mo sd) re 
1 
and from (9) s= 5 log ; Soar (11) 
whence ee al — ea 2H) (12) 


As s increases indefinitely, the velocity v approaches the limit- 


/ 
ing value oa Thus a body falling from a great height, as a 


raindrop, approaches the earth with practically this limiting 
velocity. Observe that the same result is obtained from (10) 
when ¢ is increased indefinitely. 


EXERCISES 


1. Show that the time of a complete oscillation in harmonic motion 
ig 27; 

k. 

2. If a point moves in a circle with constant speed, the projection of the 
point on a diameter moves on the diameter according to the law of simple 
harmonic motion. Prove this statement, and show that the constant k in 
the equation of Art. 77 is the angular speed of the radius that joins the 
moving point to the center. 

3. A man is rowing in still water at aspeed of mft.persecond. If he sud- 
denly stops rowing, find the law according to which the boat continues to 
move, assuming that the resistance of the water is proportional to the speed. 


4. In Ex. 3 find the time that must elapse before the boat comes to rest. 
- Give a reason for the absurdity of the result. 
5. Show that the speed in harmonic motion is expressed as a function of 
the time by the equation v = vp cos kt. 
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6. If the retarding effect of fluid friction on a rotating disk is propor- 
tional to the angular speed w, that is, if e=- kw, show that w = woe*, 
where wo is the initial angular speed. 


7. Find an expression for w when the retardation is proportional to the 
square of the angular speed w, which is approximately true for a very 
rapidly revolving disk, as a gyroscope. 


79. Physical problems involving exponential functions. If a 
function has the general form 


Y= e™, 
then Dy = ae” = ay; 


that is, the rate of change of the function is proportional to the 
function itself. Many natural phenomena follow this law, which 
has been called by Lord Kelvin the compound interest law. One 
example of this law has been shown in the motion of a body in 
a resisting medium. The following are other illustrations : 

(a) Atmospheric pressure. It is well known that the pressure of the 
atmosphere decreases as the distance from the earth’s surface increases. 
Assuming the temperature of the atmosphere to be constant, the rate of 
change of pressure with the height at any given height is proportional to the 
pressure at that height ; that is, 

a 
dh 


The negative sign is used because p decreases as h increases. We have then 


kp. 


P __kan, 
Dp 
and integrating, the result is 


logp=—kh+ 0. 


To determine the constant of integration C, let po denote the pressure at the 
earth’s surface whereh=0. Then 


log pp = 0+ C, or C=log po. 
Substituting this value of C and transposing, we have 
kh = log po — log p = log 22, 
Pp 


whence Po — en, 
pb 


‘or pi poeaks, 
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This formula gives the pressure at any definite height, when the constant k 
is known. 


(b) Newiton’s law of cooling. A body has a temperature 7 which is 
higher than the temperature ro of the surrounding medium. The rate at 
which it cools is approximately proportional to the difference in temperature 
7—70; that is, approximately, 


dr 


—=—k(r—-7T 
dt ¢ 0)s 
where & is some constant. We have then 
aoe ai 
tao fi) 


whence, by integration, 
log (tr — 79) =— kt + C. 
Let 7, denote the temperature when ¢ = 0; then 
C = log (7, —70), 


and substituting this value of C, we get 


= T 
oars 


Taare Tig 
™,—T 
or i hee a) — ekt, 
ti = RI) . 
Hence, we have 7 =T9+(7,—T0)e™, 


from which 7 can be found for any time interval. 


(c) Inversion of sugar. Cane sugar in solution is decomposed into other 
substances through the presence of acids. The rate at which the process 
takes place is proportional to the mass of sugar still unchanged. Thus, if s 
is the original mass of sugar and & is the mass inverted, the rate of inversion 
at this stage of the process is proportional to the unchanged masss—a. The 
equation expressing this law is 


dx 
—=k(s—%). 
Daas 


Integrating, we get 
Viren — log (s—2) =kt+ C. 
To determine the constant of integration C, we make use of the fact that 
xz =0 when t=0, whence C=— logs. Substituting this value of C' in the 
original equation, we have 
s 
s—% 


log Sap 


Ss 
s—2X 


(ite S| (naa) 


or = ett, 


Solving for x, we get 
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MISCELLANEOUS EXERCISES 


Integrate the following. 


f Cdn. 2 at de 3. C= de 

a+3 a2—1 Vet+1 

af de 5. fs 6. {-———. 
ier st A L/4 2 —7 (a@—a)V (2£—a)?—b? 


7. Determine curves whose slopes are respectively 
1 
(a) 8%+2; (6) e%+c¢; (c) cosma; (da) em. 


Assume a point on each curve and thus determine the constant of integration 
in each case. 


8. Find the equation of a curve whose tangent has the slope 4 — a? and 
which passes through the point (38, — 2). 


9. Since the specific heat ¢ is given by the derivative ue , it follows that 
ay 


Q= f cdr. (See Art. 19.) From the experimental law, ¢ = a + br +4 cr?, 


derive an expression for Q. 
10. The equation # = Ri+ Le expresses for a constant electromotive 


force F the relation between the time ¢ and the current 7 in a circuit in which 
an electric current is flowing. #& denotes the resistance and Z the inductance 


of the circuit, and both are constants. If 7 =0 when ¢=0, show that the 
Rt, 
value of 7 at the time ¢, is Ae —e tL), 


11. If, in Ex. 10, 7p is the value of the current at a given instant, and the 


electromotive force # is removed at this instant, show that at the end of t 
Rt, 


seconds after the removal the value of the current is ty =toe LZ. 
Succrstion. Make # = 0, and take t =0 when i= i. 
12. If the acceleration of a point moving in a straight line is given by 
the relation a= ks, show that the relation between the distance and the 


time is s= = (est — e-kt), where vo denotes the initial speed. 


13. A curve is described by a point moving along a radius vector while 
the radius is rotating about a pole. If the velocity along the radius is n 
- times the velocity at right angles to it, what is the polar equation of the 
curve ? 


= 
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14. In the theory of the bending of beams, x-anti-derivatives of the fol- 
lowing functions are required. Find these anti-derivatives and determine 
the constants of integration from the conditions given. 


(a) fe) = }w(L — 2)?, 

(6) f(«e) = L?a— La? + 428, 
(C) f@)= jf wls — jf we, 
(d) S(@)= f wLx — 3 wx, 


Daly (ce) =O; when e:=0. 
Df (x)= 0, when x = 0. 


D-1f(@)= 0, when x = 0. 
D-1f(«)=0,-when «= L. 


CHAPTER VIII 
SUCCESSIVE DIFFERENTIATION AND INTEGRATION 


80. Definition of the mth derivative. The derivative of a func- 
tion is, in general, a function of the same independent variable 
as the original function, and it may itself have a derivative if it 
fulfills the necessary conditions. The differentiation of the origi- 
nal function produces the first derivative; the differentiation of 
this first derivative gives the second derivative; the result of 
differentiating this second derivative is the third derivative; and 
soon. If the process is repeated n times, the final result is the 
nth derivative of the function with respect to its independent 
variable. 

As an example, consider the function 


S(@)=e8—2a+5. 
The first derivative is 382? — 


which is also a function of w. Differentiating this, the second 
derivative is 6, which is again a function of 2 The third deriy- 
ative is 6, a constant, and the fourth and each successive deriv- 
ative is zero. 

If y=/f(«) is the original function, the successive derivatives 
are also denoted by the symbols: 


Dy, Dy; Dy, ee DY, 
F'(@), FU), FUG), +5 t" (2), 


dy dy @y | ay. 


or b 
J da’ da’ da®  ” da" 


dy 
The symbols cL, ey, etc., are the ones most frequently used. 


The form of these symbols may be explained as follows: Since 
126 
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uf @ = f'(«), we may regard < like D, as an operator which, 
a 


when applied to f(«), produces the derivative f'(w). If 
Y=f), 


Oe LY Ce 
=H—r@, 


ne 
dy " 
wean) A 


ae |= == f'''(ac), ete. 


For the sake of convenience in writing 


BE a. abbreviated to ou, ad} 4 (AY | 6 ay. ete. 
da\ dx da* dx| dx\dx da? 


A general formula for the nth derivative may be found for cer. 
tain functions as shown by the following examples. 


we have, therefore, 


Ex.1. Let y=”, where p is a positive integer. 
Then Dela, 

D,?y = p(p — 1)a?-*, 

Dy = p(p —1)(p — 2) ae, 


Dry = p(p—1)(p—2) «+ (p—n+ lee. 
For n=p, #°-"=1 and D,?(“?)=p!; hence for n >p, the derivative is 
zero. 
BX ee Ou) =. eo 
We have Di eee 
2y = are, 


D;3y = @e™, 


Dry = q”e™, 


81. Successive differentiation of implicit functions. The follow- 
ing example illustrates the method of procedure in finding suc- 
cessive derivatives of an implicit function. 
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Ex. Given f(a, y) = ay +5y—3a2=0; find aA 


Differentiating with respect to x, we obtain 


Qay + al 4 5 —3=0, (1) 
py Te 
whence de = Bee (2) 


A second differentiation with respect to x gives 
d d 
2 © (3 —2 ay) — (3 —2ay)2 (22 +5 
Ca) a ay) — ( ty) a) 
da? (a? + 5)? 
—(+5)(2y +200 Jk c= IS 
= es? TT (3) 
(a2 + a 


Substituting in (3) the expression for 2 = given in (2), we obtain after 
reduction 
ay _ 6 ay —12%—10y_ 
dx? (a + 5)? 


(4) 


$2. Geometrical and physical interpretations of the second deriva- 


tive. As has been shown, the first derivative D,y (or a gives 
A 


the rate of change of y with respect to x, and expresses geometri- 
cally the slope of the curve which is the graph of y=f(a). Evi- 


5 2 
dently, the second derivative D,2y (or et gives the rate of 
x 


change of the slope compared with the rate of change of the ab- 
scissa # Take, for example, the function y= ma«+b, which is 
represented by a straight line. The slope is constant, and there- 
fore its rate of change is zero. This is shown by the derivatives ; 
for D,y=m and Dy =0. 

In the case of a moving point, the speed v is the derivative D,s, 
while the tangential acceleration a is D,v. If now D,s be substi- 
tuted for v, we have 

a= 18) (D,s) = D?s, 


ds 


that is, the tangential acceleration is the second time-derivative of 
the space s. 
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In the case of rotation about a fixed axis, the angular speed is 


Fs =, and the angular acceleration is 
= Dw = D,(D,6) = D26 =". 2 
Se Se — BEAD t ae (2) 


that is, the angular acceleration is the second time-derivative of the 
angle swept over. 
EXERCISES 
Find the second derivatives of the following functions. 
1. y=e+4 44-7, aie: 3. ¥ = econ x. 
4. y= are cosz. 5. y=va? — ot. 6. y = log(a* + x”). 


Find Oy for the following. 
dx3 


a == es 8. y =log(x — 8). Oy = Sina. 
dty _ dy 
ere ri h (Hie s/s SE 
10 y =sin x + cos a, show that y ALA 
Find the nth derivatives of 
Laat = ae: 12. yous 13: y= log a. 
40 


14. Find oy from (a) the equation of the parabola ys =4 px; (b) the 


equation of the ellipse ay? + 62x? = a?b?. 


Find ae for the following implicit functions. 
ax 


15. x3y +3 xy? + a8 = 0. 16. y?—2ary+22-—c=0. 
17. cv¥—c=0. 

san Che oad 1 : 
18. Find "6 from r= Seay 


19. Find o from r = log sin 0. 
Pp _ p 
20. If pv” = C, show that ae =n(n-+ 1) 2 


21. If y = e*sin x, show that Fy_ 9M 4 2y=0. 


ty, dy _ 9, 


22. If y = log[z pate; show that — 5 @ + w du 
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83. Successive integration. As the inverse of successive differ- 
entiation, we have the process of successive integration. Starting 
with a function y=/(x), considered as an nth derived function, 
a single integration gives a new function, the integral. The in- 
tegration of this second function gives a second integral, and so 
on. The result of n integrations is the mth integral of the given 
function. 


For example, let is) ==10) bee 
Then f 5 wda = 3 43 + OC; is the first integral, 
fa x“? + C,)dx = , xt + Cx + C2 is the second integral, 


f Gh at + Che + Oy)dex = fy 25 +4 Oyx? + Cyr + Cs is the third integral, 
etc. 


It will be observed that an integral contains the number of 
arbitrary constants indicated by its order; thus the third inte- 
gral has three, the fourth, four, and so on. 

Let the successive integrals of f(x) be denoted by f(a), 
Jo(&), +++, f,(@), respectively ; we then have 


Alo) = { F(@) ans 
he) = {f fi(@) da ; 
BAC) = {H0) dx, ete. 
Ex. 1. Find the successive integrals of y = e. 
SAC fs@)ae = | eae 1 az + Ci, 
a 
1 1 
S2(a) =\) (ie + C1) ax =—e% + Cyx+ Co, 
a we 
2 ES Lah 1 
fa(x) = lee + Oy + Cp \da =—e% += O12 + Cox + Os, 
a a 2 
; es Feet Pe 
In(@) = ae + kya + Kegar—2 4 we 4 Ry + Kn 
in which kj, ke, ---, kp involve the constants of integration. 


Ex. 2. A body falls with a constant acceleration g = 82.2 ft. /sec.2. If it 
starts from rest, through what distance will it fall in 10 seconds ? 
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We have here —= = 82.2. (1) 
B= (es dt= f92.2de = 92.204 C1, (2) 


s ={(< dt = { (882 Pa Op dt 161 aCe Cnet te) 


We may now determine the constants (Cj, C2, from the initial conditions 
of the problem. Since the body falls from rest, we have for t = 0, 


Goth Sn 
dt 
Hence for ¢ = 0, we have from (2) and (8) 
CO; — 0, Cg = 0. 


Therefore, for the time ¢, the space passed over is given by 
Sani: 
For ¢ = 10 seconds, s = 1610 feet. 


EXERCISES 
Find four successive integrals of the following functions. 
1. 4'= sin ax. Phe tig > Al 3. y=. 
x 


4. Find a curve that passes through the points (0, 0) and (m, n) and 


: 2, 
for which the second derivative eu at any point is &% times the abscissa at 
iy 


that point. 
5. In the theory of flexure of beams the following equation occurs: 
2 2 
Cy eek [ Wa Re |, 
dx? if 2 
E, I, M, R, and w being constants. Derive an expression for y and deter- 
mine the constants of integration ©, and C, from the conditions y = 0, 
when x=0, and y =0 when « =1. 
6. A point has an acceleration expressed by the equation a =— rw? cos wt, 
where r and w are constants. Derive expressions for the velocity and the 
distance traveled. 


2 
We have ape rw? cos wt. 
dt? 
2 
Hence, = ce S(t yy te ra { 00s ot dt 
dt dt? 


=— rwsin wt + C’, 
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and s =f Sar =— rw {sin wt de +f Crat 


=rcos wt + Ct + C", 
which is the law of simple harmonic motion. 


7. In Ex. 6, determine the constants of integration from the Saeed ba 
initial conditions: s = r and v=0, when ¢ = 0. 


$4.. Maxima and minima. In Chapter III was discussed the 
relation of the derivative to increasing and decreasing functions 
and to turning points of acurve. Ata turning point, the function 
has the largest or the smallest value of all values in that neighbor- 
hood; and we say that it has a maximum or a minimum value at 
such a point. A maximum value of a function may therefore be 
defined as follows: 


A function f(x) is said to have a maximum for «=a, if f(a) ts 
greater than the values of f(x) for x just preceding and just follow- 
ing =a. Expressed symbolically, f(#) has a maximum for 


apn f(@>F(ath), 
where h is positive and takes all values in the immediate neighbor- 
hood of zero. 

Likewise, a function f(a) is said to have a minimum for «=a, 
if f(a) is less than the values of f(x) for « just preceding and just. 
following «=a ; in other words, if 


SO <f@Eh), 
for all values of h in the neighborhood of zero. 

A function may have several maxima and several minima in 
any given interval. We shall limit the present discussion to 
functions having only a finite number of maxima and minima 
in a finite interval. 

The analytic conditions for a maximum or a minimum are 
easily deduced when the function has a derivative. If f(a) isa 
maximum, f(#) must increase with # just before «=a and de- 
crease as @ increases just beyond. As shown in Art. 84, the 
derived function f'(@) must then be positive for values of x just 
preceding «=a and negative for all values*just following. Simi- 
larly, if f(a) is a minimum, f'(2) must be negative for values of « 
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just preceding «= a and positive for values just following. We 
may combine these statements in the following theorem: 


THeorEeM I. f(a) is a maximum or a minimum of the function 
J (@), according as f'(a) changes from positive to negative or from 
negative to positive values as x, for increasing values, passes through 
the valuex=a. IPf f'(x) does not change sign as % passes through 
x= a, then f(x) has neither a maximum nor a minimum at w= a. 


To apply this test, substitute (a —h) and (a+h) for a in f'(a). 
In case f(a) is a maximum, f'(a — h) remains positive and f'(a + h) 
negative however small the value of h is taken; if f(a) is a mini- 
mum, then f/(a—h) remains negative and f'(a+h) positive for 
arbitrarily small values of h. 

If the maximum or minimum occurs at an ordinary point of the 
curve, the tangent at the point is parallel to the X-axis, and con- 
sequently the first derivative for this value of # must vanish; 
that is, f'(a)=0. We may determine whether f'(x) passes from 
positive to negative values or vice versa by examining the char- 
acter of its derivative in the neighborhood of «=a. In case of a 
maximum, f'(x) is first positive, then zero at «=a, and finally 
negative for values following a. In other words, as f(x) passes 
through the maximum value, f'(x) decreases. Hence, by Art. 34, 
f"(#) must be either negative or zero for«=a. On the other 
hand, as f(«) passes-through a minimum, f'(x) is first negative, 
then zero, and finally positive; that is, f'(w) is an increasing 
function at the point x=a. Hence f"(«#) must be either positive 
or zero for =a. For the case in which f'(a) becomes zero while 
Jf'(a) remains different from zero, we may therefore express the 
condition for a maximum or a minimum as follows: 


TueorEeM II. Jf f'(a) = 0, then f(a) is a maximum or a mini- 
mum according as f''(a) is negative or positive. 
- This theorem affords an easy method of determining the maxi- 
mum or the minimum points of a function. We equate the first 
derivative to zero and solve for the real values of the variable.“ If 
upon substituting these values for the variable in the second 
derivative we obtain a negative number, we have a maximum; if 
we obtain a positive number, we have a minimum. 
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It may occur that both f'(w) and f"(a) vanish for the same value 
a. In this case the last method of testing the given function for 
maxima and minima fails, and we must apply the first method. 
Theorem I must also be applied when /'(#) changes sign by pass- 
_ing through infinity, as # passes through «=a, or by having a 
finite discontinuity, as in Fig. 26, (a) and (0) respectively. 


1a 


(2) (by 
O x 


The special cases in which higher derivatives vanish simul- 
taneously with f'(«) will be considered in a later section, where a 
second proof purely analytic in its nature will be given. 


Ex. 1, Examine the function (@ + 2)? (# — 1)8 for maximum and minimum 


values. 
S@)=@+ 2? @— 1s, 
S'(a) = 2(@ + 2) (we — 1) + 8(@ + 2)? (@ — 12 
= 5(@ + 2)(@ — 1)? (aw + 4). 
From (% + 2)(a—1)?(5%+4+4)=0, 
we have the roots x= — 2, +1,— 4. These are critical values to be examined. 
We may test the value « =— 2 by examining the original function ; thus 
f(—2)=0, 
Sf(—-24+h)=h?(—-2+h-1)23<0, 
f(—2-h)=h?(-2 -—h—1)? <0. 
Therefore, since the function is greater for s =— 2 than for values of x just 
preceding or following it, it follows that for « =— 2, the function has a maxi- 


mum. The value «=1 we shall likewise examine by substituting «=1, 
% =1-+h, and « =1—h in the original function. 


fA)=90, FA + hy=(1 +h + 2)h3 > 0, 
f-hA)=-A—h4 2) <0. 
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For this value, the function has neither a maximum nor a minimum, although 


J'(#)=0. For the critical value «=— 4, we may examine the derivative 
S'(@). 
For x =—$—h, f'(x) is negative, f { 


and forz=—+4+h, f!(«) is positive. 


Since f’(«) changes from negative to 
positive as « passes through the value 
— 4, the function has a minimum for 
this value of a. 

The graph of this function is shown 
in Fig. 27. 

Ex. 2. Examine #3 — 422+ 52-2 
for maxima and minima. 

f@=e2—4224+54x-2, 

f'(@) = 3 2-8 «+5=(8 c—5)(x—1), Fic. 27. 
f"'(4)=6a— 8. 


Putting f'(«) = 0, the critical values are seen to bew=3,%=1. Forg= 3, 
J'"'(#)=6 x 3 —8 =2, and for x = 1, f!!(#) =— 2; hence, the function hasa 
minimum for « = 3 and a maximum for x= 1, 


= % A 
Ex. 3. Let f= pee 
loga—1 
igh ae ae 
Then J'@= (log x)? 


Hence for f!(~)=0, logx =1 or x =e gives the critical value. Forr<e, 

loga<1,and f/(a) is negative, while for 

¥, x>e, logx>1 and f'(%) is positive; 
hence, f(e) isa minimum value of f(x). 


Ex. 4. Examine (x—4)3 45 for maxima 
and minima. 

Here f(2)=(x—4)#4+5, 
ite 
3(« — 4)3 


whence /!(%)= 


O ae ire: xe=4, fl(4)=0; hence +=4 is a 

afar, critical value. For x>4, f/(x) is posi- 
tive, while for 7 < 4, f'(a) is negative. Hence as « increases, f'(x) changes 
from negative to positive, and from Theorem I, f(#) has a minimum at x = 4, 
See Fig. 28. 
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EXERCISES 
Examine the following functions for maximum and minimum values. 
Ll. y=2 — 102? + 380. 2. y= oe —6 27+ 10. 
Say — by. 4. y=x*(4—1). 
5, y ee we . 6. = a + 1. 
Veena 2% 
7: pee Tee 8. y=er+e%. 
x 
Oh. SS ars 10. y=sinag +cosa,0<a<F. 
2 
11. y=2 tan + sec? x. 12. y=(a — 2)? +6. 
13. y= «Vax db. 14, y=2?+ 23. 
Lf Lo ay 16. y=c— loga. 
17. y=(x+2)3 (2-3), 18. y=x—e. 


85. Applications of maxima and minima. The theory of maxima 
and minima has many important applications in geometry, 
mechanics, and physics, a few of which are given in the following 
problems. In some of these problems the function whose maxi- 
mum or minimum value is required is given; in others, however, 
the function must be found from the conditions stated in the 
problem. Frequently the function derived will contain more than 
one variable; but in such cases, the conditions of the problem will 
furnish certain relations between the variables by means of which 
all but one can be eliminated. The function of the single variable 
thus obtained will be treated according to the methods given in 
the preceding section. A careful study of the following illustra- 
tive examples will give a grasp of the proper method of attack. 

Ex. 1. A rectangular channel, Fig. 29, carrying a given volume of water, 
is to be so proportioned as to have a minimum 
wetted perimeter (i.e. the part of the perim- 
eter of the channel in contact with water). 
» Determine the proportions of the channel. 

Let « = width of bottom, and y = height 
of water. The volume of water is propor- 
tional to the cross section; since this 
volume is to be constant, we have 
pe xy =C. qd) 
The wetted perimeter p is given by the equation 

p=at2y. (2) 


FIG. 29, 
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This is the function whose minimum value is required. Tt contains two vari- 
ables x and y, but one may be eliminated by means of the first relation ; thus, 


Y — af : 
x 
whence Pe 08 
p=ut2—. (3) 
me 
9 
Differentiating (3), we get eh ees a (4) 
= dx A 
In order that p shall be a maximum or minimum, we must have 
= T2226, 
a2 
whence Bie NP, 
and y=}v2C; 
that is, e=2y. , (5) 


To determine whether this ratio between bottom and side gives a maximum 


or minimum, we observe that a is negative for «2 < 2C and positive for 
x 


x2 >20C. This shows that p is a minimum for # = 2 y, 


Ex. 2. The deflection of a rectangular beam of a fixed length under a given 
load varies inversely as the product of the breadth and 
the cube of the depth. From a log a inches in diameter, 
a beam is to be cut of such dimensions as to make the 
deflection a minimum. 

Denoting by z the deflection, and by b and h the 
breadth and depth, respectively, the equation 


k 
Z=—— : 6 
| — (6) 
expresses the law stated above. 

There are two variables in this function, but one of them may be elimi- 
nated by means of a second equation derived from the geometry of the figure, 
ae b+ 2 = a2. (7) 


Combining (6) and (7), we have 
ee ee ee (8) 


By differentiation of (8), we obtain 
dz =: k(4h? — 3 =) . (9) 
dh h(a? — h?)? 
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This derivative takes the value zero when 4 h? — 3 a? = 0, that is, when 
ly w V3. . 
2 ° 


The corresponding value of > is, from (7), 5 - The student may show that 


for these values z is a minimum, not a maximum. 


EXERCISES 


1. Divide a number a into two parts such that the sum of their squares 
shall be a minimum. ; 
v2 sin 2 
g b] 
which v, denotes the initial velocity and ¢ the angle which v, makes with 
the horizontal. For what angle ¢ is the maximum range obtained? What 
is the maximum range ? 


2. The range of a projectile is given by the expression R = in 


3.- The efficiency of a screw as a mechanical device is given by the 


formula 1B BORE 

h+p 
where the constant is the coefficient of friction, and h is the tangent of the 
pitch angle of the screw. Find the value of h for which the efficiency is a 
maximum, 


’ 


4. Itis desired to make an open-top box of greatest possible volume 
from a square piece of tin whose side is a, by cutting out equal squares from 
the corners and then folding up the tin to form the sides. What should be 
the length of the side of the square cut out ? 


5. A roofer wishes to make an open trapezoidal gutter of maximum 
capacity whose bottom and sides are each 4 inches wide and whose sides 
have the same slope. What should be the width across the top ? 


6. Determine the most economical proportions for a cylindrical tank 
with flat heads ; that is, find the ratio of the length to the diameter. 


7. Find the minimum distance from the point (4, 0) to the parabola 
y? = Oo 


8. Find the minimum distance from the point (—6, 0) to the positive 
branch of the hyperbola xy = 8. 


. 9. The radius of curvature of the hyperbola xy = c? at the point (a1, Y1) 
2 2)2 ig 
is ore (see Art. 92). 
Cc 


Show that this radius is a minimum at the 
point (c, c), and find the minimum value. 


10. Determine the right circular cone of minimum volume that can be 
circumscribed about a given sphere, 


\ 
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11. Given a triangle one of whose vertices lies at the center of a circle of 
radius a. If two sides of the triangle are radii of the circle, show that 4 a? is 
the maximum area of the triangle. 


Find the dimensions of the following inscribed figures that will give maxi- 
mum area. 


12. Rectangle in a circle of radius r. 
13. Rectangle in ellipse of semiaxes a and 6. 


14. Isosceles triangle in circle of radius a. 


Find the dimensions of the following inscribed solids in order that the 
volume shall be a maximum. 


15. Cylinder in right circular cone. 
16. Cone in a sphere of radius a. 


17. Find the dimensions of a conical tent that for a given volume V will 
require the least material. 

18. The power P developed by a Pelton water wheel is proportional to the 
speed v of the wheel buckets and also to the relative velocity ¢c—v with 
which the jet issuing from the nozzle with speed ¢ strikes the buckets; that 
is, P=kv(c — v), where k is a constant. With a given value of the jet speed 
c, determine the bucket speed v that will give maximum power. 

19. The weight of hot gas passing up a chimney in a given time is given 
by the formula ae v0.96 TT; 

SG ye et 


where T and 7; denote respectively the absolute temperatures of the gas and 


the outside air, and 7, is constant. Find the ratio zn for which W is a 
maximum. _ 

20. The strength of a rectangular beam varies as the breadth and the 
square of thedepth. Find the dimensions of the beam of maximum strength 
that can be cut from a log 14 inches in diameter. 


21. Find the beam of greatest stiffness that can be cut from a log 12 inches 
in diameter, knowing that the stiffness varies as the breadth and the cube of 
the depth. 

22. A body of weight W is dragged along a horizontal plane by means of 
a force P whose line of action makes an angle @ with the plane. The magni- 
tude of the force is given by the equation 

pes LW 

~ wsin 6 + cos 6” : 
in which » denotes the coefficient of friction. Show that the pull is least 
when 6=arctanp, ; 
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MISCELLANEOUS EXERCISES 
Find @Y for the following. 
da? 


1. y=2 sin x. eae y=esin(« +7) 
2 2 2 an 
3. 2°+y% =a}. be Tie : 
Va? — a 
2 
5. If y = Ae + Be-*, show that ay — ay =0. 
se 


2. 
6. Ifs= CO, sin kt + C,cos kt, show that a + k?s=0. 


7. If wand v are functions of «, show that 


Di (uv) = uD 0 + ND" -WD,u + mat D2-%7Du + +» + 0D U. 


Observe that the coefficients and symbolic exponents follow the law of 
coefficients and exponents in the expansion of a binomial. This is Leibnitz’ 
theorem. (Compare Gibson’s Calculus, § 68.) 


8. Using the result of Ex. 7, find 
(a) Dy when y = e*cosx; 
(6) D,*y when y = x8 log «. 


2 
9. 12 Yu 1 [ie eal find y=f(«) knowing that 22 =0 
EI 2 dx 


fe 2 
when « = 0 and when % = 1; also that y = 0 when x = 0. 


10. Find curves for which at any point the second derivative ou has the 
. LA 


constant value 2¢. Which of these curves passes through the origin ? 
Which has the’slope a at the point, (— 2, 0)? 


11. Find three successive integrals of the functions 
(a) = o ++ 6, (b) ea — e-az, (c) sin (kt + e). 


, 
12. Find expressions for the acceleration Wee for the motions described by 
the equations at 
(a) w% = cye—at + Coe-Pt ; 


(b) % =(c1 + Cot) e—%. 
13. Find an expression for a when the equation of motion is 
x = e-%(c; cos Bt + cy sin Bt). 


14. From (a) of Ex. 12 deduce the relation 
ax 


dx ee 
qe Ot Pa eee 
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15. The ideal efficiency of a certain type of water turbine is given by the 
cu V2 gh + uw — uw 
gh 
speed of the wheel. Find the value of wu for maximum efficiency, also the 

maximum efficiency. 


equation # = , Where w denotes the variable peripheral 


16. Find maximum and minimum values (if such exist) of the functions 


e—2e+5, te 
(a 5) Senet (6) sin @(1 + cos 6). 


17. Find ae for the curve given by the parametric equations 
x=a(@—siné), y=a(1-cosé). 
18. Find a for the conic section az? + 2hay + by2+2gx+2fyte=0. 
19. Find the acceleration e from the equation 
s=L+r(1— cos 0)— VE — 7 s8in2@, 
knowing that - is a constant wo. This is the acceleration of the piston of 


the steam engine mechanism, Z being the length of connecting rod, 7 that. of 
the crank, and wp the angular speed of the crank. 


20. Show that the maximum and minimum yalues of an integral algebraic 
function occur alternately. 


21. The specific heat of superheated steam is given by the equation 
C 
e=a+pT+p(1+$ Pape i 


p the pressure, and «@, 8, a, C, and m are constants. If p is kept constant, 
show. that c takes a minimum value for some temperature 7;, and that this 


tL BT 


, where 7’ denotes the absolute temperature, 


value is @ + 


22. A rectilinear motion is such that the acceleration is given by the ex- 
pression a= et+e-t; derive expressions for velocity and distance. Show 
that if the particle starts from rest, the distance is numerically equal to the 
acceleration. 

23. Find expressions for velocity and distance when the acceleration is 
given by a= m — nk®coskt. Determine the constants of integration C; and 
Ce by taking v =0 and s=0 whent¢=0. 


CHAPTER IX 
CURVES 


86. Concavity. In the present chapter we shall discuss some 
of the applications of differentiation to plane curves, and develop 
principles that will enable the student to trace a given curve and 
study its properties. 

A curve is said to be concave upward at any point if an are of 
the curve containing the point lies above the tangent to the curve 
at the point. It is said to be concave downward if the tangent lies 
above the are. Thus the curve shown in Fig. 31 is concave down- 
ward between the points A and B, and it is concave upward from 
Bto 2. 

ae 


Fig. 31. 


The condition for concavity upward or downward can be ex- 
pressed in terms of the derivatives of the function represented 
by the curve. When the arc of the curve y = f(«) lies below the tan- 


gent, as between the points A and B, tan ¢, and consequently on, 
x 


decreases as x increases. On the other hand, when the arc lies 
142 
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above the tangent, “ increases with a We have therefore the 
x 
general statement: 


A given curve is concave upward or downward according as the 
dy £ 
x 


derivative is an increasing or a decreasing function. 


When the derivative w is decreasing, its derivative, namely the 
a 


second derivative, oy, must be either negative or zero; if oe 
is increasing, then the second derivative is either positive or zero. 
Therefore, if vt is different from zero, the preceding statement 
is equivalent to the following: 


A given curve is concave upward if the second derivative is posi- 
tive, and concave downward if the second derivative is negative. 


Ex. Given the curve y = x3 — x? + 6, investigate its concavity. 


The second derivative, oe = 62 — 2, is positive for values of « > 4, and is 
a 
negative for values of x< 4. Hence, to the left of x = 4 the curve is concave 
downward, and to the right of that point it is concave upward. 
: EXERCISES 


Test the following curves for concavity upward or downward. 


1. y= a8 —227+5. 2. y¥=sec x. 3. y = 20= 2). 
4. y=avx“—a. 5. y=h(e +e). 


6. Show that a curve is concave or convex toward the X-axis according 
as y oa is negative or positive. 

7. Show that the ellipse b2x? + a®y? = ab? is everywhere concave toward 
the X-axis. 


8. Test the curves y = ¢ and y = log for concavity. 


9. Test the expansion curves given by the general equation p"y" = C for 
concavity. 
10. Show that the curve ay? = x3 has two branches, each of which is con- 
vex to the X-axis, 
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$7. Points of inflexion. A point at which a curve having a 
continuous slope ceases to be concave upward and becomes concave 
downward, or vice versa, is called a point of inflexion of the given 
curve. The curve shown in Fig. 31 has points of inflexion at A, 
B, CO. It is evident that at such points the curve crosses its 
tangent. ; 

The definition suggests the analytic condition for a point of 
inflexion. As has been shown, so long as the curve y=/f(#) is 
concave upward the first derivative increases as a increases, and 
when it is concave downward the derivative decreases as & in- 
creases. It follows then that, as x passes through a value for 
which the curve has a point of inflexion, the first derivative passes 
from an increasing to a decreasing function, or vice versa. See 
Fig. 10. This is precisely the condition that the derived function 
shall have a maximum or minimum; and to determine the points 
of inflexion of the curve, we need only to examine the derived 
function for maxima and minima. It is therefore a necessary and 
sufficient condition for a point of inflexion that the second deriva- 
tive shall change sign as the independent variable passes through 
the critical value. This change occurs when the second deriva- 
tive passes through zero or through infinity; hence the coérdi- 
nates of the points of inflexion of the curve may in general be 
found by solving the equations 


f'(@)=0, f"(@)=0, 
and determining whether /'(#) changes sign as # passes through 
the values thus obtained. 


Ex. Given the curve whose equation is y =5a3+62—17. We have 
ay 
! — =a 
T= i 30 a, 


which vanishes for «=0. Moreover, f!'(«) changes sign as 2 passes from 
negative to positive values. Hence the curve has a point of inflexion at 
fg (0 


EXERCISES 


Test the following curves for points of inflexion. 


1. y=2e—382?+44—6. 2. y=3at+4e2?—4410. 
3. (y—3)?=a2+4+ 5. 4. y=sin«. 5.27 cours 
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6 y=a2*— et. 7. y= e* —e-*, 8. y=arc cot 2 


9. y=e-*, 10: y= TIP ye 
eee Se ae 


12. Given a continuous curve. Draw a tangent to this curve, and through 
some fixed point draw a straight line which shall so change as to remain par: 
allel to the tangent as the point*of tangency changes. Show that as the 
point of tangency passes through a point of inflexion, the line through the 
fixed point changes the direction of its rotation. For this reason, the tan- 
gent at a point of inflexion is sometimes called a stationary tangent. Ex- 
press in terms of the derivatives of the given function the condition for a 
stationary tangent. 


13. Find the equation of a curve which has a point of inflexion at the 
point (0, 3) such that the inflexional tangent makes an angle of 45° with 
the X-axis. How many such curves can be found ? 

1—«“ 
1+ 22 
these points lie in a straight line. 


14. Show that the curve y = has three points of inflexion and that 


88. Asymptotes, rectangular coordinates. An asymptote to a 
plane curve is a straight line, lying partly within the finite region, 
which is the limiting position of a tangent to the curve 
as the point of tangency recedes indefinitely along an infinite 
branch. 

Two conditions are necessary for an asymptote: (1) The curve 
must have at least one infinite branch. Thus an ellipse having 
no infinite branches cannot have anasymptote. (2) The limiting 
position of the tangent must lie partly within the finite portion 
of the plane. For example, the tangent to a parabola at infinity 
is not an asymptote since it lies wholly at infinity. 

There are two general methods of determining the asymptotes 
to a curve whose equation is given in rectangular codrdinates. 

Method of limiting intercepts. The equation of the tangent at 
the point (a, y,) being 

Y¥—n=f'(a)a—%), (Art. 38) 
the intercepts of the tangent on the codrdinate axes are re- 
revelers Intercept on X-axis = 2, — eee (1) 
I'(%1) 
Intercept on Y-axis = 7, — %,f"(%). (2) 
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If one or both of the intercepts has a finite value for 7, =00 or 
y, =, the infinite branch has an asymptote, and the equation of 
the asymptote may be found from the two intercepts or from one 
intercept and the limiting value of f'(a,). The following ex- 
ample will illustrate this method. 


Ex. 1. Examine the curve whose equation is y3 = «? — 3 x? for asymptotes, 
Differentiating, we obtain 


ay WU = 30-6, 
% 


fics 
whence f'(a1) = xy : eeu 
1 
From (1) and (2) we have f 3 
Xintercept = 2, — —#2—_ = —_ 
p 1 x12 —2 ay ay2— 204° 
3: = 2} 2 
Y-intercept =y; — pie Es =e rat 
Yi (a3 — 8 a2)3 


For 7; = 0, these intercepts are respectively 1 and —1. Remembering 
that the equation of a line in terms of its intercepts @ and 6 is 


os 
yao 
we have as the equation of the asymptote, 


e—y=1. 


Method of substitution. Let f(a, y)=0 be the equation of the ~ 
given curve, and assume the equation of the tangent to be 


y= me + b. (3) 
Combining these equations, we’ obtain the equation 
J (a, ma+b)=0. (4) 


Now a tangent to a curve may be regarded as the limiting posi- 
tion of a secant line as the two points in which this line inter. 
sects the curve are made to approach coincidence. Hence if the 
line y=mx-+b is tangent to the curve f(z, y) =0, equation (4) 
must have equal roots, and if the point of tangency recedes in- 
definitely these roots become infinite. The condition that two 
of the roots of (4) shall be infinite is that the coefficients of the 
two highest powers of « in (4) shall vanish.* If, therefore, we 


* Rietz and Crathorne’s College Algebra, Art. 111. 
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equate these coefficients to zero, we can determine the values of 
m and 6, and consequently the equation of the asymptote. 


Ex. 2. Examine for asymptotes the curve whose equation is 
xt — ey + a2y—y=0. 
Substituting y = mx + b, the resulting equation is 
xt(1—m) +23 (— m3—b) + --- —B8=0. 
Equating the coefficients of xt and 23 to 0, we have 
1—m=0, m?+b=0, a 
whence m=1i1, and 6=—1. 
Substituting these values in (8), we have as the equation of the asymptote 
y=ua—1. 

If in equation (4) the coefficients of 2 and a"? contain both 
m and b, the terms of degree lower than the (n —1)th do not in 
general affect the determination of the asymptotes. However, if 
the coefficient of w~' is zero, or if the value of m obtained by 
equating the coefficient of 2" to zero is such as to cause that of 
«"-' to vanish also, we must equate the coefficient of the next 
lower degree to zero in order to have two equations from which 
m and 6 can be uniquely determined. This coefficient, in general, 
will be of the second degree in b, and hence we have in this case 
two parallel asymptotes, since for each value of m there are two 
values of b. 

Method of inspection. In case the asymptotes are parallel to 
one of the codrdinate axes, we can often determine such asymp- 
totes by inspection. For this purpose the equation of the curve 
is written in descending powers of x or of y. It will then have 
either of the following forms: 


ax" + (by +0c)a" 1+ -- +¢=0, S25) 
TP NBE AG) Yr rae er = 0. (6) 
If both a and by +c vanish, then two roots of (5) become infinite, 
and the line by te=0 (7) 


is an asymptote. Similarly, if in (6) both a and Bx+ y vanish, 
the line Bu+y=0 (8) 


is an asymptote to the given curve. Consequently, if the given 
equation, when arranged in descending powers of @ (or y), does 
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not have the term 2” (or y"), then the coefficient of #*~' (or y"!) 
equated to zero gives an asymptote to the given curve. 

If in (5), a, b, and ¢ all vanish, then the coefficient of #~*, which 
is in general a quadratic in y, will, when equated to zero, deter- 
mine two asymptotes, real or imaginary. <A similar statement 
applies to (6). 

Ex. 3. The equation 4 43+ 2 ay —6 ay? ~ 47 +3 y?—1=0 is a cubic in _ 
which y3 is absent. Hence arranged in descending powers of y, it takes the 
Me 098 — (6x —8)y? + (2a%y + (42% —2? —1) =0. 

If we make 6 x — 3 =0, the coefficients of y? and y? both vanish. Hence the 


line 64—3=0, or w= is an asymptote. For «=i, we have also y= — 3, 
so that the asymptote cuts the curve at the point (3, — $). 


Ex. 4. The equation #2y?—4 ay? +3227 —4a?—5=0 is of the fourth 
degree, but lacks the terms in a, a, y+, and y*. It may be arranged in the 
spas Oat +029 + (y2—4) a2 — (4y2—3y)e—5=0, 

Oy +0y4+ @-—42) 74+ Ba)y— (42+5)=0. 
From the first we have two asymptotes, 
| y+2=-0, and y—2=0, 


determined by placing the coefficient of ~ equal to zero. From the second, 
the asymptotes x = 0, a—4=0 are obtained. 


The methods given are sufficient to determine all the asymp- 
totes to an algebraic curve. The second method will be found 
most conyenient in determining asymptotes that make an oblique 
angle with the axes of codrdinates, and the third in finding asymp- 
totes parallel to the axes. If the equation of the curve involves 
a transcendental function, the first method may be used. 


hh. 


. EXERCISES 


Find the asymptotes of the following curves : 


& y® = 22 (@ — b). 2. pow (Ete). P 
’ \ oe is 
_3. prs ca M 4. Poa ae s : a 
coat a bP x pie 0 
5. y2 (eo — 2) = 2. 6. y—y2— 224+ 23=0, 


7. xy? — 3 (a? + y®) =0. 8. fay y2 =0. 


tee 
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9. 23 — xy? + ay? = 0. 10:9) Sees 
a? + 4 q? 
sey Gin? a. 125 cy al 
13. 2—yS—2?+2y=0. 14. xy + ay? =8. 
15. y+ay—2=0. - 16. xy? —23— y8=0, 


$9. Singular points. Certain points of a plane curve may have 
peculiarities not possessed by other points. Thus there may be a 
multiple point, where two or more branches of the curve intersect, 
Fig. 32 (a) and (b); a tacnode, where two branches of the curve 
come in contact and have a common tangent at the point, Fig. 


i2 
B 
= P S P =— 
(c) (d) 


32 (c); a cusp, where the two branches terminate at the point 
of contact and have a common tangent, Fig. 32 (d); or a 
conjugate point, the codrdinates of which satisfy the equation 
of the curve yet through which no branches of the curve 
pass. All such points are called singular points. At a singular 


Fig. 32, 


point the derivative “ has two or more values, real or imaginary, 
x 


equal or distinct. Geometrically this means that at a singular 
point the curve has two or more tangents, thcugh some of these 
may be coincident, and some or all may be imaginary. The 
character of the curve at a singular point depends therefore upon 


the values of “ at that point. A general method of evaluating 
: a 
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“a at singular points cannot be given until later; fortunately, 
My 


however, simple special methods are sufficient for the cases that 
ordinarily arise. ‘The following examples are illustrative. 


Ex. 1. Examine the curve y? = x2 — x4 for singular points. 


¢ BAe os 
Forming the derivative, we have sie oie : 4af _ 20-428 
da 2y  aaVvi— et 


0<x«<1, or for —1<a<0, every value of « gives two distinct values of y 


For 


and two corresponding determinate values of a. For z =0, there is one 
dz 


value of y, namely y =0, showing that two branches of the curve pass 
through the origin. But for x = 0, Be takes the indeterminate form - and 
di 


this must be evaluated. Using the method of Art. 15, we have 
— 23 — 2 72 
ig 24—42 ae. b 22 ay 
e=02eV1— 42 e200 V1 — x? 


Hence at the origin a =+1 and the tangents to the two branches are 
dx 


respectively y= 2 and y=— «x. Evidently the curve lies between the limits 
*=landx=—1. The student may draw the curve. 


In relatively few cases can the indeterminate expression for “ 
ie 


be evaluated by simple methods as in Ex. 1. Generally the 
method shown in the following example is effective and is easily 
applied. 


lpg Py Peane for singular points the curve given by the Bent” 
xt — 4a%y + 8 = 
In this case more San one branch of the curve passes through the origin ; 
therefore the origin is a point to be examined. Substitute y = ma in the 
2 given equation. The result is an equation in «, 

x8 (2 — 4m +m) = 0, (1) 

which has three roots each equal to zero. Hence 

there are three branches passing through the origin, 

that is, the origin is a triple point. From (1) we 
have also the equation 

x—4m+m>=0, (2) 

which gives the relation between the slope m of a 

Fic. 33. secant line y= ma that cuts the curve at the origin 

and in a second point whose abscissa is a. Since 

(2) is a cubic in m there are three such lines. As 2 approaches zero the 
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points of intersection approach coincidence and each secant line approaches 
as a limiting position a tangent at the origin. Therefore putting « = 0 in (2) 
and solving the resulting equation m3 — 4m = 0, we get in the three roots 
m=0, 2, and — 2 the slopes of the three tangents to the three branches 
passing through the origin. The curve is shown in Fig. 33. 


Ex. 3. Examine for singular points the curve ay = (# — b)3, 

In general y has two values for any value of « >b, but for « = b, y has 
the single value 0; hence the point (0, 0) is to be examined. For the sake 
of convenience let the origin be shifted to the point 
(6, 0). Substituting x—b=2x and squaring to re- ¥4 
move the radical, we have a?y?—«#/®=0. Letting 
y = ma«', we obtain the equation in 2’, 

x2 (am? — 23) =0, P 
which has two zero roots, showing that two branches 
pass through the origin. From the equation 
am? — x/? = 0, we have for « =0, a2m?2 = 0, an equa- 
tion in m with equal zero roots. It follows that the 
branches have a common tangent y=0. For nega- Fie. 34. 
tive values of «/, that is, for «<b, y takes imaginary 
values ; hence the two branches terminate at the point of contact, and this 
‘point (6, 0) is therefore a cusp, Fig. 34. 


Ex. 4. Examine the curve 7? —32?—3y?+y3=0. 
y The origin is evidently a point to be ex- 
amined. Putting y = ma, the result is 
23 — 3a? — 3 mx? + mix3 = 0, 
or x? (4 —3— 3m? + mx) = 0. 
It follows that two branches (real or im- 
O x aginary) pass through. the origin. To de- 
termine the tangents at the origin, we place 
x = 0 in the equation x— 38 —3 m?+mx=0. 
The result is 8m?2+3=0, from which 
m=+V—1. Since the tangents are imagi- 
FIGS) nary no real branches pass through the 
origin and therefore the origin is a conjugate point. The curve is shown in 
Fig. 35. 


EXERCISES 
Examine the following curves for singular points. 
3 
. ot — 24 2ayi=0. 2. f= —~ —. 
1. at — 2axy? + 2 ay? y cae 
3. 7 eee 4. aty? = art — x. 


Vie — a 
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5. a(a? + y®)+ a(x? — y?) = 90. 6. 2-—3ary+y2=0. 


7. Show that the lemniscate (a? + 72)? = a?(a? — y?) has a double point 
at the origin, and find the tangents at this point. 


8. Show that the curve y? = «3 — 42? has a conjugate point at the origin. 


9. Show that the curve at a ys = as has a cusp at each of the points 
(a, 0), (— a, 0), ©, a), and (0, — @). 


10. Find the equation of a curve that has a double point at the origin 
with ‘tangents y = x, and y = 2a. 


11. Examine the curve y — 6 =(x# — a) Vx for singular points. 


12. The curve y? = az? + bx? has a double point at the origin. Find the 


tangents at the origin by evaluating eu Lorie — 10; 
dx 


90. Curve tracing. It is frequently desirable to determine the 
general form of the graph of a given function. The direct method 
of tracing a curve is to determine simultaneous values of a and y 
from the given equation y = f(x) and plot the points thus found. 
However, by a careful study of the derivatives of the function, 
the labor of this direct method can be largely avoided, and the 
general course of the graph, which is all that is required, can be 
found. In tracing a curve the student should proceed somewhat 
as follows: 

1. Examine the equation for symmetry. If only even powers 
of appear, the curve is symmetrical with respect to the Y-axis; 
if only even powers of y appear, it is symmetrical with respect to 
the X-axis; while if the equation remains unchanged when # and 
y are replaced by —# and —y respectively, the curve is sym- 
metrical with respect to the origin. 

2. Find the points in which the curve crosses the X- and Y-axes. 

3. Find the jinite values of « (or of y) for which y (or 2) be- 
comes infinite. 

4, Find the slope of the curve by means of the first derivative 
and note the turning points. 

5. By an examination of the first or second derivative deter- 
mine whether the curve is concave upward or downward, and 
find the points of inflexion. 

6, Examine the curve for asymptotes. 
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7. In some cases it may be advisable to examine the curve for 
singular points. 

Having determined these characteristics of the curve, it is easy 
in most cases to sketch the graph. If a minute study of the form 
of the curve at any particular point is desired, it is well to trans- 
form the equation so that the point in question becomes the ori- 
gin; then we need only consider the nature of the given curve 
in the neighborhood of the origin. In determining the nature of 
the curve in the neighborhood of the origin, the terms of the 
lowest degree in # and y are in general most important, since for 
small values of these variables the terms of higher order are small 
in comparison. Likewise the nature of the curve for very large 
values of the variables: is determined by considering only the 
terms of highest order in the variables. 

In the following examples we shall consider a few of the 
simpler curves, which are frequently referred to in subsequent 
chapters. 


Ex.1. The curves y= ax". It is assumed that n is positive and either 
an integer ora fraction. For n = 2 and for n = 3, the curves are ordinary 
parabolas. If n = 3, we have the cubical parabola y = az3. An examination 
of this equation discloses the following: (a) The curve passes through the 
origin. (b) For positive values of x, y is positive, and for negative values of 
x, y is negative ; hence the curve lies wholly in the first and third quadrants, 


and is symmetrical with respect to the origin. (c) s = 3x? ; hence the 
dix 


slope is always positive and increases as the numerical value of « increases, 


2 
At the origin the slope is zero. (d) ou 6 az, hence to the right of the 
Ie 


Y-axis the curve is concave upward, and to the left of the Y-axis it is con- 
2 . . 
cave downward. (e) At x=0, ee changes sign ; hence the origin is a point _ 
a! 
_of inflexion. From these conclusions it is evident that the curve has the 
general form shown in Fig. 36. 
If n = 3, the equation becomes y? = a2x%, and the curve is the semicubical 
parabola.. From the equation we get 


Gao ake Gy Be. 


dx 2 GS See = 
It is readily seen that the curve is symmetrical with respect to the X-axis 
and lies wholly to the right of the Y-axis. At the origin the slope is zero, 
and the two branches of the curve have the X-axis as a common tangent ; 
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the origin is therefore acusp. There is no point of inflexion. Hence the 
curve has the general form shown iu Fig, 37. 


YA 
y : 
Ya 
O D6 
x O xX 
O 
Fic. 36. Fie. 37. Fie. 38. 
3 
Ex. 2. The cissoid y? = 5 x The curve is symmetrical with respect 
—2 


to the X-axis. For « =2a, y becomes infinite; and for*>2aorz<0, y 

is imaginary ; hence the curve lies wholly between the Y-axis and the line 

% = 2a, which is an asymptote. For « = 0, wv = 0, showing that the X-axis 
ak 

is a tangent to both branches at the origin. An investigation of the second 

derivative shows that there is no point of inflexion and that both branches 


are convex towards the X-axis. The curve has therefore the general form 
shown in Fig. 38. 


2.) 
x? + 4 q? 
to the Y-axis. y has a maximum value 2a for =0, and there are points 


‘Va 
: Vo 
oo 


Fic. 39. Fie. 40. 


Ex. 3. The witch y = The curve is symmetrical with respect 


of inflexion at r=+2aV3. The X-axis is an asymptote. The curve is 
shown in Fig. 39. 
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Ex. 4. The lemniscate p? = a? cos 2 @, 
or (a2 + y?)? = a2 (a? — y?). 
The curve is symmetrical with respect to both axes, and crosses the X-axis 
ata—=-+a. For values of @ from }7 to $m and from § 7 to 37, pis imagi- 
nary. The origin is a double point, the tangents having the slopes — 1 and 
1, respectively. The curve has the form shown in Fig. 40. 


z =z 


Ex. 5. The catenary y =5 (6 +e %) is the curve assumed by a flexible 


cord of uniform weight suspended trom two fixed points. The curve is sym- 
metrical about the Y-axis, and cuts the Y-axis at a distance a above the 
origin. The second derivative is positive for all values of a, hence the curve 
is concave upwards and has no point of inflexion. See Fig. 41. 


‘Y 
a 
O x O M xX 
Fic. 41. Fic. 42. 


Ex. 6. The cycloid is the curve described by a point on the circumference 
of a circle which rolls on a straight line. Let @ denote the radius of the 
circle, and @ the angle PCM, Fig. 42, subtended by the arc PM(=OM). 
Then we have for the codrdinates of P, x= a(@—sin@), y=a(1—cos@). 
From these equations, we readily obtain 

dy__sin@ By 1 : 

de 1—cosé’ dx a(1—cosé)? 
The curve has a turning point at « = 7a, and since ay is always negative, 
the curve is everywhere concave downward. dae 


Ex. 7. The astroid, or hypocycloid of four cusps, as + ys = at is a curve 
described by a point on the circumference of a circle of radius }a rolling 
within the circumference of a circle of radius a. See Fig. 43. The student 
may find the derivatives and by their aid study the curve for slope, concay- 
ity, etc. 

Ex. 8. The cardioid p=2a(1—cos@). The curve is closed, and p is 
finite for all values of 6. Since cos 6 = cos (— @), the curve is symmetrical 
with respect to the initial line OX. From the given equation, we get 

Se eo Oe ian 8, (Art. 40) 
dp sind — 
whence y=386. 
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For 6=0, y =0, that is, OX is a tangent at the origin; for @=}7, y= in, 
and for @= 7, ~=}7. For the limits of p we have p= 0 when 0=0, p= 4a 
when @=7. See Fig. 44. 


AR, CA. 
Sa 


Fig. 43. Fig. 44. 


EXERCISES 


The student should trace the following curves carefully and preserve the 
graphs for future reference. 


1. The group of curves «"y = C(m positive). These are the curves _ 
which represent the laws of expanding gases. 


1 a 
2. The curve 2? + y? —q?. Show that this curve is the ordinary 
parabola. 


3. The folium of Descartes, 23 + y3 —3 axy = 0. 
4. The exponential curve y= e*. 5. The logarithmic curve y = log x. 


6. The logarithmic spiral p= e*®, 7. The spiral of Archimedes, p=aé, 


8. The curve p = a sec? - 9. The parabolic spiral p? = a6. 
10. Rankine’s equation for columns, y =—*—. 
1+ 622 


11. The probability curve y = ke-#*,@>0. Find turning ‘points and 
points of inflexion. 


12. The lituus p26 = a?. 
13. The curves p=asinné, p=acosné. (Give n values 1, 2, 8, 4.) 


14. Show that the cardioid is described by a point on the circumference 
of a circle of radius a@ which rolls upon a fixed circle of the same radius. 


Arr. 91] CURVATURE 157 


91. Curvature. If a point moves along a plane curve as EF, 
Fig. 45, the direction of motion at any point is the direction of 
the tangent to the curve. 
The direction of the tan- 
gent continually changes, 
and a comparison of this 
change of direction with 
the distance traversed by 
the point leads us to the 
idea of curvature. Thus, 
as the point moves from 
P to Q, the tangent turns 
through the angle Ad, and 
we say the curvature of 
the are PQ is large or small according as the angle A¢ is large or 
small. 

Denoting by As the length of the are PQ, the ratio wt is de- 


Fig. 45. 


fined as the mean curvature of the are PQ. Provided the curva- 
ture is constant, this quotient is the curvature at all points be- 
tween P and Q; but if the curvature is not constant, then the 
curvature at P is defined as the limit 


A¢_pg=%. 1 
Rae As He ds ©) 


The curvature of the curve y=/f(2) at the point (a, %) may be 
expressed in terms of the derivatives f'(w) and f''(@). We have 
the fundamental relation 

tand=f'(x), =are tan f"(2), 
whence by differentiation 
i] 1! 
Dd = meDF AZ) = te . 
1+{/'@P 1+[/@)] 
Furthermore, we have 


D,s=V1+[f'@) 2* (See Bre 47) 


* A derivation of this relation is given in Art. 108. Yor the present, the 
student may make use of Eq. (1), Art. 47. 
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From these equations, we obtain by division 
ih Sas UX Ss Ce (2) 
gece Fe HCN 
At the point (a, ¥;), therefore, the curvature is 
3 f''(a1) ; (3) 


3 
{1 +[ 7! (arn) ?§2 


92. Radius of curvature. Center of curvature. Suppose that 
PQ, Fig. 45, is an are of a circle. Let normals be drawn at P 
and Q intersecting at M; then MP= MQ is the radius of the arc, 
and angle PMQ=Ad¢. Denoting the radius by 7, we have 


rAd = As, 
A¢d_1 
wh —t ==: aft 
eae As fr? Co 


that is, the curvature of a circle is constant and is the reciprocal 
of the radius. 

At any point of a curve y=/(«x), conceive a circle drawn tan- 
gent to the curve, and suppose it to have the same curvature as 
the curve at that point. This circle is called the circle of curva- 
ture; its radius, the radius of curvature; and its center, the center 
of curvature of the curve at the given point. Since the circle and 
curve have the same curvature at the point in question, the radius 
of curvature & must be the reciprocal of this curvature; that is, 


as. 
dd 
In terms of the derivatives involved, the formula for the radius 
of curvature at the point (a, y;) becomes, therefore, 


8 
_ S140 fla) 232 
mie ees. (2) 


By hypothesis, the curve and the circle of curvature at the 
given point have a common tangent; hence the radius of curva- 
ture has the direction of the normal to the curve. 
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It is customary in the case of single-valued functions to regard 
FR positive or negative according as the curve is concave upward 
or concave downward. ‘To establish this convention, it is neces- 
sary to take the positive value of the radical in the numerator. 
The sign of & then depends upon that of f'’(«), arid the required 
result follows from Art. 87. In many cases it is the numerical 
value of # alone that is of importance. 

e 


/ changes sign ata point of inflexion ; 
dx ce) t=) > 


hence F also changes sign at such a point. This property might 
have been used as the definition of a point of inflexion. Thus a 
point of inflexion is a point at which jy 

the radius of curvature, and conse- 
quently the curvature itself, changes 
sign. 

The coérdinates of the center of 
curvature may be found as follows: 
If (m, n), Fig. 46, is the center of 
curvature corresponding to the point 
(a, %) of the curve, we have from 0 
the figure, 


As we have seen, f"'(2) = 


Fia. 46. 


L, — m= Rsin $, n— Y= Roos ¢. 
But tan @ == f(y), 
plot aia) sin d= = 
Vi+(F'@)) V1I+LP'@) 


Using these expressions for sin¢ and cos ¢, and the expression 
for R given by (2), we obtain after reduction 


whence cos¢= 


Ce aF AC Le 

m=2X, meer, (ay) 3 (3) 
Se eeisucnie 

Se fic) 


Ex. Find the radius of curvature of the equilateral hyperbola cy = c? at 
the point (#1, yi); also at the point (¢, ¢). 
22 
ae 


2 2 
We have yao, Ga fa i= 
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Substituting these values in (2), we get 


3 
“a3 
1+ — | a 3 
Ts , aS (a1? + 917)? | 
a iseno ee 
x43 
2 o2)2 
At the point (c, c), therefore, R= oe = cv2. 


Also, at this point f’(#)=—1, and f""(#)= ae Substituting in (3), we find 
c 
for the codrdinates of the center of curvature, 


M= l= 2 Ces Pe 


EXERCISES 


Derive general expressions for the radius of curvature of each of the fol- 
lowing curves : 


ceo 3 2 a? gee 
1.” y? =2az. 2. ay =2? +d. eee UT ae 
2 2 2 
4. y =log(z+a). 5. y = log sec x, Ca eae 
eats a2 2 3 
7. y=“(et+e 4). See i 9. yY=a? —5, 
y a ate ) at. Bb? y 
3 
10. 92 =—* _. 2 +Vy =2Ve. 
Dai ae. ll. Ve+Vy=2Vve. 


For the following curves, find the radius of curvature and the codrdinates 
of the center of curvature at the points indicated. 


12. y2=10%, atz=5. 13. ey =30, at (8,10). 14. y =cosz, at (0, 1). 


15. Find the radius of curvature of the probability curve y = ke-2™ for 


16. Derive an expression for the curvature of the parabola y=az?+ba+c, 
and show that the curvature is maximum at the vertex. 


17. Find the point of maximum curvature of the exponential curve y = e*. 


93. Radius of curvature, parametric representation. If a curve 
is given by parametric equations, as 


x= (6), y=), 


we may obtain an expression for the radius of curvature as 
follows: 
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We have the general formula 


dy 
dy do ° 
da dx’ ) 
dé 
from which, by the aid of Art. 31, we obtain 
dxdy dy da 


Py dédP déd? de 
da? da\* da 
dé 


_ doar dod? 
= OEE ae 7 
& 
Substituting these expressions in formula (2), Art 92, we obtain 


Le) + Gi). % 


dx d’y dy @a 


dod dod? 


(2) 


Ex. Find the radius of curvature of the cycloid 
x= a(@—sin 6), 
y = a(1— cos @). 
By successive differentiations, we obtain 


di _ 4(1 — cos 6), aU — asin 6, 


de d 
5 
2 — asin 6, Ch = ac0s 8. 


Substituting these values in (3), we find 


3 3 
ee 08 OS Se VeVIE€ cos @=—4asin’. 


~ a2 (cos 6 — 1) 
If a curve is given in polar coédrdinates, we have 


x=pcos6é, y=psin&$. 
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By means of these relations (3) is reduced to the form 


Ip\? a 
ie ae omen ee 
ae a Pe 


Using the functional symbols for the derivatives, the radius 
of curvature of the curve p= F'(@) at the point (;, 4) is 


Siete Qe | 6 
R oP + 20F' Gy] — mF") (6) 


EXERCISES 


1. Find the radius of curvature of the ellipse from the equations 
x=acos 0, y =b sin 6. 
2. Find the radius of curvature of the hypocycloid from the equations 
% =a Cos? 6, y = asin? @. 
Derive general expressions for the radii of curvature of the curves given 
by the following equations in polar codrdinates. 
3. p=aé. 4. p=a(sin@+ cos @). 
Gh. p=asin's. Ch Sah 


7. Find the maximum radius of curvature of the cardioid p = 2 a(1—cos @). 
8. Find the minimum radius of curvature of the lemniscate p? = a? cos 2 6. 


9. From the answer to Ex. 1 show that the radius of curvature of the 
ellipse is greatest at the extremity of the minor axis and least at the extremity 
of the major axis. 


94. Roulettes and involutes. Suppose a plane curve, as AB, 
Fig. 47, to roll without slipping on a fixed curve MN; for this 
purpose we may regard the curves as the boundaries of two disks. 
Points #, F on the rolling curve describe curves e, f on the fixed 
plane. Curves generated in this manner are called roulettes. 
Cycloids and trochoids are examples of roulettes in which the 
rolling curve is a circle. (See Art. 90.) 

If the rolling curve is replaced by a straight line, Fig. 48, the 
roulettes are called involutes of the fixed curve; thus, curves e 
and fare involutes of the curve MN. Evidently a curve has an’ 
infinite number of involutes. 


‘ 
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We may also consider the involute to be generated by a point 
on a flexible thread or cord wrapped around the fixed curve. As 
the cord is unwrapped, any point of it generates an involute. 


M 
Fig. 47. Fia. 48. 


Certain properties of involutes are evident from the manner in 
which they are generated. 

1. Any normal to an involute is a tangent of the fixed curve. 
This property may be seen from purely mechanical principles. 
Referring to Fig. 48, the point of contact P, considered as a point 
of the rolling line AB, has at the instant of contact no motion in 
the direction of the line, since by hypothesis there is no shpping. 
Furthermore, since the curves remain in contact, P can have no 
motion perpendicular to AB. It follows that the point P of AB 
is at rest, and the curve as a whole is rotating about P as a center. 
Points # and F are therefore moving in directions perpendicular 
to the lines PE and PF respectively. Now the point # moves in 
the direction of the tangent to the curve it describes; hence the 
line PE is the normal to the curve e at H, and likewise PF is 
normal to curve f at F. In the case of the involute, Fig. 48, the 
normals PE and PF coincide with the rolling line AB, which is 
tangent to MN; hence the normal of the involute is tangent to 
the curve. 

1. Two involutes of the same curve intercept a constant distance 
on their common normal. This follows at once from the manner 
in which the involute is generated. Because of this property, | 
involutes are sometimes called parallel curves. 


é ‘95. Curvature of involutes. Let PQ, Fig. 49, be one position 
of the rolling straight line, P being the point of contact, and Q a 
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point on the involute. Let m, 2 denote the codrdinates of the 
variable point P on the fixed curve WN, and a, y those of the point 
ig Q on the involute. From 
the geometry of the fig- 
ure, we have at once 
(m—a) tan d=n—y. (1) 
Since QP is tangent to 
MN, we have 
dn 
tan ¢ = —; 
$ dm’ 
but since QP is the 
X normal to the involute 
at the point Q, we have 
Substituting this value in (1) we obtain 


Fic. 49. 


also tan ¢ = — =. 
y 


(m— 2) + (n—y) au 20 (2) 


Differentiating (2) with respect to n, we have 


@ 


dn dn dx dn 
But since ome ; 
dn da 
this equation reduces to 
de dy d a( a) 
= OY. OY 
du dhaae Oy qin a e 


and multiplying through by *, we obtain finally, 
a 


dy\? d*y 
case ey be —) ee 
a ivy) dx? 0, 


dy\? 

al AE 
Py 
da? 


whence 


n=y+ 8) 


Art. 96] EVOLUTE OF A CURVE 165 


Substituting this value of n in (2), we have 
fy 
da da 
M = % — —=>—__ 4 (4) 


Comparing (3) and (4) with (3) of Art. 92, it appears that the point 
P is the center of curvature and PQ is the radius of curvature 
at the point Q of the involute. 

It is not true of roulettes in general that the point of contact 
of the rolling curves is the center of curvature of the roulette. 
Thus in Fig. 47, the center of curvature of e at the point ZF lies 
somewhere on EP or EP produced, but not at P. Only in the 
case of the involute does the center of curvature coincide with 
the center of rotation. 


96. Evolute of a curve. From the preceding article it appears 
that a given curve is the locus of the centers of curvature of each 
of its involutes. When two curves Q, and C, are so related that 
C, is an involute of C,, we call C, the evolute of Ci. Curve C, may 
have other involutes than C,, but C, has only the one evolute C,. 

Two properties of the evolute follow from the manner of de- 
scribing the involute as a roulette, namely: 


1. Any normal to the curve C, is 
tangent to the evolute C). 


2. The difference between two radii 

of curvature of a given curve is equal 

to the are of the evolute between the 

points of contact of the radii with the 
evolute. 


Fia. 50. 


Thus in Fig. 50, we have 
PH, — P,E, = are ‘PiPs 


To obtain the equation of the evolute of a given curve, we com- 
bine the equation of the curve 


y= (2) (1) 
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with the equations 


(2) 


Sol og 


which give the coérdinates m,n of the center of curvature. If 
x, y, and the derivatives be eliminated between these equations, 
the result will be a relation between m and n, the variable coor- 
dinates of the evolute. Various special expedients may be used 
in. the elimination. 


2 
Ex. 1. Find the evolute of the rectangular hyperbola «xy =F 


We have dy 1" a? dy a 
dx 202?  da®— a 
Hence hee pk pw A 
bets 2a 4 ax 4 ax 
mage ee ta est at 
8 x3 8 23 
Therefore m+tn= 8 af + 12 wa? + 6 aat + af 
3 : 8 a2x38 
os 
ae a(4 ee)", 
2 ax 
and m—-n= dee 
2 ax 
Finally (m+ n)s —(m— nyt =2 a’, 


which is the desired equation of the evolute. 


EXERCISES 
Find the equations of the evolutes of the following curves. 
1. The circle «2 + y2 = q?, 
2. The parabola y? = 4 pa. 


Aen ha 
3. The ellipse cach a= i 
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4. Find the evolute of the ellipse using the parametric equations 
x=acosé, y= bsin @, 


5. Find the evolute of the curve given by the parametric equations 
“=a (cos + @sin 6), y = a(sin 6 — 6 cos 6). 


MISCELLANEOUS EXERCISES | 


Find the radius of curvature and codrdinates of the center of curvature 
of the following curves at the points indicated. 


1. y=82-+ 1, at (, 7): 2. y=323—8x+4, at (—2, — 4). 

3. y=cosz, at (0, 1). 4. y=<e*, at (0, 0). 

5. Show that the evolute of an arch of the cycloid consists of the halves 
of an equal cycloid. 

6. Show that the radius of curvature at any point of a cycloid is double 
the length of the normal at the same point. 

7. If the equation of a curve can be written in the form 
y= + (au+ bd) + ¢(x), 

where ¢(«) is a rational fraction the denominator of which is higher degree 


than the numerator, show that the lines y = + (az + b) are asymptotes to 
the curve. In this way determine the asymptotes to the curve 


“3 — xy? + ay? =0. 

8. Show that the ordinates of the curve x? —awy+1=0 and of the 
parabola y = x? approach equality as x increases. For this reason, the 
parabola is said to be a curvilinear asymptote to the curve. 

9. Trace the curve y + zy —22=0. Find its rectilinear and curvilinear 
asy mptotes. 


10. Show that at the point (0, 0) the curve y = ; 
ing branches with different tangents. lie 


x 


has two terminat- 


Examine for singular points the following curves. 

ll. x(@—a)?+y2@—2a)=0. 

12. (@+y)?=47+y. 

13. 2t-—32y+6y?-—yt=0. 
14. By the method of limiting intercepts, find the asymptotes to the 
yy? 


CUE ES (a) P=4a2+ a3; (b) 2-E= 


15. Find the radius of curvature of the three-cusped hypocycloid from 
the parametric equations 
x = a(2 cos 6+ cos 26), y= a(2 sin 6 — sin 2 6). 
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16. The tractrix is a curve having the property that the length of the tan- 
gent is a constant a. Find the equation of this curve. 


17. Show that -a curve whose equation is given in polar codrdinates has 
an asymptote when the subtangent p? - is finite for p=o- 
p 
18. Using the result of Ex. 17, find the asymptotes of the following curves : 


(a) p=atan 6; (yap (c) p=asec26. 
cate a0 
19. Prove that the evolute of the logarithmic spiral p = ae*@ is a similar 
logarithmic spiral. 
20. Find the equation of the evolute of the cissoid 


y?2 = . 
Z 2a—2 


21. A circle of radius } rolls on a fixed circle of radius a, a> b, and a 
point on the rolling circle generates an epicycloid. Show (a) that the equa- 
tions of the curve are 


x= (a+b) cos ¢ — b cos +2 g 
y= (a+b) sing —bsin 2%? g; 


4b(a+b) pineee 
a+2b 2b 
22. Discuss the family of curves obtained by giving p different constant 


(6) that the radius of curvature is 


values in the equation ¢ = @ + BT + p(t - : P) rae which gives the rela- 


tion between specific heat ¢ and temperature T of superheated steam. 


23. Trace the curve y?= Examine for maxima and minima, 


xL— a 
asymptotes, points of inflexion, and cusps. 
24. Van der Waals’ equation p = sae _ o gives the relation between 
v— v 


pressure, volume, and absolute temperature of certain substances. Giving 
T different constant values, a family of curves called isothermals are ob- 
tained. For carbon dioxide R = 0.00369, a = 0.00874, b = 0.0028. Trace 
the isothermals for T= 250, 300, 350. 
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97. Definition of a definite integral. Suppose we have given 
a function f(#) which is continuous and single-valued within a 
given interval (a, b), and suppose further that 


JF@ @=D-J@=$@4 C (1) 


The difference of the values of the function ¢(x)+ C for any two 
values of the independent variable is called a definite integral. 
The values of the independent variable substituted are called the 
limits of integration. We denote a definite integral symbolically 
by writing the two limits of integration at the extremities of the 
sign of integration. Thus, if ec=a and «=b are the limits of 
integration in the definite integral formed from (1), we indicate 
that fact by writing this definite integral as follows: 


fi F@) ae =(D.-F@)],= $0 — 6), (2) 


This symbol is read: “The definite integral of f(«@) between the 
limits e=a and «=),” or “from ato b.” It is to be noted that 
in the definite integral the constant of integration disappears. 
This result follows from the definition; for, we have 


[# (2) + C} =[46@)+ C]—-[o@)+ C]l=4@)-4@).  @) 

To distinguish definite integrals from those previously discussed, 

we call the latter indefinite integrals. We may not only pass from 

the indefinite to the definite integral by the process already indi- 

_ eated, but conversely we may pass from the definite to the indefinite 

form of the integral by assuming the upper limit of integration 
as variable. Thus, we have 


f f(a) dx = $(2)— $(), 


where $(a) may be taken as the constant of integration. 
; 169 
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EXERCISES 
Verify the following : 
2 
at: fy 408 de = 624. 2. i (32 — 2°) dx =. 
8 ta 
: - Ae TE 
3. if sin@dd@=1—cosp. 4. f, An 6 
5. {7 2 = log =. 6. §, M= log. 
 v V1 f ly 
7 2 - 
7. {tan gg =0. 8. {, sin @cos 0d6 = 3. 
4 
Evaluate the following definite integrals : 
dow 
Dect eee 10. i) x? de. 
13+ 42 : 2 
z 2 
‘11. if cos 26 dé. 12. ( sin # da. 
2 Bye eS 
13. f C08 0. dé. 14. i) (aaa at Tas 
F at 0 a? — ed 
a B 2 ae! : rT 
15. i) (a — a8) a Fae. iG i) sin 6d. 
0 
17. (ose. 18. ie V1 + 9 at a8 dhe, 
if evo 1+ sin? 6 0 
19. Show from known formulas of physics that the definite integral 


ity 
t g 


20 
area 


t dt gives the space traversed by a falling body in the time interval t2—¢,. 


. Plot the curve v=/(t)=gt and show from geometry that the 
between this curve, the ¢-axis, and the ordinates at t, and tg is 


numerically equal to iu gt at. 
ba 


21 


lation 


4 1 
. Evaluate § (8 «2 — 4) «dx and tf (8a2—4)adx. What is the re- 


between the two integrals? State a general law covering the inter- 


change of the limits of integration. 


22 
What 


23 
apply 


. Show that f) @-82) det [°@-82) dx = (M282) ae, 


general law does this result suggest ? 


. Show that the general theorems for indefinite integrals (Art. 67) 
also to definite integrals. 
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98. Elementary properties of definite integrals. ‘The general 
properties of integrals already developed apply equally well to 
definite integrals. Thus, the definite integral of a constant times 
a function is equal to that constant times the definite integral 
of the function; the sum of a finite number of definite integrals 
having the same limits, is equal to the definite integral of the 
sum of the functions, etc. In addition to these, there are certain 
properties which apply to definite integrals alone. Among the 
more elementary of these properties are the following: 


THEorEM I. Interchanging the limits of integration changes the 
sign of the integral ; that is, 


if fe deee f, “ f(a) da. 


~ From the definition of a definite integral, we have 


[1@) a= 60-4, (1) 
and J F@)ae= $a) ~ 60). (2) 
Hence, a} * ¢(0e) da =— if " ¢(@) de. (3) 


_ Tueorem II. [fc lies between a and b, then 


of Brin) ao f "f@)de+ f° ” (wc) de. 


For, we have 


[ 1@ a= $0)-4$@, ) 
[1@a=$O- 9, 6) 
[ £@) @= 40-60: © 


Adding (5) and (6), we obtain 
[F@) det ['F@) de=$(0)— +40) -4O 
= $(0)— $@) 
= { fade, * (7) 
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which establishes the theorem. Evidently the theorem may be 
extended to include any finite number of values between a and b. 


EXERCISES 
1, Evaluate the integral f (3 x? + 5) dx, using successively the limits of 


integration 1 to 3,3 to 4, 4 to 6, and 1 to 6, and verify Theorem II Sex the 
result. 


2. By evaluating the integrals, show that 


ere 7, 4 
f, sinedo + sin 9 a0 = f sin 6 dé. 
2 


b b 
3. Show that f o(u) du= if o(a) dx, State this result in the form of a 
a a 


theorem. 


99, Change of limits. In the process of finding an integral, it 
is sometimes convenient to change the variable (see Art. 71). In 
this case, we may by properly changing the limits of integration 
obtain the definite integral without a second substitution. Sup- 


by 
pose we have the integral A: J(«) de and make the substitution 


z=F(e). For x=a, we have z=F(a), and for x=b, z= F(b); 
hence the substitution of /'(a) and F'(d) as limits of integration in 
the transformed integral must lead to the same result as the sub- 
stitution of a and b in the original integral. 


1 i 
' Zare si ‘ 4 : 
Ex. Find f, are sins: de assuming z = are sin a. 


V1l— 2 


dx 
, whence 
1— 2 1— 2? 


are sin a dx 


We have dz = = 2c2. 


For «= 0, z=are sin 0 =0, the lower limit, and for x=}, z=are sin} =” 


the upper limit. 6° 


Hieice (/sesinas sin « dx = (i eda. 
V1i— 2 
\ 
EXERCISES 
Raat: if: = Let 2 = 22. : 

01+ at 
2 

2, f SB Ae Let 2 =2. 
° Ve— x a 
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3. f, * sin? x cos « dx. Let 2 =sin 2. 
2 ou 
4. f, 2 a. Let z= 22. 
1 
5. f an. Let 2 = et. 
Oerte= | 
Tsin 6 de 
6. f 4sin j & 
Routers Let z= tan @. 
7. (Cea a) de Let z= loge. 
1 w 
8. {-"— : Let z =are tan”. 
0 e a 
(a 4 at) 


100. Definite integral as the limit of a sum. In Art. 7 it was 
shown that the area underneath a curve might be obtained as a 
limit of the sum of certain rectangular elements. As pointed out 
in that connection, the method there employed is impracticable 
and except in the most elementary cases, perhaps, impossible. 
We shall now show 
the relation of the 
summation process 
to the definite in- 
tegral; in fact, we 
shall showthat under 
certain restrictions 
as to the character of 
the function, the 
limit of the sum of 
an indefinitely large 
number of indefin- 
itely small elements may always be replaced by a definite integral 
taken between the proper limits. 

For this purpose, let f(«) be a single-valued, continuous function 
in the interval a <a < b, and suppose it be represented by some 
curve as EF, Fig. 51. Let the interval (a, b) be divided into sub- 
intervals by the insertion in any manner whatever on the X-axis 
of the points %, 2», +:+,#,_, between A and B. Let each subinter- 
val be multiplied by the value of f(a) at some point within it. 


Fig. 51. 
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Denoting these values of f(x) by f{(2), fo(@), «++, f,(w) respectively, 
we have then the sum 


> F(x) da, = (a, — 4) fi(@) + (@.— ay) fo(@) + + + (0 — hy-1) Sa), 
1 (1) 
where Aw, denotes any one of the subintervals (a,—,_,). In each 
subinterval Az, let «,, 8, denote the smallest and largest numerical 
values, respectively, of f,(«). With Aa,as a base let two rectangles 
be constructed having «a, and £, respectively as their altitudes. 
Repeating this construction for each subinterval, we have the 
relation n 


> Aa, < >) Fia)dn, < Ss BAa,. (2) 


The first and the last of these sums have limits as nm increases 
indefinitely since both are monotone functions and limited in 
magnitude by the conditions placed upon f(a#). Moreover these 
limits are equal, say equal to A, and that independently of the 
manner of subdividing the given interval (a, b).* Since Ax=0 
as n becomes infinite, we may now write (see Art. 13) 


L x) Aa = A. 3 
ee IO 8) 


The existence of the limit in (3) being established, we may find 
the value of the limit by taking the subintervals and the corre- 
sponding values of the function in any particular manner we 
please. It is convenient to make the values of Aw equal and to 
take the value of f(#) at the beginning of each interval. We 
have then for all values of n, 


nde=b—a, (4) 
and the original points of division become 
a+Axv, a+2Az,:--, b6—Ag. 


In defining the definite integral, (#) was taken as a function 
having f(x) as its derivative. From the law of the mean, we have 
therefore 


(a+ Ax) — (x)= Ax- f(a+6-Axr), 0<d<1. (5) 


*See Picard’s Traité d’ Analyse, Vol. 1, p. 4; or Veblen and Lennes’ Jn- 
Jinitesimal Analysis, p. 150 et seq. 
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By hypothesis « and 8 are respectively the minimum and maxi- 
mum values of f(x) in a subinterval; hence we may write 


aS f(@+6- Az) SB. 
By aid of (5) this inequality becomes 
a- Axl g(a@+ Az) — d(x) <B- Aa. (6) 


We may now apply (6) to the successive subintervals by sub- 
stituting for x the values 


a, a+Az, a+2Az,---, b— Az. 
The resulting inequalities are: 


a, Ax < $(a + Ax) — $(a) SB, Aa, 


a Ax S $(a+2 Ax) — o(a+ Az) < f, Aa, 


a, Ax < $(b) — 6(b — Aw) SB, Ax. 


Addirg these results, we have 


Ye ArsoQ)—o@S > Bde. (7 
Since we have i 

eg eee wd eae 4, (8) 
it follows that es (6) — 4(a) = 4, (9) 


and we may therefore write 
“s b 
oD @se=6@)-4@=f fade. (10) 


We may henceforth replace at any time the summation pro- 
cess by the definite integral, and regard the two symbols, 


b 
an L ; > eG f bea interchangeable whenever the integrand 
oe Z 


is a continuous function. 
From this discussion it also follows that the definite integral 


176 DEFINITE INTEGRALS [Cuar. X, 


[r@ ani is represented graphically by the area bounded by the 


curve y = f(a), the X-axis, and the two ordinates =a, a= b. 


101. Importance of the summation process. The result just 
derived and expressed by equation (10) of the preceding article is 
of the highest importance, for it enables us to replace a difficult and 
tedious process of direct summation by a process that is in most 
cases simple and easily carried out. As was shown in the example 
of Art. 7, the determination of the area under a curve, involves 
the summation of an indefinitely large number of indefinitely 


small terms, that is, it requires the limit a ) S(@) Aa. 


But according to (10) the limit is given by the definite integral 
i, "f(a) dw. Hence to find the area we have only to find the anti- 


derivative ¢ (a) of the given function f(x), substitute the limits a 
and b, and take the difference ¢(b) —¢(a). For example, to find 
the area under the curve y= from the origin to the pe 
a = 3 (see Art. 7), we have 


3 
A = if f(x) dx if ao da = 4 a} = 9, 
fie 0 0 


While the discussion leading to equation (10) was accompanied by - 
a geometrical illustration, and the summation was directed toward 
the determination of an area, the course of reasoning depends in 
no way upon geometrical considerations. The method of the 
- definite integral is applied with equal facility to the determination 
of magnitudes of all kinds—volumes, masses, fluid pressures, 
heat, work, ete. In the following chapters there will be 
given examples of the use of the summation process in finding 
the lengths of curves, the areas of the surfaces, the volumes of 
solids, ete. In mechanics, determinations of centers of gravity 
and moments of inertia likewise involve the summation principle. 
The work done by a variable force is found by the summation of 
terms of the type FAs, where F’ denotes force and s displacement. 
The impulse of a variable force is the summation of terms of the 
type FAt. The space over which a moving point travels is found 
by the summation of terms of the type vAt, where v denotes the 
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- velocity of the point. If the specific heat ¢ of a substance varies 
with the temperature r, the heat that must be imparted to the 
substance to produce a given rise of temperature is determined 
by the summation XeAr. Other applications will occur to the 
student. 

It should be noted that the*summation of an infinite number of 
terms is always necessary when one of the factors entering into 
the problem varies continuously. As an illustration, take the 
problem of finding the mass of a body. If V denotes the volume 
of the body and y its density, the product yV gives the mass, 
_ provided the density is constant throughout. The density, how- 
ever, may differ for different parts of the body, as, for example, 
when the body is composed of different liquids which arrange 
themselves in layers or strata. If V;, V2, Vs, -+-, V,, denote the 
volumes of the separate parts, and y,, ys, ys, -++) Y, the correspond- 
ing densities, the total mass is evidently the sum 


Ma yeVa Vet «3 nie 
In this case, the number of parts being finite, we need only simple 
addition. However, the density may vary continuously through- 
out the body, as in the case of the atmosphere. Here we must 
have recourse to the summation of an infinite number of indefi- 
nitely small terms. We divide the total volume V into n° 
parts each equal to AV and multiply each element AV by the 
density at that part of the body. We thus get n terms of the 
type yAV. If n is finite, the sum of these n terms is not the exact 
value of the mass because the density varies in the element of 
volume AV. But as n is taken larger and AV correspondingly 
smaller, the sum of the n terms approaches more nearly the mass. 
Hence, to get the exact result, we must increase n indefinitely, thus 
making AV correspondingly small, and effect the summation of the 
infinitely large number of infinitesimal terms. That is, we must 
AV. 
= wale” 

As previously shown, the summation is effected most easily by 
means of the definite integral. The elements to be summed being 
of the type f(x) Az, we find the anti-derivative $(x) of the function 
f(x), substitute the limits of integration, say a and 8, and take 
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the difference ¢(b) —¢(a). The problem of effecting the sum- 
mation reduces, therefore, to a problem in integration. 


Ex. A vertical wall (as a dam) having a height A and breadth 5, Fig. 52, 
is subjected to water pressure, the intensity of which varies as the depth 
below the liquid surface. Required the 

-— total pressure on the wall. 
According to the law of liquid pressure, 
; the intensity at the depth x is kx, where k 


: is constant. Let the wall be divided into 

4 se elements ‘of width Ax and length b; then 
<q if the area of the strip b Ax is multiplied 
by the intensity of pressure kx at the top of 

the strip, the product b Ax- kr=kb x Aux gives 
approximately the pressure on the element of area. The sum of a finite num- 
ber of terms of the type kb x Aw would give a total pressure somewhat smaller 


h 
than the actual value; but the limit LZ Dd kbaar evidently gives the 
ee 


exact result. This limit is the definite integral Ag kba dx = ib ("rae = 
i kbh?. Hence the total pressure on the wall is 4 kbh?. 


102. Geometrical representation of a definite integral. It was 
b 
pointed out in Art. 100 that a definite integral fi J () dx is repre- 


sented by the area bounded by the curve y =/(«), the X-axis, and 
the ordinates corresponding to ~=a, «=b. Whatever magni- 
tude the definite integral is used to denote, volume, mass, fluid 
pressure, work, or moment, this area is eine eres representa- 
tion of it; that is, the number 
of units of area is the same as 
the number of units of the mag- 
nitude denoted by the integral. 
In fact, one way of evaluating a 
definite integral is to measure by 
some mechanical means the area that represents it. (See Art. 119.) 

If f(a) becomes negative for certain values of a, the graph of 
J(#) will lie below the X-axis, as from 6 to c, Fig. 538. In this 


Fie. 53. 


d . 
case the integral { J (x) dw is represented by the algebraic sum 
of the areas I, II, and III, area II being taken as negative. If 


’ 
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the numerical rather than the algebraic sum is desired, we must 
take the sum of the three integrals fs@ dx, 3, J (a) dw, and 
i F J (x) dw without reference to sign. ‘ 

Ex. Show that the area which represents the total liquid pressure in 


the example of the preceding article is a triangle whose base is h and whose 
altitude is kbh. (Note that f(~) = kbz.) i 


EXERCISES 

1. Give a geometric interpretation of Theorem II, Art. 98. 

2. Give a geometric proof of the following theorem: If M and N are 
respectively the greatest and least values of the continuous function f(«) 
within the interval (a, b), then, provided b >a, 

b 
N(b—a) < f f(x) dx < M(b —a). 


3. Give a geometric proof of the following theorem: Hf b >a, and ¢(x), 
f(x), and ¥(#) are three functions such that for any value of x within the 
interval (a, b), o(@) <f(#) <¥(a), then 

b b 
{2@ di< f Sa) dt f W(x) da. 
1 

4. Using the theorem of Ex. 3, show that if 0<n<2, f, 
between 0.5 and 0.7854. 


5. Give a geometric proof of the theorem 


{FO dhe = (" Fa-2) de. 


lies 


dx 
1+ 2" 


us 


2 2 
6. Show geometrically that f, sin? 6 dé =A cos? 6 dé. 


7. Show from geometric considerations that 


Qa 
f, sin 6 dé = 0. 


. ; f 
8. Show the area that represents the definite integral fat dt, which 
applies to falling bodies. $ 


103. Definite integrals of discontinuous functions: Infinite limits 
of integration. So far we have discussed definite integrals of con- 
tinuous functions with finite ‘limits of integration. We shall 
now consider cases where one or both of these conditions do not 


hold. 
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Suppose that f(x) has a point of discontinuity at x=c, Fig. 54. 
The extent of this discontinuity may be finite or infinite. In 


c 17) 

such a case the integrals ie S (a) da, iH; S (a) dx, if J (@) du have 
Y no meaning according to the defi- 
nition given for a definite integral. 
However, the definite integral does 
have a meaning for the intervals 
a xi (@, ¢—e6), (¢+¢6 5); for within 

O a @=e b ‘ ; : 
ree these intervals the function is 
continuous. We may, therefore, 


define the value of the definite integral for the intervals (a, ¢) 
and (e, 6) as the limits 


%c—e b 

L S(@) da, L S(@) da, 
e= 04 e= (Mets 

provided these limits exist. The definite integral for the inter- 

val (a, b) may now be defined as the sum of these two limits. 

We may not always, however, obtain the proper value of the 


6 
last integral by evaluating directly the integral if; FT (@) dx. 


Ex. 1. Find the area between the curve y = aan the X-axis, and 
the ordinates for which x = 0, x = 4, (@— 2)? 

This function is discontinuous for # = 2, as is shown in Fig, 55. The defi- 
nite integral for the given interval is 
found by taking the sum of the limits 


7 5 i { aa Y 
e049 (GH —2)2  cxnJ2te(~ — 2)? 
ae ee | eer 
«20% — 210 20% — 2 _]2+6¢ 
| 
| 
rete And 1 an 
exje * 2. 2 = ae ee! 
eX (€ 


Fic. 55. 
Hence the area in question is infinite. 

Let us now take the integral directly between the limits 0 and 4. We 
obtain for the area 


Jie ae yee at 
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Aen ; F 4 
an incorrect result. In this case we say therefore that the integral { S(x) dx 
has no meaning. : 


We must also consider the special case in which one of the 
limits of integration is infinite. This again is a limiting case of 
the ordinary definite integral, and we define the definite integral 


ie J (x) dx as the reat Lt al? J(a) dx. Hence, provided this 


limit exists, the integral te J (a) dw has a meaning. The follow- 
ing example illustrates this case: 


Ex. 2. Find the area between the X-axis and the witch of Agnesi, whose 


equation is 
8 a8 


at wight 


- See Fig. 39, Art. 90. The curve is symmetrical with respect to the Y-axis 
and approaches the Y-axis as x becomes infinite. Hence the area is given by 


af ee I War (> a 16 G8) [ pare tan |" 
« 0 g2+ 4? ew-ol2a 2 ato 
=8a? L arctan =47a2 
LZ=n 2a 
EXERCISES 

1. Evaluate f, . 2. Evaluate f e-% dy, 

0 a? + a? 0 

1 
3. Evaluate i _ de 4. Evaluate if. ES 

0 1 —? ¢ Va? — 1 

(1—2)? UVa 


5. Of the following definite integrals, which have finite values ? 
da dg | mag hoe dks 5 
@TS, mo (2: © S @ firs 


6. Show that if n <1, the area under the curve «”y = C from the origin 
to =~ is finite, while for n>1 the area under the curve from %=a@ tc 


2% = o is finite. 


7. With the data of Ex. 6 investigate the area when n = 1. 
8. Find the area under the curve 
a) 
. y@—li=e2 


between x =0 and «=4. Draw the curve. 
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MISCELLANEOUS EXERCISES 


Evaluate the following definite integrals : 


SU OWT a 2 _ 42 
aL; f," v2asas. 2. if (eva—a +S 5 =) ae. 
0 


Tv 
2 : 

3. f sin? 9cos?@¢d@. (Put cos? @ = 1 — sin? @.) 
0 


f, x(a — x) te, 1 


4. Show that ~ = 34. 
> if (a — x) dx 
Tr 
[Bs 2 Face 
f sin 6 cos 6 dé { acos?@sin 6d@ 
5. Evaluate (qa) rT wea (b) = ~ : 
. f sin 6dé@ 2 
a { cos 6 sin 6 dé 


6. Find by the summation method of Art. 7 the area between the curve 
y = e*, the X-axis, and the ordinates « = 1, « = 4. 


7. Change the limits of integration of the following integrals when the 
variable is changed as indicated. 


20 1 
(@) §, ( ida; e S127 43 (b) f, (de, 2 = sin 6 — cosa; 
log 10 a 
(©) ("Cae e241; @ Q"C dae, 2 =asina, 
8. Show from geometrical considerations that 


(a) [res (@)du= ef Fears) I’ 7@ae= fF @ 4 a)ae. 


Evaluate*the following : 


2 
9. Oe 106 (ee 119 { ek ee 
On/ 2 = 9 Va? — 22 o @—2)? 


12. Prove and interpret geometrically the following theorem : 
(@) Itf(—2)=-sF@, F" s@ae=0. 
@) HS(—H=s@), F" s@ae=2("s@) ae. 


13. Apply the theorems of Ex, 12 to the definite integrals 


wT 7 
4 z ; . 


2 
if sin @d0; { cos 6 dd, 
Ls pSUS 
2 
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14. If n>2, show that ‘tee 2 lies between 0.5 and 0.52. 


1— xn 
15. If f(«)=V8<2 + 10, show that Ns t (x) dz must lie between 3-50 and 
8vi4. ee 
16. Find the limits between which the integral if J (x) dx must lie where 
f(@)= log «x. 


17. Prove the following theorem geometrically : 


(, ¢@) ax = —a)ola + 0b 4)], 
where 0< @< 1. 


CHAPTER XI 


APPLICATIONS OF INTEGRATION TO GEOMETRY AND 
MECHANICS 


104. Plane areas, rectangular codrdinates. If the equation 
of a curve in rectangular codrdinates is y=f(«x), then, as 
seen in Art. 100, the area A between the curve, the X-axis, 
and the ordinates «=a and #=), respectively, is given by the 
formula 


A= (ro) i oe i y dx. (1) 


Ex. 1. Find the area included between the parabola y? = 8 a, the X-axis, 
the origin, and the ordinate x = 18. 
Since y? = 8”, y=V8a, and 


18 1 eL. a 
A\ y de = v8 f oP de = VBR rts = 144, 
0 0 


Ex. 2. Find the area under one arch of the curve y = cosa. 


Fic. 56. 
From the graph of the curve, Fig. 56, it is seen that y =0 for x =e and 
DOD tas - - Hence, we have 
. Lum 7 
2 2 
area ABC = f cos « dx = sin x | =). 
3 a 3a 
F : a A 2 
Likewise, area CDE = ‘| cos «dx = sin x | =- 2, 
: us us 
2 a 


184 
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rol F 


Also, area ABCDE = sin «| = 0, and area BCD =sin |" = (0) 
w 0 
Hy 
The last two results are consistent when the signs of the areas are taken into 
account. Thus areas ABC and CDE are equal in magnitude but opposite in 


sign. The numerical magnitude of the area ABCDE is 4. 


It will be observed that the area ABC is symmetrical with 
respect to the axis OY; consequently 


2 
area ABC =2 x area OBC = af cos a da = 2, 
0 
Likewise, areaCDE= af" cos 7 da = — 2. 


2 
In general, it is advisable to make use of conditions of symmetry 
as far as possible, and take the narrowest interval of integration 
that the problem permits. 
Frequently it is desirable to find the area between the curve, 
the Y-axis, and the abscissas corresponding to y=a and y= 8, 
respectively. The formula for this area is 


A=("ady. | (2) 


The derivation of form (2) follows precisely that of form (1) and 
need not be given in detail. 

Ex. 3. Find the area between the curve 
y® = ka, the Y-axis, and the abscissas for y = 2 
and y = 3. 


rains | Ane whe hig Pes BS" 

A=fedy= 7 (rd =e ar | =a 

Ex. 4. Find the area included between the 
hyperbola zy =36 and the straight linex+y=15 
(Fig. 57). 

The points of intersection of the two curves 
are found by solving the equations simultaneously. The solution gives 
(8, 12) and (12, 3) as the codrdinates of A and B, respectively. 


Area ABCD = area HACBF — area EADBF 
12 12 dx 
= (15 ~ 7) de — 36 ( es 
3 326 


=[15 % -o- 36 loge | = 17.59. 
3 
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105. Plane areas, polar coordinates. When polar codrdinates 
are used, the area swept over by the radius vector in passing 
from an initial position to a final position is the required area. 

Let AB, Fig. 58, represent the curve p=j/(@), where f(@) is a 
continuous function. Let OX be the initial line, and @ and £ the 


initial and final values of 6. The area required is that of the 
sector AOB. 

Let the angle AOB= B—a be divided into n parts, AQ, Aé,, 
etc. In the ith division, let p,'!and p/' be respectively the smallest 
and largest values of p. If from O as a center, ares are drawn 
with p,! and p,' as radii, two circular sectors are formed whose 
areas are respectively 4p? A0; and 4 ,!"A0, Proceeding in this 
way with each of the n divisions, we get n circular sectors with 
ares lying within the given curve AB, and n circular sectors with 
ares lying without the curve. The required area OAB is greater 
than the sum of the inner sectors and less than the sum of the 
outer sectors; that is, . 


B B 
> 40740 < area AOB SY) 4p" a0, (1) 


8 B 
Since > 40" Ad and > + p'? A always remain finite, the first 


a 
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never decreasing and the second never increasing, each sum has a 
limit, and by the method used in Art. 100, it may be shown that 
these limits are equal. We have, therefore, 


B B 
area AOB= L SQip"ad= L S'ip!"A8. 2 
eRe ate S 


Furthermore, since p is a continuous function of 6, we may 
replace the common limit by a definite integral and write 


B 
Aj= +f) p2de, (3) 
where A denotes the required area. 


Ex. 1. Find the area swept over by the radius vector of the curve p = %, 
as 6 varies from 7 to 27. 


A=>(" pao = © ils MM ie 
2/0 QJx G2 49 


Ex. 2. Find the area swept over by the radius vector of the logarithmic 


spiral p = e*? in one revolution. 


2 7 
A=3(, anoay— 1 ene | =| (er 1), 
2/0 4k 0 4k 


EXERCISES 
1. Find the area between the line y =3a% +4, the X-axis, and the lines 
CSS Ge ee 6. 
2. Find the area between the parabola y = 5 x”, the X-axis, and the lines 
r=0,o= 4. 
3. Find the area under the curve 5 y? = x? from the origin to the line x=5. 
4. Find the area between the parabola y=3? and the straight line y= 12 a. 


5. Take the arc of the equilateral hyperbola xy = C between the 
points 4 and B. Show that the area between this arc and the X-axis is the 
same as the area between the same arc and the Y-axis. 


x xz 
6. Find the area under the catenary y = (e*+e *) between z=— m 
and x =m. 


7. Derive a general expression for the area under the curve zy™= C 
between x=aandz=b. Discuss the case m= 1. 


8. Find the area swept over by the radius vector of the spiral of Archi- 
medes p = @@ in one revolution. 
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9. Find the area of the two loops of the lemniscate p? = a? cos 26. ‘Make 
use of the symmetry of the curve and take narrowest limits of integration. 


10. Find the area swept over in two revolutions by the radius vector of 
the parabolic spiral p? = a6. 

11. Find the total area bounded by the curve aty? + b?a* = a*bx?. 

Suaeerstion: Trace the curve in order to obtain proper limits of integration. 

12. Find the area between the curve y?(a?— x?) = a*x*, the asymptote 
% =a, and the X-axis. 

13. Show that the area bounded by the spiral p@ = C and two radii p; and 
p2 is proportional to p; — po. 

14. Find the area of a loop of the curve p? = a? sin né. 


106. Volumes of solids of revolution. A plane area AEF, 
Fig. 59, bounded by the curve EF, whose equation is y=/f (a), 
the axis of X, and the ordinates AH and BF, rotates about the 
axis OX and thereby 
generates a solid of 
revolution. To de- 
rive an expression 
for the volume of 
this solid we _ pro- 
ceed as follows: Let 
the interval AB be 
divided into n parts, 
Az, Az, Az, etc., 
and let ordinates be 
erected at the points 
of division. In any subinterval Aq, let y,! and y,'' be respectively’ 
the smallest and largest numerical values of the ordinate, and 
construct rectangles having Aa, as a base and y;' and y;'', respec- 
tively, as altitudes. Repeating this construction for each of the 
subintervals, we obtain one plane area made up of rectangles — 
lying entirely below the given curve HF and a second plane 
area made up of rectangles whose upper bases lie above this 
curve. The solids obtained by revolving these areas about the 
X-axis have respectively the volumes ~ 


b b 
V! => nya, V"' 3 ry! Ax, 
« a 
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The volume V of the solid generated by the revolution of the 
area AH F'B must lie between V' and V". That is, 


b b 

i ary” Acs vs> ry!" Aa, (1) 
It will be seen that V' and V" are both monotone functions, the 
first never decreasing and the second never increasing; hence 
since the functions are finite, each has a limit as Av = 0 (Art. 14). 
Following the method of Art. 100, it may be shown that the two 
limits are equal. Consequently we may write 


Vol Yryse= Ts Sn an @) 


Since y is taken to be a single-valued and continuous function of 
x, we may replace the common limit by the definite integral and 
write 


V==\" y? dx. (3) 


By a similar process it can be shown that the volume of the 
solid generated by a rotation about the Y-axis is 


a. 
Va=«("a? dy, (4) 
where ¢ and dare the ordinates of the end points of the curve. 


Ex. 1. Find the volume generated by the revolution about the X-axis of 
the area bounded by the line 4” + y = 12 and the codrdinate axes. 
For y = 0, « = 38; hence the limits of integration are x =0, and z =3. 


3 
Vw (yarn ("12 —42)% dr = n(44 2 48.07 + Pee) | SNe 
0 0 0 


Ex. 2. Find the volume generated by the rotation about the X-axis of 
the area bounded by the segment of the parabola y? = 8x between the origin, 
the X-axis, and the ordinate for ~ = 6. 


6 
Ver( yar = r(P8ade =4 ne? = 1447. 
: 0 
The rotation about the Y-axis of the area bounded by the Y-axis, the cor- 
responding abscissa, and the same segment generates the volume 


VB Vis yf ney ee eke 
- Sores Y ay = TP | __™ (48)2 = 150.72, 
varf a ey *f oa = 30010 = 329“ 
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EXERCISES 


1. A point (m, n) is joined to the origin by a straight line. Find by 
integration (a) the volume of the cone generated by revolving the line about 
the axis OX; (b) about the axis OY. 


2. Find the volume of the solid generated by the revolution about the 
X-axis of a segment of the equilateral hyperbola xy = 12 between « = 4 and 
TAG; 


3. Find the volume generated by the same segment about the Y-axis. 


4. The segment of the curve y =secx between «= 0 and 2 =} r is re- 
volved about the X-axis. Find the volume of the solid generated. 


5. Find the volume generated by the revolution of the catenary 
ehiess 533 
=-—(e?+¢e 
Set eae) 
about the X-axis, taking « =—c and « = c as limits. 
6. Find the volume generated by revolving about the X-axis the part of 
mi 51) 5h 
the parabola «2 + 72 =a? intercepted by the axes. 


7. Find the volume of the solid generated by revolving about the X-axis 
the plane area bounded by the X-axis, the line «=a, and the cissoid 
48 
2a—" 


y= 


8. The area lying to the left of the Y-axis, between the exponential 
curve y = e* and the X-axis, is revolved about the X-axis. Find the volume 
of the solid thus generated. 


107. Volumes determined by the summation of thin slices. The 
method of determining a volume by taking the limit of a number 
of thin slices, which we have used in finding the volume of revo- 
lution, can be extended to other solids. We conceive the solid to 
be cut by a number of parallel planes usually perpendicular to one 
of the codrdinate axes. In this way, the solid is divided into a 
number of thin slices lying along the axis in question. Suppose 
the cutting planes to be chosen perpendicular to the X-axis; the 
thickness of the slice may be denoted by Aa, and the area of the 
cross section will be a function of %, say F(a). peu the 


volume V lies between two sums V'= sa Aw and V" ->e Aa, 


- where «a and B denote respectively the smallest and Trost 
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values of F(a) within the subinterval Aw; and, furthermore, 
these sums approach the same limit as Av= 0. Hence we have 


b b 
V= L >) F(x) Ana F(x) dx. [Art. 100. ] (1) 
Ax =0 a ct 


The limits of integration must be so chosen as to include all the 
slices. 

It will be observed that (1) has the same form as the formula 
for aplane area. The F(x) which gives the area of the cross sec- 
tion is, however, generally different from the f(a) which gives the 
ordinate of the bounding curve. 


Ex. 1. A circular cylinder of length h is cut by a plane which passes 
through the diameter of one base and is tangent to the other base. Required 
the volume of the piece cut 
from the cylinder. 

Taking the axes as shown 
in Fig. 60, let the solid be 
divided into slices by planes 
parallel tothe YZ-plane. The 
sections cut by the planes are 
evidently similar triangles. 
For any triangle as ABC, 


AB=y, and BC ="h, where 
a 

a is the radius of the base; 

hence the area is 


yh bs. (a2 —a?)h 
2a 2a . Fig. 60. 


For the total volume we have therefore 


vad 2 aoe 


Ex. 2. Find the volume of the es a cache r+e +2 
Let the cutting planes be taken eae to the YZ-plane ; then a plane 
section at a distance « from the YZ-plane will be an ellipse having for its 


equation yp? 22 2 


This equation may be written 


F@—2) S(@—2) 
2 a2 
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The semiaxes of the ellipse are therefore Va? — x and © Va?—2?, and the 
a a 


whe ( 


avea of the ellipse is —— (a? — x”). 
ae 


Hence, we have 


2 RUC Co, eee pont 
Va f, a) di = 5 wabe, 


EXERCISES 
1. Find the volume of the elliptic paraboloid 4 -+2 = 4a between the 
planes « =0 4nd # =3. 
2. Find the volume of the solid bounded by the surface = +35 * =+% =k 


C2 
3.. By the method of integration derive the formula for “is aie of a 
pyramid or cone. 


4. Derive the formula for the volume of the frustum of a pyramid or 
cone. 


5. A right circular cylinder of base radius a@ and altitude h has two slices 
cut from it by planes passing through a diameter of one base and touching 
the other base. Find the volume of the wedge-shaped solid remaining. 


6. A cap for a post is a solid of which every horizontal cross section 
is a square, and the corners of the squares lie in the surface of a sphere 
14 inches in diameter with its center in the upper face of the cap. The depth 
of the cap is 4 inches. Find the volume. 


7. A solid is formed by a variable square whose center moves along the 


2 2 
major axis of the ellipse a + a = 1 im such a way that the side of the square 
0 


is always equal to the double ordinate of the ellipse. Find the volume of the 
solid. 


108. Lengths of curves, rectangular coordinates. The length of 
a curve may be defined as the limit of the sum of the lengths of 
the inscribed chords as the number of the chords is increased 
without limit and the length of each approaches the limit zero. 

Given the curve AB, Fig. 61, whose equation is y= f(x), where 
f(x) is a continuous function having a continuous derivative. 
The length s of this curve between the limits =a, r=b is 
required. Divide the given interval b—a, into n equal parts, © 
denoting by Aw one of these equal divisions. .Denote by Ac, 
Ay, respectively, the corresponding values of the chord and 
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of the increment of y. From the definition of the length of a 
curve, we may now write 


RRP eae) Am. (1) 


With the restrictions imposed upon y=f (x), the quotient ie , by 


Fic. 61. — 


the law of the mean, is equal to the derivative a for some value 
; dx 
of » within the subinterval Av. Hence, since by Art. 100 we 


may take the value of the integrand V+ (Gs) at any point 


within this subinterval, we may in (1) replace: Ay 2 by SU ce “and write 
dy 
ae WG, i+ (@Y Hee oF Ax. 
Az =0 > 


Replacing the summation by the definite integral, we have finally 

apeniyia | ay\? 9 

alt i+ (2) dx. (2) 

If y is taken as the independent soyele this formula for the 
length of a curve becomes 


s=( “1+ (2) dy, ee 


where c, d are the values of y corresponding to #=a, a = b, 
respectively. 
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Ex. 1. Find the length of the curve y* =3 2? from the point (9, 0) to the 
point (38, 3). 
From the given equation we have 


de _ y2 
dy 2x 
la\2 442+ yt 1 
uf A UE 2 LLG - 
eae) rere mi +3y) 


3 de\t a5 od (? garage 1 373 
a ae =- CTE =-(443y)? 
s §vi+ (2) dy af 1 eu dye= (ae Y) a) 
= 4 (133 — 43) = 4.32. 


Ex. 2. Find the length of the cycloid described by a point on the circum- 
ference of a rolling disk during one revolution of the disk. 
The equations of the cycloid are 
x = a(6—sin 4), 
y = a(1— cos 8), 
in which 6 denotes the angle through which the disk has turned. Differen- 
tiating, we have dx = a(1 — cos 6) a8, 
dy = asin é dé, 
whence da? + dy? = 2 a?(1 — cos @) d@. 


From (2), we may write 8 =i V dx? + dy?, 
2 4 > 4 
whence Si § (ae + dy?)? = av2 fa — cos 6)? dé, 


Now V1 — cos 6 = V2 sin} @, and the limits of @ are obviously 0 and 2 for 
one revolution. ; 


2 2 
Hence s=2af “sin§ do =— 4a cost ] "=8a, 
0 2 210 


EXERCISES 


1, Find the length of the curve as a yi = as, 
2. Find the length of the semicubical parabola ay? = 2° from the origin to 
the point (m, n). 
x x 
3. Find the length of the catenary y =} a(ea +e «),from2z=0tox=2}. 


4. Find the circumfereuce of a circle (a) using the equation x? + y?= @?; 
(6) using the equations x = a cos 6, y=a sin 0. 
5. The involute of a circle is given by the equations 
x = a(cos 6+ @sin 6), 
y = a(sin @— @ cos 6). 
Find the length of an arc between the limits @= 0 and @=7r. 
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109. Lengths of curves, polar codrdinates. The formulas of the 
preceding article for finding the length of a curve in rectangular 
coérdinates may be so transformed as to cover the case of polar 
coérdinates by means of the equations 


x =p cos, y=p sin 0. (1) 
From Art. 108, we have 


s= ft + (G2) ae, (2) 


or introducing the differential dx under the radical, 
6 a 
$= f V dix? + dy?. (3) 


From equation (1) we obtain 


daz =— p Dee 


dy = p cos 6d6 + sin 6 dp (4) 


Substituting these expressions in (3), we have 


V dx? + dy? =V[(—p sin 6 dé + cos 6 dp)” +(p cos 6 dé + sin 6 dp)” 


=p? db? + dp’. (5) 
Consequently, we have 
B 2 
8 =f e+ (50) "as, (6) 


where a, # are the limits of integration corresponding to the limits 
a, b when written in rectangular coérdinates. 
When p is taken as the independent variable, this formula may 


be written lt 0o( 2)? 
= 2'—} dp. if 
: if 14 ¢ i p (7) 


Ex. Find the whole length of the cardioid 
p=2a(1 — cos 8). 
Differentiating the equation of the curve, we get 


Substituting in (6), we have 
ez 2 ("2 a[(1 — cos 6)? + sin? 6]? do 


9 


* O07 
) do =16 al - cos ak =16a. 


wT 
=2{ 4asin 
0 
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EXERCISES 
1. Find the length of the circumference of the circle p = 2 a cos 0. 
2. Find the length of the logarithmic spiral p = e78 from 6=0 to d= ot 


also from 6 =$ tod=n. 


3. Find the length of the spiral p = e*® from the pole (p = 0) top=1. 
4. Find the length of che curve p=a sec @ between 6=0 and 
— 


ES) 


110. Areas of surfaces of revolution. Leta plane curve y= (2) 
revolve about the X-axis and thereby generate a surface. We 
may find an expression for the area S of this surface by a method 
similar to that employed in finding the length of the curve. 

Divide the interval AB, Fig. 61, into n equal parts, and denote 
the length of each by Aw. Denote by Ac the length of the corre- 
sponding chord PQ, by Ay the corresponding increment of y, and 
by AS' the surface generated by revolving the chord Ac about the 
axis of X. Since the lateral area of the frustum of a cone of 
revolution is the product of the slant height and one half the sum 
of the circumferences of the bases, we have for the element of 
surface thus generated 


AS! =2 “(y + ral Ac. (1) 


But Ac = -V Aa? + Ay? Aart Ay =I eel Aa; (2) 


hence, taking the sum of all the elements of surface thus formed, 


we have 
> ; Sy: Ay Ay\? 


As Ax = 0, the left-hand member of this equation approaches the 
area of the surface generated by the revolution of the given curve, 
that is, the required area. In fact, we may define the area of 
the required surface of revolution as the limit of the sum of the 
surfaces of these frustums as Av+0. In the right-hand member 


Ay | diy \e 
es 9 )@ppr oaches y, and \ 1+ fe uy becomes 4 jl +(e) , since 
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y =f (x) is assumed to be a continuous function having a continu- 
ous derivative. We have then 


= L Bee(ve Gt vi+(St) a (4) 
or sa2ef"s yy (“YY +(4 wean, (Arts. 100, 108) (5) 


When OY is taken as the axis of revolution, the formula 


becomes 
S=2 rf ea +(22) oi dx. (6) 


From (2) it is evident that we may, if we choose, replace 


\1 ae ah dla : 


in (5) and (6) by \1 +(e) dy 


In some problems the latter form is more convenient. The limits 
of integration must be changed to the values of y corresponding 
to z=a, x=b. 


Ex. 1. Find the surface generated by revolving the hypocycloid 


2 2 2 
z3 + y* =a about the X-axis. 
From the given equation, we get 


ay =() 
dy y 
We have therefore 
a 
Sa2.an ft y(S) dy =4rab oy! Bee 
0 y 5 0 5 


Ex. 2. Find the area of the surface generated by the revolution of a 
cycloid about its base. 
The equations of the cycloid are 
“z= a(6—siné), y=a(1 —cos8@). 
Differentiating these equations, we have 
dx = a(1— cos @) dé, 
dy = asin 6 dé, 


whence yi + (Gh) ae = vee? + a? = a3 — cos 0) dé. 
a 
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Substituting in (5), we get 
Fo ————— 
$= 2na?( V2(1 — cos 6)? d0 


=16 ra?" sin’ g a(5 — Of a8, 
0 2 2 3 
EXERCISES 


1. Find the area of the surface generated by the revolution of the parabola 
y? = 8 about the X-axis. Take the limits x = 0 and « = 2; also the limits 
w= 2 andi Se 


2. A line joins the origin to the point (m, n). Find by integration the 
surface of the cone generated by revolving this line about the X-axis. 


3. Find the area generated by revolving about the X-axis the arc of the 
cubical parabola 2 y = x? between « = 0 and x = 2. 


4. Find the area of the surface generated by revolving about the X-axis the 


a x 
are of the catenary y = 5 (e* +e *) between « =0 and # =a. 


111. Meanvalue. Let y=/(«x) be a continuous function within 
the interval «=a and x«=b, and suppose this interval to be 
divided into » equal parts each equal to Av. Then b—a=nAa. 
Denoting by %, Y Ys °**; Yn the values of the function corre- 
- sponding to the values of # at the middle points of these successive 
subdivisions, let us form the quotient 

; wr weit + Yn (1) 
which evidently is merely the arithmetic mean of the n values of 
y. This quotient will vary with the number of divisions n, and 
the limit which it approaches as n is indefinitely increased is 
called the mean value of the function for the interval 6—a. 

b—a 

x 

Y Aw + Yo Aw + pats + Yn A 
b—a 
The limiting value of this quotient as m becomes infinite, and con- 
sequently as Aw = 0, is 


Substituting for n its value , (1) may be written 


b ; ; ye fee 


LT y Ax fe 
we ee bike ( 


b—a b—a 
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The numerator of (2) is represented by the area under the curve 
«= f(x) (as AEFB, Fig. 62) between the ordinates for =a and 
*x=b. Hence if a rectangle 
AMNB is constructed having 
an area equal to the area under 
the curve, the altitude of this 
rectangle represents the quotient 


6 
f yee 


b—a 


Ye 


3 


or the mean value of the func- 
tion. 

‘The independent variable may 
be time, distance, angle, area, 
volume, or any other geometrical or physical magnitude. Mean 
values may be taken with reference to different variables. Thus 
in the case of a moving point, values of the velocity may be 
taken for equal time intervals or.for equal space intervals. In 
the former case, the mean velocity will be the mean ordinate 
of the velocity curve on a time base; in the latter case, it will be 

the mean ordinate of the velocity curve on a space base. 


A B 
Fic. 62. 


Ex. 1. In simple harmonic motion the velocity of the moving point is 
v= asin wt, 


and the time of a half-oscillation is t = 1/w. 
Hence, the mean velocity for the time interval 0 to 1/w is 


7 Bi 

w a wo 
af, sin wt dt | - Sc0s wt | 

0 w iy 4 
SS = a 

Tv 
eC) z 
@ @ 


Ex. 2. In the case of a falling body we have 


v=gt 
and Or 29s. 


For the mean velocity, taking time as the variable, we have for the inter- 


yal 0 to t, 
ty ¥y 
f, vat af, et 


Fey Sea 2 9h 
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Since the velocity at the end of the time ¢, is gt), the mean velocity is one 
half the final velocity. 
The mean velocity for the space s;, taking equal space intervals, is 


if ds V2g {,'vsas 
0 = Jo! 


$s, — 0 $1 


2 2 
=2 v2 = — Me 
3 GJS1 gh 


that is, the mean velocity is two thirds the final velocity. 


EXERCISES 


1. Find the mean of the ordinates of the parabola y? = 10 x from x = 0 to 
iy = toh 


2. Find the mean ordinate of the curve y= a?—72+5 between s=1 
and a = 5. 


3. Find the mean value of the ordinates of the curve y = cos x (a) between 
x=0and «=47; (0) between x = 0 and x=r7. 


4. A number n is divided into two parts ; find the mean value of the prod- 
uct of the parts. 


5. During the expansion of steam in an engine cylinder the pressure falls 
approximately according to the law pa =C, where x denotes the distance the 
piston has moved from the beginning of the stroke. Derive an expression 
for the mean pressure exerted during the period of expansion. 


6. Find the mean ordinate of a semicircle of radius a provided the ordi- 
nates are drawn at equal intervals on the arc. 


Sueeerstion : Use polar coérdinates, 


112. Work of a variable force. When the point of application 
.of a force is moved in the direction of the line of action of the 
force, the force is said to do work. For example, work is done by 
the drawbar pull of a locomotive when the locomotive moves 
along the track, thus moving the point of application. 

If the force is constant in magnitude, the work done is the prod- 
uct of the force and the distance through which the point of appli- 
cation moves in the direction of the force. If W denotes the work, 
F the force, and s the displacement of the point of application, 


then ae (1) 


For example, the work done in raising a load of 800 pounds a height 
of 6 feet is 800 x 6 = 4800 foot-pounds. 
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The magnitude of the force may vary as the point of applica- 
tion moves, as in compressing a spring. In this case, the work 
may be expressed as a definite integral as follows: Let s, and s, 
be the initial and final distances of the point of application of 
the force from some origin,.so that s,—s, is the displacement. 
Let s, — s, be divided into n subintervals As,, As, ete., and in any 
subinterval As, let F;' and F;'' be respectively the smallest and 
largest values of the force #. Then denoting the work by W, 
we have 


Y Pass ws > Fras (2) 


S82 


As in Art. 100, we may show that the functions >) F'As and 
85 S| 
> F" As have the same limit as As = 0, and we may therefore 


1 


write at once, since F’ is a continuous function of s, 


W= L > Fas= f" Fas. (3) 
As=0 Pe vi 


From the method of deriving (3), it is clear that the work of 
a force may be represented by an area. On the displacement S,S, 
let the forces F corresponding to the successive positions of the 
point of application be laid off as ordi- = 
nates, and let a curve be drawn through 


the ends of these ordinates (see Fig. 63) ; ‘a 
then the area S,ABS, under this curve 
will represent the work of the force be- 
tween S, and S, For the area under ze i 
the curve is i 
3 (i Fds, S Ss Se 
: Fia. 63. 


which according to (3) gives the work W. 


In order to integrate the expression F'ds, the force F must be 
expressed as a function of the displacement s. The following 
cases are those occurring most frequently in practice. 
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(a) When the force is a linear function of the displacement. 


This is the law in the compression of a spring. We have 
F=ks+5, 


Wa {G04 0) dem shot + 0s] 


1 
= ; k (837 — 8°) + b(s.— S})- 


Ex. 1. A spring is 10 inches long, and a force of 48 pounds is required for 
each inch it is compressed. Find 
the work of compressing the spring 
from 10 inches to a length of 
6 inches; also from a length of 8 
inches to a length of 5 inches. 


Fie. 64. In the first case, 
S705 So =10—6=4, F= 48s, 
8 4 
Hence, W= i) > Fds = 48 i, sds = 24 #|) = 384 in. Ib. 
“4 
For the second case, Si Sop Oa 


w= 48 {is God e|) = hice 
2 2 


Ex. 2. A bar is stretched from its original length Z by a gradually in- 
creasing load. Denoting by s the amount of stretch for a given force F, 
Hooke’s law gives as the relation between F, s, and LZ, 

EAs 
We ’ 
where H denotes the coefficient of elasticity of the material, and A the area 
of the bar. The work of stretching the bar by an amount s is therefore 
2 
[i= fy Fas as {sas ave 
0 LL Jo 2L 

We have for wrought iron # = 30,000,000 ; suppose a bar having a cross- 
section area of 2 square inches be stretched from 60 inches to 60.5 inches, 
Here A= 2, a= 0.5, and ZL = 60; hence the work is 
80000000 x 2 x 0.5? 

2 x 60 
(6) When the force varies inversely as the displacement. 
In this case, k 


a) 


f= 


W= = 125,000 in. Ib. 


r= 


8 
- whence W= ["Fas=k f "2 =wlog®. 
sy 81 $s 8) 


’ 
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(c) When the force varies inversely as the square of the distance. 
The law of the inverse square applies to gravitational forces, to 
forces between electric charges, ete. 


Ex. Let a positive charge m of electricity be concentrated at a point P, 
and a unit charge at a point Q at a distance s from P; then the repulsion of 
charge m on the unit charge is 

Tirana, 
PE 2 
The work required to move the unit charge from s=atos=b is 


W= ( Fds=m(°B=—mi)'=m det : 
a a $2 ha Gh 


113. Work of expanding gases. A gas is confined by the walls 
of a cylinder and a movable piston, Fig. 65. By virtue of its 
pressure, the gas expands or increases 
in volume, moves the piston, and thus 
does work against an external re- 
sistance. Let p denote the pressure 
exerted by the gas on a unit area 
(square inch or square foot), and A 
the area of the piston. Evidently the total force acting on the 
piston is # = pA; and for F, As, F, As, etc., we may write p,A As, 
pr,A As, ete. But A As is the volume swept over by the piston 
in moving through the distance As and may be denoted by Av; 
hence # As=p Av, and the work done is 


W = -L : pav= f ‘pdv. 
Cane % 


Tn using this formula it must be noted (1) that p denotes pres- 
sure per unit area, not the total pressure, and (2) that for correct 
numerical results consistent units must be used, pounds and feet, 
or pounds and inches throughout; thus, if p is in pounds per 
square inch, v must be in cubic inches, and the result will be work 
in inch-pounds. 


Fic. 65. 


Ex. 1. Air expands without change of temperature following Boyle’s law. 
pv = piv, = const. The work of expansion is 


v, v, 
ei ‘pdv= pin § *@ — py log™. 
iB) Bra, 1 
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Ex. 2. Air expanding adiabatically follows the law 
pvt = pyv,* = const., where k = 1.41. 
The work done during the expansion is 


v, v, * pl<-k 9%, 
Wie f “p dv =pinit ( *y-k dv = pivi* 2 | 2 
v4 Onn T=. 


4 


_ pivik [» 1-k — y,l—« | _P1¥1 — Devs 
=F —4|" 2 xiang Tes lar 


since pv = prv5*. 


EXERCISES 


1. The length of an unstretched spring is 16 inches, and a force of 225 
pounds is required to stretch it 1 inch. Find the work required to stretch it 
from a length of 18 inches to a length of 22.5 inches. 


2. In hoisting coal or ore from a mine, the load consists of two parts: 
(1) the weight M of the car and contents ; (2) the weight of the rope, which 
is m pounds per foot. Find the work required for hoisting a distance of h 
feet. 

SuecEstion: Lets denote the distance of the load from the lower level ; 
then F = M+ m(h —s), and 


h 
Wwe= i) [M+ m(h—s)] ds. 
0 


3. In Exs. 1 and 2 draw diagrams showing by areas the work done, and 
derive the results by elementary geometry. 


4. Suppose the force to vary directly as the square of the displacement of 
its point of application. Derive a formula for the work. 


5. Confined air having a volume of 6 cubic feet and a pressure of 80 pounds 
per square inch expands following the law pv = const. to a final volume of 
20 cubic feet. Find the work done. 


6. Use the data of Ex. 5 and find the work done if the expansion is 
adiabatic, i.e. according to the law pv!-4l = const. 


7. Find the work of stretching a round iron bar having a diameter of 
1.5 inches from a length of 40 inches to a length of 42.3 inches. Take 
E = 28,000,000. 


MISCELLANEOUS EXERCISES 
1. Find the areas bounded by the following curves, the X-axis, and the 
ordinates indicated : 
(@) y=e+u4+5, froma) =.0'to 7 = 6; 
(0) y=e—38er+4, fromam=T1 toe—5. 
(O) Ses from/—0!toei— 1. 
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2. Find the area of one loop of the curve p= a sin 2 @, 


3. Find the area between the curve y = tan x and the X-axis from x= 0 


to“ =". 
3 


: 1 al 1 , 
4. Find the area between the parabola x? + y? = a? and the coordinate 
axes. 


5. Find the volume generated by the revolution of the entire curve 
2 
x? + y§ = 1, (a) about the X-axis; (b) about the Y-axis. 


6. A cylindrical vessel haying an altitude of 12 inches and a base diameter 
of 8 inches is tipped and the contained fluid is poured out until the liquid sur- 
face coincides with a diameter of the base. Find the quantity of\liquid re- 
maining in the vessel. ~ 


7. Ife is the eccentricity of an ellipse and ¢ the eccentric angle, the para- 
metric equations of the ellipse are: c=acos¢, y=bsindgd. Show that the 
entire length of the ellipse is 


ws 
4a (> V1—e? cos? odo. 


8. The solid shown in Fig. 66 is gener- 
ated by moving a variable rectangle DE FG 
parallel to the plane XOY. One angle D 
moves along the axis OZ, and the other 
angles H and G move in given curves on the 
planes YZ and ZX, respectively. If the 
curves QER and PGR are circular arcs of 
radius a@ with centers at O, find the volume 
of the solid. 


9. In Ex. 8 find the convex surface 
QSR. ‘ 
10. In Fig. 66, take OR=8, OP=OQ=6, 


and assume the curves R@ and FkP to be 
parabolic arcs with vertices at R. Find the volume of the solid and the 


areas of convex surfaces. 


Fic. 66, 


11. In Fig. 66, let the curves RP and RQ be elliptic quadrants with major 
and minor semi-axes of m and n respectively. Find the volume of. the 
solid. 


12. The value of a harmonic alternating current is given by the equation 
i=iosin 6, where 7% is the maximum value. Find the mean value of the 
current for a half cycle, that is, from @=0 to d=T. 
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13. In Fig. 67 is shown a cylindrical journal and bearing. The intensity 
of the normal pressure at any point P is assumed to be proportional to the 
depth of P below the diameter AC. If 
po is the intensity at the lowest point B, 
find the mean intensity over the surface 
ABC. 

14. Find an expression for the work 
done by a gas expanding isothermally 
according to van der Waals’ equation 


(» a (v—b)=C 


from an initial volume v, to a final 
volume v2. 

15. Find an expression for the work 
done by a force that varies as the nth 
power of the displacement of its point of 
application. 


16. Find the work required to compress 20 cubic feet of air from a pres- 
sure of 14.5 pounds per square inch to a pressure of 63.5 pounds per square 
inch, the equation of the compression curve being pv!3 = const. 

17. A particle of mass m has simple harmonic motion defined by the 
equation x =rcoswt. Show that the mean kinetic energy (4 mv?) for.a com- 
plete oscillation is one half the maximum kinetic energy. 


CHAPTER XII 
SPECIAL METHODS OF INTEGRATION 


114. Integration by parts. Thus far we have made use of only 
those integrals that could be evaluated by use of the fundamental 
formulas given in Chapter VI. In some cases we were able to 
reduce the given function to a fundamental form by a simple 
transformation. Not all functions, however, can be easily re- 
duced to those types by the methods already employed, and in 
this chapter we shall consider some special methods by which 
this reduction may be effected in cases more complicated than 
those already discussed. 

If u and v are two functions of the same independent variable, 
we have upon differentiating their product, 


d(uv) =udv + vdu, 


or udv = d (uv) — vdu. 


Integrating, we get 
fudv =w- v du. ; (1) 


By this formula the integral IF u dv is obtained by the evaluation 
of another integral | vdu. This method is called integration by 


parts, and is one of the most useful of the integral calculus. It is 
particularly helpful in the integration of the product of two func- 
tions where the integral of one can be easily found; also in the 
integration of logarithmic functions, exponential functions, and 
inverse trigonometric functions. No general directions can be 
given as to which of the two functions is to be taken as uw and 
which as dv, except that the selection should be such as will 
render dv and vdu most easily integrable. In case of doubt, first 
207 
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try putting dv equal to the most complicated factor that can be 
easily reduced to a fundamental form. 


Ex. 1. fee dx. 

Put dv = e dx, Wie 
whence : 0 = e, du — Or, 
Substituting these values in formula (1), we have 


net de = ner — { de = e (@—1) + C. 


Hx. ‘2. fe are tan x dx. 


Put do=cdn, u = are tan z, 
whence = : 25 du = dx | 
2 14+ 2? 


Substituting these values in the formula, we have 


feare tan cdz = ye are tan © alee 


I+? 
a1 Sea ir: dat 
2 2 2J1+22 
1 1 1 
as Rn I are tanz + C 
is “fare tan a — set. 
Ex, 3. {ve Bax. 
Put -U=Va?— 2, dv = dx, 
whence fps v= 2. 
Va? — x? 


The result of substituting these values in (1) is 


fV@=P de =ave—v + (EE _ xo? dae 


Ve— a 
We may write 
x2 aq? — 2 2 
=~ eH ti 
Vat — x? Vai—2 Va— x Va— x 


We have therefore 


f V@=# ae =aVe—B— (Vea + pa TI 
Omi 


whence af Va — @ de =2Va2 — 22 4 a2are sin”, 
a 


and fv@qeae= 5x @—@ + @aresin® |. 
a 


‘ 
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EXERCISES 

Ls foe at. 2. fa log x da. 

3. fare sin 6da@. 4. fare cot 6 dé. 

5. i sin? 6 dé. ; 6. f eae sin bx de. 

a flog dx. 8. feos 6 log sin 6dé. 

9: fe arc tan x dx. 10. fee cos dat 
a1. fz cos x dx. 12: (‘sect a da. 
13. ie 2+ @de. 14. (7 @— ade. 
15. fe log? x dx. 16. i cos 6 cos 2 6dé. 


115. Integration of rational fractions. By a rational fraction 
we mean the quotient of two rational integral functions. We 
shall consider only those fractions in which the numerator is of 
lower degree than the denominator; for, if this is not the case, 
we can always by division reduce the given expression to a ra- 
tional integral function plus such a fraction. The decomposition 
of rational fractions is fully treated in algebra,* and a knowledge 
of the principles and methods involved is assumed here. © In the 
present article, we shall show how the decomposition of rational 
fractions may be employed in simplifying an integration. We 
shall consider the following cases. 


(a) When the denominator is the product of several linear factors, 
none of which is repeated. 


The given function can then be written in the form 


= (x) 
TO) = Gr aye—a)~ @— a) 
We may now assume 
ae ULE aie oe 
Cle aes Ses ae as 


* See Rietz & Crathorne’s College Algebra, pp. 203-208. 
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and calculate the numerators A, B, ---, K by the principles of 
undetermined coefficients. The integral of f(#) is then found 
by taking the sum of the integrals of the separate terms. The 
following examples illustrate the method. 


Ex. 1. fs (6% +1) dx | 
? = Dia ts 


We have 
Digi iel eee 5e+1 ee! i Bae 
w—2e%—35 (*+5)@—-7) «45 «£-7 


Clearing of fractions, we obtain 
5a+1=A(e—7)+B(a+4+5). 


Equating the coefficients of the same powers of x in the two members of this 
equation, there results 


. Gazal ap Jee 
and 1=5B—7A, 
from which 
A= 25 Biss 
Substituting these values in the original equation, we have 
(ba+l)dx _ (2dz 3 dx 


(@+5)(a—7) Jxt+6 Je—T7 
= 2log(#+ 5) + 8log(@—7)+ C2 
= log [(a + 5)?(a —7)3] + C. 


Ex. 2. fUee 1) dx 


xe + x 
Since 8+ a2 —62=2(%+8)(% —2), 
we have Bad alls wll Dando B a Cc 


x(x+38)(a—2) a4 «x+3 2—2 
Clearing of fractions, we get the identity 
v+x%2—1=A(x+3)(@—2)+ Bua — 2) + Cu(x + 8). 


For x = 0, we obtain 4d =}; for~=—3, B=}; and forw=2, C=}. 
Hence, we have 
v+a—1 1 1 1 


mpato6e 162 84 8) Aue), 


Therefore, (+2 —1 de _ (oa fo ( 
e+ 22-64% 3(@+4+ 8) 2(a% — 2) 


= tlogz + tlog (x+38) +4 1log(@~—2)+C 
= log Vz(a + 8)2(%@ — 2)8 + C. 
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EXERCISES 
(e+ 2) dx 2, (G2—5) de, 
w—52+6 xe? 4+24%—16 
3. eras _(8a% + 4) da _ 2 4 (2%—1) dz. 
e—722+12". , “Je48242 
da : 6. fete tte fay, 
2+72+322 e—4a2-— 64 


(2? + mn) dx ott 
ie Seer 5 Seer ae 


(6) When the denominator is the product of several linear SCT 


some of which are repeated. 


In this case, the given function has the form 
f(2)= ee), 
(x —a)(a — f)* + (w— 7)" 
which can be written in the form 


B C K 
f@)= te Ft 
“ga a8 GBF @ BF 
L M S 
a f+ eee + ° 
eran y la) apr 
We may calculate the coefficients A, B, C, ---, K, L, M,---, S, as 
in case (a). The following example illustrates this method. 


= 


x fs (a — 8) dx 
—4e24+4n 
We have 
e x—8 x—8 A B C 


w—4e74 [E> a a 


Clearing of fractions, we get the identity 
2—8=A(x—2)2+ Bu (« —2)+ Ce. 
Equating the coefficients of like powers of x, we have 
—8=44, 1=—-4A-2B+4+0, 0O=A+B; 
and from these equations we obtain 


A=—2?, B=2 C=—3. 
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(w@—8)de __. 2(% 9 de ae dx 
setae 8 —4e?4+ 42% < x —2 aie 
= — log x? + log 
—2\2 3 
= log Cie GC: 
og( x ee 
; EXERCISES 
1 f (w@—4) dx. g. (G2—2) dx. 
 Je—4e2+ 40 x(a + 3)? 
3 fC-22. eine 
(a— 2)8 (x+ 3)? 
5. fea. 6 «3 = Se ae, 
y—3y vt — 243 + a 
= (82—1)de__ = ede : 
" Jo8—22-—a2+1 («+ 1)?@—-1) 
w4+2xe—3 ma? da 
. fo a. i), (| === = 
: j a3 — a : (im + x8 


(c) When the denominator contains factors of the second degree. 

Aside from linear factors, the denominator may contain quadratic 
factors not decomposable into real linear factors. For the linear 
factors, we assume a decomposition into partial fractions in ac- 
cordance with the principles of cases (a) and (0). Corresponding 
to the quadratic factors, we assume fractions whose numerators 
are linear in the variable. If any of the quadratic factors appear 
to a degree higher than the first, then we assume in the decompo- 
sition as many fractions as the degree of the factor, the numera- 
tor of each being linear and the denominator having the given 


factor in increasing powers. The following examples illustrate 
the method. 


1. (2 e _ x? dx 
(a@ — 1) (a? + yy 
We write Aa ee A ee 
(@—1)(@?+1) 2-1 a+] 
Clearing of fractions and equating coefficients of like powers of «,.we find 


Yiex 13) 2 (0 = 
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2 dx dx (eee seal 
Hence x 6 -§ it | 
oo ee sees ~ 3 po409 maa 


$ log (a — 1) + slog (22+ 1) + fare tanz+ C 
=tlog (@—1)?(@? +1) + fare tana +4 C. 


Bx.2. (——2+1 __ an, 
@—)(@+ip 


If we write 
e+1 eee. But+C, Dit+# 
(@—1)@?4+1)2? 2-1 241 (2? 41)?’ 
we find by clearing of fractions and equating like powers of « the following 
values for the coefficients : 


A=i, B=—}, C=-1, D=—1, F=0. 


Hence 
e+1 de == { - Wee S (2a -{ LOCH 
(a — 1)(@? + 1)? 2Jx2—-1 2/9741 (a? + 1)? 
= flog (# — 1) — flog (@ + 1) —4are tana eee + C¢ 
EXERCISES 
weer ict 108 = 3 a, 2. { 
at—1 xt — 
(2 «tf — 1) dx 4 i x dx e 
a2(1 + x)? : gt +424 3 
5 f xe dx ‘ 6 Gaye 
" Jot+ bar +4 "Ja42241 
7, (y3 — 4) dy . 8. jf. 
yoy (% + a) (a? + 0?) 
dx x dx 
9. (= _. 10. {4 ___ 
x? (a? + 8) eot+etet 1 
2 “2 —1) dx dx 
11. i ( 12. fas 
(1+ x)? (l+a+22) x1 + 2 x?) 
eke 
13. {<* _. 
(x? + 1)? 


116. Integration of functions containing radicals. In the pres- 
ent article we shall discuss some special methods by which 
functions containing radicals may frequently be changed into 
equivalent functions free from radicals. 


(a) When f(x) contains fractional powers of a+ bx, but no other 
radicals. ; 
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ya) 


In this case, f(w) can be transformed into a rational expression 
by the substitution 
a+ ba = 2", (1) 
where n is the least common multiple of the denominators of all 
the fractional exponents of a+bx. This follows from the fact 
that f(#) and dw can then be expressed rationally in terms of z 
and dz, as the following examples will illustrate. 


Ex. 1. Find (U4 _ydy_ 


(Qe ys 
Put 1l+y=2, 


whence y=28—1, dy=3 2dz. 


We have then \ y dy ,= se = LS a af (24 —z) dz 
(i+y)* i 


=8f Aaz—3(zdz 
=$2-—8274C 
=tyt+)i-swtnire. 


_ Ex. 2. Find (pent ore. 
a? +1 
Put x = 24, whence dx = 4 z°dz. 
We have then 


fe beat ya) dx =(GtetDiee 
a? £4 gti] 


AMAA oat 
241 


=4| faa + (edz +3fzde—(ae—3f 2 dz +(=@ 
gti g4i1 
= 4[t2t4+ 423+ $22-— 2-3 log(2241) + arc tanz+ C] 
=2$+4234622—42-6log(22+1) +4 arc tanz+ C! 
=a+4¢a' +6at—42t — 6log(x? +1) 4 4arc tana? +’. 


(b) When f(a) contains the radical Vx? ae az + b and no other. 


In many cases the integral may be made to depend upon one of 
the fundamental integrals by writing the radical in the form 


Vw +c% Ifthis method does not lead to a convenient way of per- 
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forming the integration, we may rationalize f(x) dx by the substi 


tution 
Ve +tar+b=2z2—-2. (2) 
Squaring (2), we have . — 
e+taxtb=2—2 20+ 2, 
ee 0 
at22 


dx 2Z@tuUte iB 
(a+22)? 


whence 


Consequently, f(x) dz becomes free from radicals upon substi- 
tuting these values of V2?+ ax -+ b, a, and da. 


egy ee! 


2Ve2+241 
foros cae | ada +3 fax 
2Ve2+a4+1 V@ae+b?4+3 2 


Putting 2” +1= uu, we have for the first integral 


udu du 


——= 7A Vur +3 Vue+3 
sein eater 


Replacing the value of w and combining, we obtain as the final result 


d[e+ V22?+e41)]—tlog(2e+14+2Ve2+4+2+4+1)+0C. 


(c) When f(a) contains the radical /— a? + ax + 6 and no other. 


We shall consider only those cases in which the expression 
under the radical can be broken up into real linear factors. The 
integration can frequently be most readily performed by putting 
the radical in the form \/c?— wu? and making use of one of the 
standard forms. If this is not feasible, we may proceed as follows. 

Write the radical in the form 


V—-2+ar+b=V(a4—«a)\(B—2), 
and f(x) dx can be rationalized by the substitution © 
V@—u)(B— 2) = (B—«)2 [or @— a) 2), 
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as we shall now show. Squaring, we obtain 


(w— a)(B —#) = (B — a2", 


i —a)2z 
whence Api eaan =; dz = eee dz. 
1+2 (1 + 2°)? 

The integrand which results from the substitutions is rational. 

E Fi d ee 7 00 Stan ee . 

He (be eons: 
We have here vV(«#—1)(8—“) = (8—2) z, 
322+1 42 dz 

h C— dx = ———_.. 
whence ia 2? +2 
Substituting these values in the given integrand, we have 

f dx = 9 a = 2 arctan V3z+C 
aV—e+42—8 B2+1l V3 


=Ware tan Ve +C. 


(d) Integration by trigonometric substitution. 


If f(x) contains a radical of the form Va? +v?, where w is some 
function of x, it can often be easily transformed to an equivalent 
function free from radicals by the substitution of a trigonometric 
function. All that is necessary is to substitute for w that trigono- 
metric function which renders the expression under the radical 
a perfect square. It will be readily seen that this end is accom- 
plished by the following substitutions : 


(1) Put w=a sin 6, or a cos 6 in functions involving Va? — w?, 
(2) Put u=a tan 6, or a cot 6 in functions involving Va? + wv. 
(3) Put u=a sec 6, or a ese 6 in functions involving Vu? — a. 


Whenever the resulting trigonometric integrand does not fall 
at once under one of the fundamental formulas, or take one of 
the special forms discussed in the following article, the student 
should apply the methods of integration discussed in the preced- 
ing articles. 

The following examples illustrate the use of these substitutions. 


eae it Vea ade. 


Put %=asin 2, dx =acoszdz. 


, 
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We have then 
J V@=Bdx =o ( costzdz = 4a f (1+ cos 22) de 
=}a? f dz + fa? ( cos22d(22) 
=i@zfiasin2z+C 
= }a@taresin® + baVa?— a+ Cc. 
a 
dx 
px 2. f—#—. 
x? (22 — a2)? 


Put x = asec z, dx = asec z tan zdz. 


tol 


Then we have 


f da te f asec z tan 2 dz 
To 1 
x? (x? — a?)* a? sec? z (a? sec? z — a?)? 


=a, { torede = 92, op VE g 
a a ax 
EXERCISES 
L f x - di, By f 2Vx dx = 
1+: 4Vx — 343 
1 dx 
3) fe ve +b)? dx. 4. pS = 
Since?) V44—3— 22 
3 dx = 
Leys ———_—— 6. eee 
Vix—10—2 Ve2+ 6% —3 
d. 
7. j——. 8. \——s 
Ver2—Tx+4 av—22+52—6 
3 3a2— 1) de 
See “KS, iF =) de 
Weal Va? —3 
dz 3 dx 
SS 12 
oe (es V1i— 2 
8 pe 
13. (ear 14. fan, 
(1 + x)? z 
dx dx 
15. —.. 16. i 
Vae2+ 4 a2V a? — 2 
2 x? dx 
ay h. f = a 3° 18. f 3° 
(a? es, m2) GE = a)? 
ap (2 20. f (x? — a2)? de. 
; j V2 — a2 - 
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3 dor 
xt da ile; 
kta a 22. a 
21. Jao V1 + 22 
23 da 
; ee 1 
24. ("v2 ax — x? dx. [Put «=a(1+ sin @).] 
25. (—_. [Put « = sec @.] 
1 yt V4? — 1 


Pec A dz 
26. Show that by the substitution of « = a tan @ the integral ({ —————— 
y c S@ + x)" 
is reduced to an integral of the form f cos? 6 dé. 


27. Integrate Nos. 5, 6, 7, 11, 15 without rationalization. 


Derive the following integrals. 
wdx _ 2 
Vatbse 168 


29. fx a+ be de =— 


28. (8 a2 —4 abe + 3 b2x?) Va + be. 
2 


Ep 24-8 ba) (a+ ba)? 


30. feva + ba dx = oa (8 a? — 12 abe + 15 bx?) (a + ba)’. 
0 


117. Integration of special trigonometric functions. There are 
certain types of trigonometric functions that are readily inte- 
grated by easy reductions to standard forms. The following are 
of this kind: 


(a) fsee?” ada, fesct ada. 


Here n is assumed to be a positive integer. By the substitution 
sec?x=1-+ tan’x, sec” x becomes (1 +tan’x)"""sec?a; hence, we 


have if sec™ 2 da = f (1 + tan’ x)""" d (tan «). 
Similarly, f esc” x da = — f (1 + cot? x)" d (cot 2). 


In each case the binomial can be expanded, and the separate 
terms of the integrand are then standard forms. 


Ex. 1. Fsect x dae = + tan? x) sec? a da 


= { sect x dx + ftan2 x sec? x da 
= tana + }tan?x + C. 
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Evidently integrals of the form 
afi tan™ x sec™ x da, f cot™ a esc?" a dx 


can be integrated equally well by this device. 
(b) fsec™ atan2"t+la da, + f ese” ax cot?"+1 a da, 


Here n is a positive integer (or zero), and m is any number. 
We have 


f sec” a tan**! «da = | sec” *a - (sec? — 1)" sec x tan # da 
= fseom™ x - (sec? —1)"d (seca), 


a form that is readily integrated. A similar form may be deduced 
for the second integral. 


Ex. 2. f sect xtan® x dx = f seer x tan? x tan # sec x dx 
= fseo® x (sec? « — 1) d(sec L) 
j = { seo? xd(sec x) — f seo? x d(sec 2) 
=tseci a — tsectx+ C. 
(c) f sin?"+1 a da, Feoste+t a dau. 


Again n is assumed to be a positive integer. We have in this 
case, 


fi sin™? ¢ da = if (1 — cos’ a)" sin « dx= — f (1 — cos? a)” d(cos x). 
freosttta dae = f (1 — sin’ x)” cos ada = f (1 — sin? x)” d(sin 2). 


Either of these may now be integrated by expanding the paren- 
thesis and integrating the result term by term. 


Ex. 3. fsine xdx = f sins x sin « dx 
=-fa — cos? x)? d(cos x) 


=— fa (cos x) + 2 { cos? x d(cos ) — § cost x d(COs £) 


=— cos + 2 cos?x—tcos?a+ C. 
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(da) f sin?” x da, f eos?” a dau. 
We may perform the integration in this case by the use of 
multiple angles. From trigonometry we have 
cos*# =41(1+ cos 22), 
sin? « = 4(1 —cos2 2). 
By the aid of these formulas the integrand can be expressed in 


terms of multiple angles of the variable, where the sine and 
cosine appear only to the first degree. 


Ex. 4. fcost x dx. 

We may write this as follows: 

§ (cos ©) da rf + cos2 x”)? dx = rf + 2 cos 2% + cos?2 %) dx 
=}at+ tsin2a +4 ( (1 + cos 4 2) dix 
=te+tsin2e¢+4274 ;sin4de+C 
=sxe+isin2e2+ j,sindx2+ C. 

(e) fsin ax cos” x da. 

There are three cases that demand consideration. 

(1) When either m or n is a positive odd integer. 

In this case, we can reduce the integral to the fundamental 


form {6 udu. For example, suppose m is odd, say equal to 2k+1. 
The given integral may then be written 

feos" x sin** x sin 7 da = — | cos"x(1 — cos? x)*d(cos 2), 
which may be easily integrated by expanding the parenthesis and 
integrating the result term by term. 


(2) When m+n is a negative even integer. 
In this case, we may write 


: hake 
f sin x cos" @ da =f: “ cos™+* a da 
co 


ig” 


= f tan xsec—("+*” a» da. 


Since —(m +n) is by hypothesis a positive even integer, the inte- 
gral falls under type (a). 


’ 
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sin? x 2 2 1 tan3 
1. gney dx = \ tan? xsec?xdx = 4tan?x + C. 
cost x 


(3) When m and n are positive and both even. 

We may.then reduce the given integral to an integral depend- 
ing upon the integration of the sine of some multiple of the given 
angle. This transformation may be accomplished by the aid of 
the substitution sin 2” = 2sin x£cos x 
and those given in (d). 


EXERCISES 
a fsees x tan x dx. 2: feset x dx. 3. foot? x csct x dx. 
4. feta am 5. fain’ a cos? « da. 6. j-—. 
sint x sin’ @ cos % 
ftan® x dx. 8. f sec? « tan® « da. 9. fain x cot? x dx. 
10. fee vsin « dx. ata fain? x cos? x dx. 12. Foot? x sect x da. 


cos? ae 


118. Use of a table of integrals. The process of integration is 
much more involved and difficult than that of differentiation. It 
is not possible to integrate all functions in terms of elementary 
functions, and frequently when integration is possible it is not 
easily effected. Further consideration of the more complicated 
cases is, however, rendered unnecessary in an elementary text 
because of the existence of tables of integrals arranged for con- 
venient reference. Students should become familiar with such a 
table as a labor-saving device.* The table should not be em- 
ployed, however, until the student is thoroughly familiar with the 
various elementary processes of integration. The following ex- 
amples will illustrate the use of such tables. 


Ex. 1. Find the area of a surface of revolution given by the definite 


integral 2 nq ("2a _. 
9 V2 ax — x 


* A good table for this purpose is B. O. Pierce’s Short Table of Integrals, 
published by Ginn & Co, The student is advised to provide himself with 
such a table. ; 
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From a table of integrals, we find 


7: to — 
§ 22 =- vie =H + aare sin f; 
V2ax— x . 


hence, the required area is 


23a — V2 ax =a | + q@arc in ==)" = 102(r — 2). 
0 a 0 


Ex. 2, The tractrix is a curve having a constant length of tangent. Re- 


quired the equation of this curve. 
Denoting bya the length of the tangent, we have (Art. 39) a=ycsc ¢, 
VJ q2 — y2 
whence ian fee ee and + dx= Mea Te 
dx Vae— x y 


From the table of integrals, 


(SSF _ Vary — a log 2S =P 
uy 


hence, the required equation is 


— 2 __ a2 
tc tea Veo clo y 
y 
Ex. 3. Evaluate bus : 
sint @ 
From the table of integrals, we find 
if dx. —_— 1 COS & m— 2 dx 
sin™ a m—1 sin™le m—1Jsin™2z 
Tate js eae?! 42 dé 
sint @ 3sin89 | 3J sin? 
But f ap = Fese? 6 dé =— cot @. 
sin? 6 


The required integral is, therefore, 


1 / cos 0 1 
Sey. Wess cot @)=— Zot # (cso? # + 2). 


EXERCISES 


Evaluate the following integrals by reference to a table of integrals: 


a. e*sin « ae. 2. aes oe au 


8 « 
3. L@ — x2)? dx. 4. faint 6 cos? 6 dé. 


. 
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5. ("ze _. ee 
eiges cat .  J342cosx 
7. fo 8. j{=."—- 
(i + 2.a)8 x7(3 — 22) 
9. f—"—.: ; 10. ie 
(4—38a + «)8 (a? + 2% — 5)? 
11 sin « dx 12 6 
Aes c sin @ cos 6 dé. 
1, {sin 9 ao. 14. {—“—. 
0 : 01+42sinz 
2g. 
15. f as 16. f V— a+ 6a—1de. 
v— 3a + 
Tye eae 18. — 
x V5—44%4+242 


19. jf 20. fain? 6 cos? 6 dé. 
(6—4%+42 yt : 


119. Approximate determination of integrals. As stated in Art. 


7b 
102, the definite integral J J (x) da is represented graphically 


by the area between the curve y= f(x), the X-axis, and the ordi- 
nates corresponding to «=a and «=b. Ordinarily, the definite 
integral is evaluated by means of the anti-derivative of f(a). 
If, however, it is impossible or inconvenient to find the anti- 
derivative, the definite integral may be evaluated by the following 
method : 

The curve y= f(x) is plotted from «=a to x=6, and the area 
between the curve, the X-axis, and the end ordinates is determined 
approximately by one of the methods described in the following 
articles. The numerical measure of the area gives approximately 


6 
the value of f f(z) da. Since, as has been shown, the definite 


integral may represent any measurable magnitude, as area, 
volume, length, force, quantity of heat, etc., these methods may 
obviously be used for the approximate determination of any such 
magnitude. 
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120. Simpson’s rules. The problem of finding any plane area 
reduces to the problem of finding 
the area between a plane curve, 
an assumed X-axis, and two end 
ordinates. Thus in Fig. 68, the 
area of the closed figure AMBNA 
is found by subtracting the area 
between the curve ANB and OX 
from the area between AMB and 
Fia. 68. OX. 

Let ACH, Fig. 69, be a part of a curve, and suppose the area 
between it and the line N/? is required, the end ordinates being 
AN and HR. Let the dis- 
tance NR be divided into a 
number of equal parts, each 
equal to h, and through the 
points of division let ordi- 
nates 4, Yo Ys etc., be drawn. 
Consider now the three points 
of the curve, A, B, and C. 
Taking OB as the Y-axis and 


O as the origin, the coérdi- Fic. 69. 
nates of these points are 
A=(—h,), BS=(0, y), C=(h, y)- (1) 
We now assume that the equation of the part of the curve ABC is 
Y =A + Gye + ager”, (2) 


This is equivalent to the substitution of an are of a parabola with 
a vertical axis for the actual curve. With this assumption, the 
area NACP is 


h h h 
yd = f(a + ae + age) d= 26 ay +2 ash). (3) 


—h 


To determine the coefficients a) and a,, we substitute the coordinates 
given by (1) in (2). We thus obtain 


Y= A — Gh + ah’, 
Yo= My, 
Y3 = Ay + ah + anh’. 


(4) 


iw) 
bo 
Or 


ArT, 120] . SIMPSON’S RULES 


Solving for a) and a, we get 


_ Yt —2 Ye, 


MH=Y2 Ag he 


and substituting these values in (3), we have finally 
area NABCP = : (+4 Yyot Ys). (5) 


If now we assume the part of the curve CDE replaced by a second 
parabolic arc, we get in the same way, 


area PCER = : (Ys +4 Yet Ys)s 


and thus 
area NAER = : (h+4 yot2 ys +4 Yat Ys)- 


This process may be repeated any number of times; hence, taking 
an odd number of ordinates n +1, dividing the figure into n strips 
of equal width h, the approximate area is given by the formula 


A=R yy 4442+ 205+ + 2Yn 1+ 4In t Unir) (6) 
This result gives the following rule, known as Simpson’s one-third 
tule: 


Take the sum of the end ordinates, twice the sum of the intervening 
odd ordinates, and four times the sum of the even ordinates. Multi- 
ply the aggregate by one third of the common distance between the 
ordinates. 


If we take four ordinates 7;, 7/2, Ys, Y4, including three spaces, we 
may pass through their ends A, B, C, and D, a third degree parabola 


y — Ay — Aye — mn" at Og. 


Proceeding as before to determine the coefficients, we obtain 
area NADQ= =" (1, +3. +3 te +1): ) 


If therefore we divide the whole base into some number of parts n 
divisible by 3, and take the space in groups of three, or the ordi- 
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nates in groups of four, we shall have for the successive partial 
areas, 


A= A, +3. et 8+)» 


A,= =X Yst+3 Ys+3 Yet), 
As="2( Yz +3 Yst+3 Yo+ Yo); 


Adding, we get for the total area, 
A=S2E (yy +B YQ + BYgt2Ugt 35+ +3BYnt Unis)» (8) 
This formula expresses Simpson’s three-eighths rule. ; 


To show how Simpson’s rules may be applied to various magni- 
tudes, we will take the specific case of the approximate determina- 
tion of the volume of a solid. Let some line of the solid be taken 
as the X-axis, and let the solid be cut by equidistant planes per- 
pendicular to this axis. Then, if 7, y, «++, y, denote respectively 
the areas of the plane sections, formula (6) or formula (8) gives 


approximately the value of the integral if; ydx, taken between 


proper limits, and therefore the volume of the solid. 


Ex.1. Find approximately the area under the equilateral hyperbola 
m= S84, from “i= 2 to. 2/8; : 

Taking unit intervals, we have for «= 2, 3, ---, 8, y=42, 28, 21, 16.8, 
14, 12, 10.5. By Simpson’s one-third rule, 


“A= 4[42 + 10.5 + 2(21+4 14) + 4(28 + 16.8 + 12)] = 116.67. 
By the three-eighths rule, 
A= }[42+410.5+2 x 16.8+4+3(284 21+ 14 4 12)] = 116.67. 


8 
The exact area is ( y dx = 34 ( de 84 logs = 116.45. 
& 


Ex. 2. Find approximately the value of 7 from the formula 


dx, 3 
0142 


Tv 
—=arc tanl = 
4 
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1 eer : : 
Here y= aa and dividing the interval (0, 1) into 10 parts, whence 
h = 0.1, we get for the successive ordinates, 
w4=1 Ys = .8620690 Yo = .6097561 
Y2= .9900990 Ye = .8000000 Yio = .5524862 
Yg = .9615385 Y7 = .7352941 Y11 = .5000000 
Y4= .9174312 ys = .6711409 


By Simpson’s one-third rule, we get 
A = .78539815, whence w = 8.141593. 
This result is correct to seven figures. 


Ex. 3. Find by Simpson’s rule the volume of a sphere of radius a. 


Dividing the diameter into four intervals, we have h= . and y=0, 
y = 31a’, y= 7ra?, y=}ra?, y=0. Hence by Simpson’s first rule, 


Volume = Ls ; lo +4 a wa? + a7) 2 ra | = Sra’ 


3 
EXERCISES 
9 
1. Find a x? dx by each of Simpson’s rules. Take h = 1. 
2. Find log2 approximately from the formula log 2 = hice - Take 
x 


10 intervals and use the one-third rule. 


cs 
3. Find f, sin 6d@. Take h=10°= =. 


4. Air at a pressure of 40 pounds per square inch expands from a volume 
of 6 cubic feet to a volume of 20 cubic feet. The expansion follows the law 
pv =C. Find approximately by Simpson’s rule the work done during the 
expansion, Remember that the units must be consistent. 


5. Find by Simpson’s rule the volume of the frustum of a cone whose base 
radii are 7; and 72 and whose altitude is h. 


6. Show that the area under the curve y= kz? from x = 0 to = @ repre- 
sents the volume of a cone of altitude a. 


121. Mechanical integration. Instruments called mechanical 
integrators or planimeters have been devised, by means of which 
plane areas can be measured very accurately. A tracing point is 
made to follow the perimeter of the figure to be measured, and the 
area is given by the reading of a recording wheel. For a descrip- 
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tion of the planimeter and a discussion of its theory the student 
is referred to the standard works on engineering.* 


MISCELLANEOUS EXERCISES 


Integrate the following. 


3 FRA = 
1. (—*_. 2. (—_@___. 3. (2a 
a2(1 + 02)? V44382—222 ae 
a f dx 5 : Cita a) cosédé_ 
Vee V2e24+1 cos (8 + €) 


7. Integrate in three different ways eavh of the following. 


(a) f@ — a2)? dx ; (b) feve — x? da. 
8. Show that fran rae = tant) _ i) tan”—2 x dx. 
r= 


Sucexrstion. Use the substitution tan? « = sec? a — 1. 


9. Making use of the reduction formula of Ex. 8, find 
(a) i) tan’ x de ; (b) f tant @ da. 


Perform the following integrations. 


10. \ perme ter itil. fare cos. dz. 
c tang 
12. if a Se 13. fe cos? « de. 
(1 + a)? 


eV a2 — «2 


14. Integrate f 
az + we 


dx by the substitution 2? = a? cos 2 6, 


' 15. By the method of integration by parts deduce the following formulas. 


: sin®-la cos x Silex P 
(a) f sine a dy = — SSE | R= | sin"? x dz ; 
n n 


] n—1 aot 
(0) § cose ae = ee OO eee * cos? x dx. 
n 


n 


16. Using the formulas of Ex. 15 find the following integrals. 
(a) ij sin 9 dé ; (b) f cost 6 dé. 


* See, for example, Johnson’s Surreying or Carpenter’s Experimental 
Engineering ; also the descriptive pamphlets issued by firms manufacturing 
such instruments, 
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Tv 


F f 
2 ny 
17. Prove that sf sin” x dx = i cos” a dat 
0 


3-5. <= ID Swe ‘ 
eG ai, = 5: if n is an even integer, 
—2:+4-6-. ves 1) 

3. 7% (fac 


Evaluate the following definite integrals. 


3 if m is an odd integer. 


Tv 
a cus 
1s. ( osinacoseds. 19. if “gsin2@cosedé. 20 { ?sin 40 a9 
wT LJ . 
= 0 sing 


Integrate the following. 


da 
“id (ee eae 3a + be 
Sacmvee Seances ® Severin 


24. By means of the substitution z = tan 5 verify the following results : 


if dat ee areeah [vex ‘tan |®, (a> 0?) 
a+bcosz V/g2—e 9? ; 
1 FE Visti 
SS = N05 — SS SS a (a? < b*). 
b? — a? Vb +a—Vvb — atan > 


atan= +b 


dx 2 
= ee i ee 
(ae Shae | (a? > 82), 


Vb2 — @? eae 


25. Find the area of the ellipse 2 = a lap =i 


b2 
2 yd 
26. Find the area bounded by the curve (2) +(t) =1. 
a 
3 ° 
27. Find the area between the cissoid y? = and its asymptote 
a—x 


£=2 4. 

28. Find the area under the curve y = log from « = 1 tox = 10. 

29. Find the area of the loop of the curve my? =(« — a) (a — b)?. 

30. Find the length (a) of the curve y = et from x =0 tor=2; (6) of 
the curve y =logx from x=1 to x =6; (c) of the curve 9y? = a(x — 3)? 
from x= 0 to x =3. 

31. Find the length of the spiral p = a@ from the origin to the point,(wa, 7). 
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in? 
32. Find the length of an are of the cissoid p= 2q5r from 6= 0 to 
1 


6==7. 


4 ‘ 
33. Find the length of the curve p= asin? ? 


34. A circle of radius : rolls on a circle of radius a, and a point on the 


circumference of the rolling cirele traces an epicycloid whose polar equation 
is 4(p? — a?)8 = 27 ap? sin? @. Find the whole length of the curve thus traced. 


35. Find the volume generated by revolving the ellipse = = s+% ve = 1 about 
the X-axis. 
36. Find the volume generated by revolving one arch of the cycloid 


x=a(d—siné), y=a(1—cosé) 
about the axis OX. 


37. Find the volume generated if the cycloid is revolved about OY. 


38. Find the volume generated by revolving one arch of the curve y = cos £ 
about the axis OX. 


39. Find the volume generated by revolving the cardioid p = 2 a( 1— cos 6) 
about the axis OX. 

40. Two cylinders, with the same altitude h, have a common upper base 
of radius a, and the lower bases are tangent to each other. Find the volume 
common to the two cylinders. 


41. Find the surface generated by revolving the ellipse “ = a+% vf =1 about 
its major axis ; also about its minor axis. 


42. Find the surface generated by revolving the cardioid p = 2 a(1 — cos @) 
about the initial line. 


43. Find the mean length of the ordinates of a semicircle of radius a, if 
the ordinates are taken at equidistant intervals on the diameter. 


44. Find the mean distance of the points on the circumference of a circle 
of radius a from a fixed point on the circumference. 


45. Zeuner’s equation for superheated steam is py = BT + Op". Foran 
isothermal expansion the temperature T is constant. Derive an expression 
for the work done during an isothermal expansion from 2 to ¥». 


Suecxstion. Use the equation 


work = fr dw =po—fvdp. 


46. The acceleration of a particle that moves under the influence of an 


attractive force that varies inversely as the square of the distance is a = — “ 

s 
Derive a relation between v and s, also between t and s, taking so as the 
initial distance of the particle from the center of attraction. 


‘ 


CHAPTER XIII 
FUNCTIONS OF TWO OR MORE VARIABLES 


122. Definition of a function of several variables. Heretofore 
we have discussed functions of a single independent variable. 
A function, however, may depend upon two or more variables 
having no mutual relation, that is, independent of one another. 
Thus the volume of a gas depends upon the temperature and also 
upon the pressure to which it is subjected, and the pressure and 
temperature may vary independently. In general, we may say: 

z is a function of the independent variables x, y, ++» when for each 
set of values of these variables there is determined a definite value or 
values of 2. 

A function of two variables 


z=f(@, y) 

is represented geometrically by a surface, and to each pair of 
values of (a, y) there corresponds a point on this surface. The 
motion of a point on this surface depends upon the manner in 
which # and y vary. One of these variables may remain constant 
while the other is allowed to vary, or the two variables may 
change simultaneously. In the first case, the extremity of the 
ordinate describes a plane curve lying in a plane parallel to the 
YZ- or XZplane; and in the second case the extremity of the 
‘ordinate may describe a space curve. 

. When one of the variables remains constant, say y= %, we “say 
that the function f(a, y) is continuous in x at the point (a, yo) if 


L SF (2, Yo) =F (Xo Yo)- (1) 
t= Xo 


Likewise if we have 


L f Y) =f (% Yo) (2) 


yY¥=Yo 


we say that f(a, y) is continuous in y at the ‘point (2, Yo). In order 
231 
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that the function be continuous in both variables together at the 
point in question we must have 


i SF (&, YY=F (®y Yo): (3) 
y = Yo 


As will be seen from these limits, the continuity in (a, y) together 
involves of necessity continuity in a and in y. In general, when- 
ever we speak of the continuity of a function of two variables, the 
continuity with respect to both variables taken together is to be 
understood unless otherwise stated. 


128. Partial derivatives. In the preceding article it was pointed 
out that a function of two variables may vary either by permitting 
one of the variables to remain constant. while the other changes, 
or by allowing both to vary simultaneously. The increment of 
the function f(a, y) due to a change in @ alone is 


: S(a+Aaz, y)— Ff @ y)- 
Let us consider the ratio of this increment to the increment of 


the variable x The limit of this ratio as Avx=0, viz.: 


1 fetan N-s@y 
Ax = 0 Ax : 


is called the partial derivative of f(a, y) with respect to x Simi- 


larly, the limit f(a, y+ Ay) — F(a, 9) 
Ay = 0 Ay 

is called the partial derivative of f(a, y) with respect to y. These 
derivatives are called partial derivatives because they measure 
only partially the variation of the function as compared with that 
of the variables. To distinguish these from the derivatives which. 
have been thus far considered, we shall call the latter total deriva- 
tives. In a subsequent article we shall discuss methods of deter- 
mining total derivatives of functions of several variables. 

To distinguish symbolically the two classes of derivatives, we 
denote the partial derivatives by using the round 0 instead of d. 
Thus the partial derivatives of z= f(a, y) with respect to # and y 
are written Pe one . 


Oa’ ay’ 
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respectively. They are frequently represented also by the equiva- 
lent symbols 
Fe! (@ WY) Sy (® Y)- 


Partial derivatives usually involve both 2 and y, and may like- 
wise have partial derivatives with respect to either variable. 
Thus we may have 


0 (d2\ 0 /dz\ 0 /dz\ OA /d2z\ 
dx\ da)’ dy\dy/’ dx\dy)’ dy\ da 


These higher partial derivatives are represented symbolically by 


Oe OF 0? Oz 
a?’ dy?’ da dy’ dy dx’- 


Sa! (2, Y), Jy (& Y)s Fey" (2, Y); egal os Y)s 


or by 
respectively. 


We may extend these considerations to partial derivatives of 
still higher order and to functions of more than two variables. 
The notation employed for the partial derivatives of higher order 
indicates the number of differentiations and the order in which 


3 
they are made. Thus, = , indicates three differentiations, the 
voy 


au 
dz Oa? dy? 
indicates five differentiations, the first and second with respect 
to y, the third and fourth with respect to x, and the fifth with 
respect to z. 

Since the function z=/(a, y) is represented by a surface, 
2= f(a, b) is the equation of a plane curve cut from this surface 


first two with respect to y, the third with respect to a; 


by the plane y=. For the derivative 2 we have the same 
a 


geometric interpretation in this plane as was given earlier for ae 
namely, the slope of the tangent to the curve in question. 

Let z= f(a, y) be the surface shown in Fig. 70. Consider any 
point on this surface, as P, at the intersection of the curves BPC 
and HPF, cut from the surface by the planes y= 6 and «=a, re- 
spectively. Then the slope of the curve BPC is given by the 
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partial derivative 2 , and that of the curve HPF by the partial 
ie 


Zz derivative ae That is, 
Oz Oz 
t: =—, tany=—- 


The values of tan @ and 
tan y for some definite point 
P on the surface are ob- 
tained by substituting in 


the expressions for we and 

az Ox 

ay 

sponding values of x and y. 

Thus if (a, 5) is the projec- 

tion of P on the X Y-plane, 
Fic. 70. we substitute a for # and 

b for y. 

The process of finding a partial derivative is in all respects the 
same as that employed in finding an ordinary derivative of a 
function of a single variable. The following examples illustrate 
this statement. 


, respectively, the corre- 


Ex.1. Find de and Oz when z = y” sin &. 


x y 
Treating y as a constant and differentiating with respect to x, we have 
dz = y? cos x. 
Ox 
Likewise, if we consider x constant and differentiate with respect to y, we get 
dz =2ysin x 
dy 
Ex. 2. Find successive partial derivatives of the function xe* log y. 
We have z= xe* log y. 
GF (1+ 2%) et logy; Oz _ ner 
Ox Oy y 
02z 02z rer 
> = (242) elogy; —=—-—. 
Oat ( ) sy dye YP 


Oz _(1+a)e, Oz _(1+a)er, 
Oy Ox y °  Oxdy y 
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Ex. 3. The surface z= = Bee ri is cut by planes x =4,y=8. Find the 


slopes of the curves cut from the surface by these planes at the point of 
intersection of the curves. 
We have here 
Oz_2 Oe _y. 
dx 4* dy 6 
At the specified point, therefore, 


tang =F =1; tany =] =1 
4 a4 


6ly=3 2 
: EXERCISES 
Find the partial derivatives G2 and a for the following functions. 
x y 
Se 2282 Se COS: 
3. 2= ye + xe. 4. z=x4 — ax2y + bry? + y'. 
eee Ye. 6. z=aresec ¥. 
ie 
7. z=ysine+asiny. 8. z=sin(x#+y). = 
Find — Ou du ou for the following functions of three variables. 
On ” Ay’ dz 
9. u=3 a2ye 2, 10. wu = e log yz. 
11. w=sinz cosy +siny cos z+ sin z cos «. 
3 
12. u =log 224. 13 eee 
LYz 


14. The volume of a cone may be expressed as a function of the altitude 
and of the radius of the base. Denoting the volume by V, the base radius by 
r, and the altitude by h, express V in terms of r and h, find the partial de- 
rivatives ov d sal #3 and give interpretations of these derivatives. 

dr’ Oh 

15. Express the area A of a triangle as a function of its base x and alti- 
tude y. Find the rate at which the area changes: (a) when the altitude re- 
mains unchanged and the base varies ; (b) when the base is constant and 
the altitude varies. 


16. Express the area A of a triangle in terms of two sides m and n and 
the included angle @. Find the rate of change of A: (a) when @ changes, 
m and n remaining the same; (b) when m changes, @ and n remaining the 
same. 
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17. Interpret geometrically the equations 


Ox Oy 


Gu Ou Ou ang 2 for the following functions. 


Ox2’? Ox dy’ dy dx Oy? 


Form 


18. u=2 log y. AY, SS OYE 20. u= 2% + ary — 7. 
21. u= et. 22. uw=x7(1— 7%). 


2 : 
23. The formula H=ks?D? is used to determine the horse power re- 
quired to drive a steamship, where s denotes the speed and D the displacement. 


What is the interpretation of the derivative oH 2? of — OH, ? Derive expres- 
sions for these derivatives. ds dD 


124. Interchange of order of differentiation. Among the partial 
derivatives enumerated in Art. 123 were the second derivatives 

eee 
dx dy’ Oy Ox 
calculus to physical problems, it is a matter of indifference in 
what order the differentiation is performed; that is, in most 
cases these two partial derivatives give the same result. 


In most cases that arise in the applications of the 


Let us consider the limits involved. We have, by definition, 


of 7p fwtAx, y—f(% ¥) 


Ox Ag 0 At a? (@) 
af 7 fmyt a) fe”, r 
dy oe 0 ( ) 


Consequently, we have 


S(@+Ax,y+Ay)—f(@ytAy)  f(a+Aa,y)—f(a,y) 
af Ax Ax 


= I 
dy OX Ay=0Ax—0 Ay 
—~p 7 AetAnytAy)—f@y+Ay)—fet de, y)+f@y). 
~ Ay=0 An=0 UGS (3) 


and similarly, 


of 7 p SerAny+Ay—fay+ay —fwt+Aa, y)+f@,y), 
dx0Y Av 0 Ay=0 Ay Aw (4) 
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It appears that the only difference between the two derivatives 
is the order in which the increments Az and Ay are allowed to 
approach zero. It can be shown that this order is always a matter 
of indifference if /,', 7,,'' (or f,', f!') ave continuous functions of 
the two variables (a, y) taken together.* 


EXERCISES 
2 2 
In each of the following functions show that Ou _ Ou , 
Ox dy dy Ox 
Ll. w= xy? — 4 xy. 2. w=cos(*#+y). 3. ue sin y, 
cB See 5. u=log (2? + y?). 6. w=cos xy. 
3 3 
For each of the following functions show that Ou = OPu . 
Ox Oy? dy? Ox 
7, u=2G@—y). 8. u=xycos(*+y). 
9. u=ylogd + zy). 10. w=sin?« cos y: 


125. Total derivatives. Let z=/(a, y) be a continuous func- 
tion of the two independent variables, having continuous deriva- 
tives; and let both a and y be arbitrarily chosen continuous 
functions of a common variable ¢, having the continuous deriva- 
da ae. 
dt’ 


tives We shall attempt to find an expression for u in 


terms of “ 7 ond & a in other words, to express the rate of change 


of z in terms of the rates of change of # and y. 
For the increment of z, we have 


Az=f(a+ Ax, y+ Ay)—f@, 9), 
which may be written in the form 
Az=[f(a+Aa, y+Ay)—f(@ y+ Ay) J+LF@ y+Ay)—S@ y)]- A) 
By an application of the law of the mean, we have 
Sat Ax, y+ Ay) —F(@, y + Ay) =f. +6, Aw, y+ Ay) Aa, (2) 
F(a, y+ ANF; Y=) y +O Ay) Ay, (3) 


* See First Course, pp. 247 et seq. 
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where 6, and 6, lie between 0 and 1. Substituting these values 
in the second member of (1), we have, after dividing by Af, 


A ; A 
Fe = (e+ 0,80, yt Ay) +Ki@y+oanst- (4) 


In the limit, we have 


Az _ dz Ax dx Ay _ dy pe 
=, aa, Dp (5) 
At=oAt dt a~agzoAt dt ~vrzoAt dt 


Moreover, since Aw and Ay approach zero with Af, and f,'(a, ¥) 
and f,'(#, y) are continuous functions of both variables together, 


ee A - ee + 6, Ax; y+ Ay) = f,'(@, y), (6) 
t= 
L fi (@, yt & Ay=f,'(@, Y)- (7) 
At=0 
Writing =, ee for f,'(a, y), f,'(@, y), respectively, we have from (4) 
aw dy 


dz _ 0z dx dz dy, (a) 
dt dxdt dy dt 


This result may be expressed in words as follows: 


The total rate of change of a function of x and y is made up of 
two parts: one is the rate of change of x multiplied by the partial 
w-derivative of the function, the other the rate of change of y multi- 
plied by the partial y-derivative. 


The following examples will serve to illustrate this principle. 


Ix, 1. Suppose the characteristic equation of a gas to be pv = 54 T, and 
let the volume and temperature at a given instant be v1 = 15 and Jp = 640. 
- The corresponding pressure is 


_ 54 x 640 
Po ae Te 


In this state, suppose the temperature to be rising at the rate of 0.5 degree 
per minute and the volume: to be increasing at the rate of 0.2 cubic foot per 
minute. Required the rate at which the pressure is changing. 


= 2304. 


We have p = 54 us ; 
v 
whence Op _ 5A G emg renk 
OF © dx ve 
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Hence, in the given state, Op = 54 = 3.65 
OTtt=r, 15 
and al Bee OS 5k, 
Ovte—v, 152 
Also, taking the time ¢ as the auxiliary variable, 
aT do 


AOS ‘and —= 0.2. 
dt dt 


Then, 2 — 0p aT , Opde_ 36 0.5 153.6 x 0.2 =— 28.92, 
dt OT dt dOvdt 


That is, the pressure is decreasing at the rate of 28.92 lb. per square foot per 
minute. 


Ex. 2. The equation z = 2a? + 5 y? represents an elliptic paraboloid. At 
the point x =— 3, y = 1, we have 


a) —4 «|, = AS 


dz) _ 19 o> = 10. 
oy y=1 -ty=1 


Assume the rate of change . xz to be 3 units per second, and that of y to be 
2 units per second ; that is, — = 3 and tt = 2, Then the rate of change of 
zis i 

de _ —12 ae +10 a 16 units per second. 

dt dt dt 

Let us now suppese that the variables ~ and y are not inde- 

pendent, but that they are connected by some relation that may 
be expressed explicitly by the equation 


y=F (a), 
or implicitly by the relation 
$ (a, y) =9. 
This relation restricts the moving point (a, y) to a particular 
curve in the XY-plane and consequently the values of z to a 
particular curve in space, that is, to the intersection of the cylin- 
der (a, y)=0 and the surface z= f(a, y). Whenever such a 
relation as the above exists between # and y, we may choose # 
itself as the variable ¢, and formula (a) reduces to the following: 


dz _ dz , Oz dy. (0) 
dx dx oy dx 
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In this formula it is to be observed that 2 and m have very 
ae ; 


different meanings. In finding the partial derivative 2 it is 
assumed that a alone varies, that is, that y is constant. On the 


other hand, . expresses the variation of z due to a change 
x 


in both w and y; for this reason it is called a total derivative. 

Likewise in (a), “ 1s ss total derivative of z with respect to t. 

Moreover, the value of 2 a is definitely determined by the value 
wv 


of the codrdinates of the point in question; in other words, it is a 
function of the codrdinates only. This follows from the fact that 
the variation can take place in one direction only. Functions 
like this, which depend for their values solely upon the codrdinates 


of the point, are called point functions. The value ot | fo , depends, 


however, not only upon the codrdinates of the me but also 
upon the direction in which that point is approached. This 
derivative is therefore not a point function. 

Formulas (a) and (6) may be extended to functions of any 
number of variables. Thus, if 


U = f(a, Y, Z), 


du _dudx , dudy , du dz, 
od c 
dt Oa at dy at Be dt’ (°) 


and if further y = (a), z=y(), 


du _ du , dudy , dudz 
dx 0x dydx dz dx 


we have 


(qd) 


The proof is left as an exercise for the student. 

Formulas (0) and (d) are useful in the differentiation of 
somewhat complicated functions of a single variable. The fol- 
lowing example shows such an application. 


Ex. 3. Find “, where w = xeY #-# sin3 gy. 
a 
Let y = Va? — a? and z =sin?#; then u = xevz, 


and Maes = ey, — = xevz, du = 7e%. 
iy dz 
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Also dy = se dz = 8sin? xz cosa. 


da oS ar a 


Substituting these expressions for the derivatives in (d), we get 


du = eZ — ead SOE 3 wey sin? & cos & 
ae @ a 
= Vo—# sind x | 1 — 5 Sabet ee = + cot]. 
Va? — 22 
EXERCISES 


Find a in each of the following. 
ie 
1. w=2?+ y?, and y = eine, 
SZ — Are tan”, and y = e*. 


3. u=log(x+y), and y = Vx? + a. 
1 
Ath 6 = COSIZ, 


5. u—e“(y— 2), and y=asinx, 2= cosa. 


6. A triangle has a base of 10 units and an altitude of 6 units. The base 
is made to increase at the rate of 2 units, and the altitude to decrease at the 
rate of } unit. At what rate does the area change ? 

2 

7. A point lying on the ellipsoid ve ae fae + — =1 in the position x = 3, 
y =— 4, moves so that « increases at i rate a a units per second, while 
y decreases at the rate of three units per second. Find the rate of change 
of z. 


8. With the same data as in illustrative Ex. 1, suppose the pressure of 
the gas to be increasing at the rate of 40 pounds per square foot per second, 
while the temperature is falling at the rate of 1 degree per second. Find the 
rate of change of the volume. 


9. A gas has the equation pv = RT, and expands following the law 
po = C, where n and C are constants. Derive expressions for the total 
derivatives af and — gL 

dv dp 

10. Derive the same results by eliminating p and v successively between 

the characteristic equation of the gas and the equation of the expansion and 
differentiating the resulting expressions. 


under these conditions. 
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126. Total differentials. In formula (a), 2, “ , and ot are the 
quotients of two differentials; hence we may multiply through 
by the differential dt. The resulting formula 


dz Oz 
dz=—~ da << d é 
ea ete, (e) 
expresses the differential of z in terms of the differentials of # 
and y. This formula may be extended to any number of variables. 
Thus if U =f (a Wo, zy ***5 a 

Ou Ou Ou Ou 


du = — di — da,+—d + 
i de we Gua ade Roya e 


Ans 
n 
; 

“s 


The differential dz in the formula (e) is called the total differen- 

tial of z. The terms ae and w dy are called respectively the 
@ y 

partial a-differential and partial y-differential of z. These latter are 
frequently denoted by d,z and d,z, and (e) is then written in the 
WOE ' dz = dz,2 + dyz. (e’) 
Equation (e) therefore expresses symbolically the principle that 
the total differential of a function of several variables is equal to the 
sum of the partial differentials. 


Ex. 1. Let w=ety*sinzg. Then 
Ou 

Ox 

Therefore du = ety? sin z dx + 2 ety sin zdy + ety? cos z dz. 


= e*y? sin z, du = 2 ety sin 2, du = e*y? cos z. 
Oy 0z 


The differential dz of a function of two variables is susceptible 
of a geometrical representation similar to that for the differential 
of a function of a single variable (Art. 46). Let PRQS, Fig. 71, 
be an element of the surface z= f(a, y), and let a tangent plane 
PEGF be passed through the point P, whose codrdinates are 
(@, I, %)- The arbitrary increments of the independent variables 
x and y are Ax = dx and Ay = dy, respectively. From the figure 
we have evidently 

BD = AE =PAtan EPA=“ds, and DG = CP = Say, 
y 


‘ 
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Hence BG = BD + DG = Sav + “ay, 
4 i] 
thatis,s BG=dz. 


The increment of z corresponding to the increments Aa, Ay of 
« and y is Az = BQ; hence, the total differential dz is usually dif- 
ferent from the incre- ° 
ment Az. The two 
symbols dz and Az rep- 
resent the same value 
when the surface given 
by z=/(#, y) is a plane. 

It is worthy of notice 
that since dz as given by 
formula (e) is an ap- 
proximation to Az, we 
may use that formula 
to calculate approxi- 
mately the effect on a function z of small errors Ax and Ay in 
the observed or measured values of the variables w and y. 


De 


Fic. 71. 


Ex. Given z=?— «xy, find approximately the increment of z correspond- 
ing to the assumed increments Ax = 0.02, Ay = 0.01, when «= 8, y=5. 

From formula (e), dz =(2«—y) Ar—x Ay=0.22 — 0.08=0.14. The actual 
change Az is found to be 0.1402. 


EXERCISES 


Differentiate each of the following functions by means of formula (e) and 
verify the result by direct differentiation. 


Ll. g=ey7. 2. 2=y". 
. y2 
3. z2=sinZcosy. 4. z=—. 
yp 
Dee —0-er, 6. z=are tan”. 
y 
th we By? ae: y. 8. z=are cos” +are tan2. 
x y 
Differentiate each of the following functions. 
9. w= + y3—2 xyz. 10. w= 2. 
11. w=sin 2 cos y tan z. 2 ware tan “2. 


az 


ikey i= : 
a— ys 
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14. From the perfect gas equation pv = RT, find the change in p produced 
by simultaneous changes of v and T. 

15. The formula for the coefficient of diffusion of a gas isk = CpT”, where 
C is a constant, p the pressure, and F the absolute temperature. Find the 
change in the coefficient due to simultaneous changes in pressure and tem- 
perature. 

v4 

16. Taking the formula H=ks’D* for the horse power of a steamship, 
derive an approximate expression for the increase in horse power due to an 
increase As in the speed, and an increase AD in the displacement. 

17. If u=~2’y, find approximately the change in w when 2 changes from 
10 to 10.02 and y from 4 to 4.01. Calculate also the change in uw when Ax = 0.002 
and Ay=0.001. In each case compare these approximate changes in wu with 
the actual changes as derived from the original equation. Interpret the 
results in connection with Fig. 71. 

18. Let z=sinxcosy. If 7=22°, y=37°, find the change of z due to 
the changes Ax =10!, Ay =15!. By formula (e), calculate the approximate 
change and compare the result with the actual change. 

19. Let b and h be respectively the breadth and height of a rectangle and 
A the area; then A=bh. Interpret geometrically the approximate equation 

AA=hAb+DbAA, 
and show wherein the approximation lies. 

20. Find the relative error in the computed area of an ellipse due to errors 
in the measurement of its semi-axes @ and b. 

21. Given a triangle having sides a, b, c, and opposite angles A, B, and 
Cc. If aside cis determined by measuring two sides a and b and the.included 
angle C, show that the error Ac is given approximately by the equation 


Ac = Aacos B + Abcos A + aAQCsin B. 


127. Differentiation of implicit functions. Suppose that y is de- 
fined implicitly as a function of # by means of the relation f(a, y)=0. 
Since the function f(a, y) has by definition the constant value zero 
for all values of @ and y, the total differential must also be zero. 
Hence, we have of af 
Ox ane oy Z @) 
Transposing the first term to the second member of the equation 
and dividing both members by da, we have 


of 
dy d 
agen tes (S) 
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which may be used as a formula for writing out at once the de- 


ee BNF di : ane : : : é 
rivative “¥ of an implicit function. This method is easier to 


apply than the earlier one given in Art. 49, and should be used in 
practice. 


Ex. Given f(a, y) = 22y — 8 = 02 


Ofeee 0 
We have eae ae jy Bas 
of 
therefore, dy __ Ox Seay 
d of x? — 3 wy? 
oy 
EXERCISES 


For each of the following functions find the first derivative by the method 
of this article. 


1. y—3 ay + ey? =0. 2. «siny—ycosx=0. 

Sa ry — C. 4. (@?+y?)?+y@—2a)=0. 
5. at —3 ay? +273 =0. 6. e*siny = C. 

7. p(v—b)" =O, find a. 8. p?—p*cos6 = C, fina 2. 


9. 6242 + a2y? = a?b?. 


128. Exact and inexact differentials. In deriving formulas 
(a) and (e) for the total derivative and total differential, respec- 
- tively, we started with a given function z= f(a, y) of two inde- 
pendent variables 2 and y. In the application of calculus to 
problems in physics and mechanics, we frequently meet with 
expressions having forms precisely similar to (a) or (e) yet 
derived by a quite different process. To illustrate this statement 
let us consider a physical problem, that of heating agas. The state 
of a gas is defined by the absolute temperature 7 and the volume 
v, and a change in either 7 or v is accompanied by the absorption 
of heat. If now the volume v is kept constant, it is known from 
experiment that a change of temperature AT is accompanied by 
the absorption of heat A,Q=c,,AT, where c,, denotes the mean 
specific heat at constant volume for the interval AT. If we 
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assume that 7’ is a function of the time, say 7’=¢(¢), the time 
rate of absorption of heat is 
L ArQ _ V6, es G urge L — 
At=0 At atzo Al ato at+o Al 


that is, tr — ¢ of ~, eee 6h 
a 


where ¢ denotes the instantaneous specific heat at the beginning 
of the interval At. But the specific heat ¢ is the rate of absorption 
of heat with respect to the temperature when » is constant; that 


is, o= Se. (See Art. 19.) Hence we may write 


29) 09 aE (2) 
di.- OT . dé 
A similar course of reasoning leads to the result 
d,Q _ 9Q dv | (3) 
dt ov dt 


If T and v change simultaneously, the total rate of absorption of 
heat is theretore 
dQ _OQadT , dQ adv. (4) 
dt oT dt ov di 


Multiplying through by dt, we obtain 


ag= st av +2 av, (5) 


Finally, replacing a by ¢ and oa by J, the so-called latent heat of 
v 
expansion at constant temperature, we have 
dQ=cdT+ldv. (6) 


It will be noted that (4) and (5) are in form similar to equations 
(a) and (e) but that they are derived from observed relations 
between the increments AT, Av, A,Q, A,Q and the coefficients 1 
and c, and not by the differentiation of a previously existing 
functional relation between Q, 7, and v. 
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As a second example, consider the work W of moving a particle 

in a plane, say the X Y-plane. It is shown in mechanics that 
adW=Xdx+ Ydy, (7) 


where X and Y denote respectively the X- and Y- components of 
the force acting on the particle. Therefore (see Ex. 15, p. 67), 


ow ow 
Ripe and Y= d 
a ay? and (7) takes the form 
ow ow 
dW = a0 dx + ay dy. (8) 


Again (8) is not derived by differentiating a function W= f ue Y)3 
it is deduced from the laws of mechanics and the question of a 
functional relation between W and the codrdinates # and y does 
not enter into consideration in this deduction. 

When we have given an expression hike cd7’+ I dvor X da+ Ydy 
the question arises: Can this expression be produced by the differ- 
entiation of some function of the variables involved; for example, 
can we find any function as @= (7, v) that upon differentiation 
will produce (6) or any function as W=y(a, y) that will likewise 
produce (7)? To state the question more generally, if Mand N 
are any arbitrarily chosen functions of # and y, does a function 
of the independent variables (a, y) exist that will upon differen- 
tiation produce Mdvw+ Ndy? Slight consideration will show 
that such a function usually does not exist, and if it does exist, 
the coefficients Mand N must satisfy a certain condition. Let it 
be assumed that there is such a function, say z= (a, y). Then 
by differentiation we obtain 

dz v= ae — rs (9) 
If therefore the differentiation of = given function produces 
Mduz + Nady, we must have 
| SOS pee (10) 

0x oy 

that is, Mand N must be the partial derivatives of the function z 
with respect to a and y, respectively. From Art. 124, we have, 
with proper restrictions regarding continuity, 


ean Cameo dz\ _ 0 (dz\ 
Oydx dxdy dy\ dx) dx\dy 
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Hence, if M= aa and N= oe we have 
Ox oy 


amt San 
dy Oa 
as the necessary condition that Mdx+ N dy may be produced by 
the differentiation of a function ¢(2, y). It may also be shown 
that this condition is sufficient. * 
If the condition (11) is satisfied, MW da+ N dy is called an exact 
differential ; if the condition is not satisfied, Md«a-+ N dy is called 
an inexact differential. 


(11) 


Ex. 1. Given Mdx + N dy = : dx + log x dy. 


Here M=¥%, IN = loon, awa. oe The condition imposed by 
x Ge eee sian ae 


(11) is satisfied and the differential is exact. It is easily seen that the func- 
tion is y log x. 
Ex. 2. Given Mdx + Nady = «7y dx — 2 xy dz. 


In this case we have aes d (ay) = a? and —— ON _ $ (- 2ay)=— 
y 


The given differential is therefore inexact, and no function of x and y exists, 
the differentiation of which will produce this differential. 


The essential difference between exact and inexact differentials 
appears more clearly when integration is attempted. If the . 
differential Mdx+ Ndy is exact, it is then the total differen- 
tial of some function z= (a, y) of the independent variables x 
and y. We have therefore 


ii (M de + N dy) = f dz =4(a, y)+ C. (12) 


If we assign limits of integration, as (a, y;) and (a, y2), we have 


fi as Satie a Nady)= (ao Yo) — (a, 1). (13) 


Ty Vy 


The value of the integral therefore depends only upon the initial _ 
and final values of the variables. If we represent (a, 1) aNd (2%, Ys) 
by points in the X Y-plane, we say that the integral depends on 


*See First Course, Art. 160. 
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the end points only and not at all upon the path by which the 
variable point moves from one to the other. The integral is thus 
a point function of the codrdinates a, y. 


Ex. 3. Given the differential y dx + « dy. 
This differential satisfies the condition (11) and is therefore exact; and 
since by inspection y dx + « dy = d(ay), we have 


Ty Va Ta1 Vg ve 
{Gade tay) = ("day = yom 
aa < 


vy 

This integral is represented geometrically by the 
shaded area, Fig. 72, and is evidently independent yp 
of the path p between the point (a, yi) and 
(%2, Y2). 

The integration of an exact differential 
may be effected by the following rule, g 
which is sufficient for most cases that Fic. 72. 
arise in practice. 


Integrate M dx considering y as a constant, then integrate the terms 
in N dy that do not contain x, and tuke the sum of the two integrals. 


Ex. 4. Given dz =(3 2? + 2 y?)dx + (4 ay — 9 y?)dy. 
Since o (8 22 4 2 y?)= 203 (4ay —9y?)=4y, the differential is exact. 
Oy Ox 
Integrating M dx with y constant, we have 


Mae = fa 2 + 2 y?) dx = x3 4 2 ay?. 


The part of N that does not contain x is —9y?, and | —9y? dy =— 37. 
Therefore the integral is z = #3 + 2 xy? — 3 y3 + C. 


If Mdx + Nady is an inexact differential, no function ¢(a, y) can 
be found the differentiation of which will produce this differential. 
Consequently the integral { -”(Mdx + Ndy) cannot be expressed 


7 Vy 
as the difference $(2», y2)— (a, #1), and to arrive at any definite 
result we must assume a relation between x and y, as y= F(a). 
From this relation we can obtain an expression for the derivative 


aN, then by means of the identity, 
fe ; 


Max + Ndy = (4+ N ale 
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we can express the integrand in terms of # and integrate in the 
usual manner. The following example illustrates this process. 


1,2 
Ex. 5. Investigate the integral, i (y? dx — x dy). 
0, 0 
Since ou = ye a =-—1, the differential is inexact and some relation 
y it 
between y and a must be assumed. (1) Let the relation be y= 2a, which 
is the equation of a line passing through the given end points (0, 0) and (1, 2). 


From this relation we have wv =e 
fe 
whence Pde — andy =(~—a a) aie = (4 02 — 2%) da, 
ae 


1 
and the integral becomes ( (4“%—2%)dx=1. (2) Let the assumed rela- 
tion be y2 = 4%, which is also satisfied by the end points (0, 0) and (1, 2); 
then dx =1y dy, and the integral becomes {a y® —1 y”) dy=14. (8) If 
0 


the relation is y = 2 “2, we have dy = 4 dz, and the integral becomes 
1 
i) 4 (at — a?) dx =— +. 
0 


It appears therefore that the integral of an inexact differential: 
is not determined by the initial and final values of the variables, 
but requires in addition a relation between those variables, that 
is, a path between the end points. If dz = Mdx-+ Ndyis an inex- 
act differential, dz has therefore no definite significance as a total 
differential so long. as « and y remain independent, and assumes 
definiteness only when a relation between 2 and y is furnished. 
Furthermore, z is not a point function of @ and y. 

. Returning to the differentials d@ and d W, equations (6) and (7), it 
is known from physical considerations that d@ is inexact, therefore 
@ is not a point function of 7 and v, and a relation between 7’ 
and v must be established before the heat absorbed by the gas 
during a change of state can be determined. If the force acting 
on a moving particle is the force of gravity alone, or if it is a 
function of the distance of the particle from a fixed point, then 
it is found that the force components in (7) satisfy the relation 
- = oY - In this cased W= X da + Ydy is an exact differential 
and the work W depends only upon the end points (a, y,) and 
(2, y»). If frictional forces are taken into account, d Wis not exact 
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and W depends upon the path between the initial and final 
positions. 
EXERCISES 


Determine which of the following differentials are exact, and for such as 
are exact find the functions that produce them: 

1. etsiny dx + e* cosy dy. 2. vr dp + npr" dv. 

3. ayo dx + 5 xy dy. 4. 

5. (@?— y) de —-«x dy. 
6. (y? —2ay — y) dx — (x? —2 ay + x) dy. 
7. (a? — any + y*) dx +(y? + xy — ax?) dy. 
8. (sin y — ety) dx + (a cos y — e*) dy. 


Y da + « log x dy. 
x 


9. Showa geometrical interpretation of the differential y dx — x dy, and 
from purely geometrical considerations show that the integral (” "Cy daz—azdy) 
must depend upon the path. eed 

10. For a gas that follows the law pv = RT, we have 1 =p, whence 
dQ =cdT+ pdv. Show that while dQ is not an exact differential, ei is an 
exact differential. 

11. Find the value of the integral (be (y du —a«dy) for the following 
paths between (0, 0) and (2, 2): (a) A path made up of the straight line 
joining (0, 0) to (2, 0) and the straight line joining (2, 0) to (2,2). (b) A 
path made up of the Y-axis from (0, 0) to (0, 2) and the line joining (0, 2) to 
(2,2). (c) The curve y = 23 — 42. 

4,3 
12. Find the value of the integral i (2 xy dx+a2 dy). Show by choos- 
0, 0 
ing two or more paths that the integral is independent of the path. 


13. If Wdenote the work done by an expanding gas, show that dW = p dv, 
that dW is an inexact differential, and that consequently W depends upon the 
relations of p to v during the expansion. See Art. 113, 


MISCELLANEOUS EXERCISES 


q ou Ou , for each of the following. 


a dy? dz 
i OU ate 2. u = xe cos z. 
3. uw = (28 + y8 + 23)3, 4. u=arctan@ +, 
a2 


Find D,y for the following functions. 
2 
5. ay? — day! +3 y5 = 0. 6. =-e- =0 
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7. av+ by? +2hry+2en+2fy+g=0. 8. eee yg, 
Ve —y 


Find @ in the following cases. 
dx 
9. u= V2?+y", y =arctanZ,. 
10. u=«x%e* arc sin &. 
11. u=are tan ts Ui iC-@ a 2 COS 2s 


12. w=e“(_y—2), y=asing, z=cose. 


3 B fe 
oF ; a , and OP for each of the following. 
Ox Oy2 Ox? dy oy 


13. w=e—5 wy +3 yt. 14. u=e*cos y. 15. w=sin x? + cos xy. 


Form 


16. Show thatthe relation —— tale + ad de 0 holds for the following 
functions. Ox dy" 
(a) V=log (2? + y?); (b) V=arctan®. 
x 
Us 1b: v=, show that oY ere sal A 0. 
V 92 + y+ 22 Ox? Oy? 022 


18. The potential V at a point P, in astraight 
line due to the attraction of a mass at an external 
point O, is 


| hr ea 
> Voki VIVES 
x 


Se Boy tie Fina OY Ape pola 
IG. 73, Ox oy 


19. Find from van der Waals’ equation 


(p +5)@-0) = 


the partial derivatives Op and Op Give physical interpretations to these 

derivatives, oT dv 

b2 + c2— @? 
2 bc 

a, b, c denote the sides, and A the angle opposite side a. Find the rate of 

change of A with respect to side c, keeping sides @ and 6 constant. 


20. In an oblique triangle we have the relation cos A = , where 


21. At the point « =2, y=—83, on the ellipsoid n+ - + a= 1, find 
is and 92 Draw a figure and interpret the results geo- 
ne y : 


the values of 


metrically. 
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22. If zis a homogeneous function of x and y of degree n, prove Euler's 
theorem, Viz. : 


22 + ye = NZ 
23. Verify Euler’s theorem for the following functions : 
(a) z= (a2 + y) Vay. : (6) z= 2 — Say? + 2 y'. 
(c) g=arctan=. (d) 2 =are cos “+ are tan Z. 
y y x 


24. Ifiz=f(y + az), show that 
(a) dz dz (p) 92 O22 poe 


=a; : 
Ox oy Ox? oie 
25. From the transformation equations x = pcos 6, y = psin 6, derive the 
relation 
x dy —y dx = p? dé. 


26. A point moves on the surface z= «? + 2 y? in a vertical plane which 
includes the Z-axis and makes an angle of 30° with the YZ-plane. If the 
X-component of the point’s velocity is 5 units when z = 2, find the Y- and 
Z-components of the velocity. 


27. Derive an approximate value for the error in computing the volume 
V of a cylinder from the measured height h and base radius 7. Find also an 
expression for the relative error. 


28. Find a function x of # and y that satisfies the relation 


2 
(a) on O24 


et ae on: 


= x Cos y. 


29. Givenu=/(xz, y) and x =pcos 6, y¥=psiné; show that 
ot Ou _ , Ou. 


30. Integrate the following differentials. 
(a) 2ay du + (@?—y") dy; 


31. The heat content 7 and entropy s respectively, of Sake steam are 
obtained by integrating the following equations, in which 7 and p are the 
Sas variables. 


i= (a+ BT)AT + Amn(n + Vp (14 Sp) SP — AMEE C1 + apap, 


pe Amn (14ap)dp. 


ae +8) aT + Amn(n+1)p (1+ oD) se Tee et 


Find expressions for 7 and s. 


CHAPTER XIV 
MULTIPLE INTEGRALS. APPLICATIONS 


129. Multiple integrals. In previous chapters we considered 
successive differentiation and successive integration of functions 
of a single variable and the successive partial differentiation of 
functions of two or more variables. We now take up the problem 
of successive integration of functions of several variables, 

Suppose, for example, that we have given a function f(a, y, 2) 
of three independent variables. We may write 


f S(% 2) dz =F(a, y, 2); (1) 
fF@ Ys 2) dy — F(a, Y; 2), (2) 
SAG ye = Fx, y, 2), (3) 


where in (1) the integration is taken with respect to z, that is, as 
if y and w were constants. Likewise in (2) it is taken with 
respect to y, and in (3) with respect to a. Substituting in (3) the 
value of F(a, y, z) from (2), we have 


F(a, y, 2)= (f ; F(a, y, 2) ay | da, (4) 


and by the use of (1) this becomes 


Hew d=f1 {| [rene az |ay | as, 6) 


The expression (5) may be written more compactly as follows: 


F(a, y, 2)= f if) if F(a, y, 2) dz dy de. (6) 
254 
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a 


It is to be understood that the integral is to be taken first with 
respect to z, then y, and finally x.* 

An expression like the second member of (6), which indicates 
the result of several successive integrations, is called a multiple 
integral. If two integrations are involved, the integral is called a 
double integral; if three, a triple integral; etc. 

The evaluation of an indefinite multiple integral differs from 
that of an indefinite single integral in one essential feature; 
namely, the form of the constant of integration. An example 
will illustrate this point. 


Ex. Given f few dy dx; find a function uw of x and y such that 


Pu — erry?2, 
Oy 0x 
Integrating first with respect to y regarding x as a constant, we obtain 
= = sey? + constant of integration. 
a 


Since x was considered as constant during the integration, the constant of 
integration may depend upon z. ‘To make this more clear, we may observe 
that differentiating either fers +0, 


or dety3 + p(x), 


with respect to y gives the same result, e?y?. Hence, we assume the more 
general case and write aera / 
—=-ery? fe 
eee ¢(«), 
where (x) is an arbitrary function of « As a special case, ¢(%) may of 
course be a constant C. Integrating this result, keeping y constant, we obtain 


u = berrys + fo@ dx + Wy). 


Here again, since y was considered constant during the integration, the inte- 
gration constant must be taken as an arbitrary function of y. 


* Books on the calculus differ in the manner of indicating the order in 
which the integrals are to be taken. Some authors write the differential last 
which is to be taken in the first integration, etc., that is, the order of the 
differentials in equation (6) is exactly reversed. The above notation is 
adopted in this book because it shows best the manner in which the integra- 
tion has arisen. In other works, the context will usually indicate to the 
reader the notation employed. 
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By assigning limits of integration to each variable, we arrive at 
the notion of a definite multiple integral. Thus the integral 


1 b 
if if} ey” dy dx 
0 a 


indicates that ey? is to be integrated first between the limits a 
and 6 with respect to y, and the result thus found is to be inte- 
grated with respect to # between the limits 0 and 1. 

Since w is considered as constant in the integration with respect 
to y, the y-limits, a and b, may be functions of x Similarly in a 
definite triple integral, taken first with respect to z, then y, and 
finally x, the zlimits may be functions of both y and a, and the 
y-limits functions of 2. 


2a 
Ex. Evaluate if i) 
O ae 


The first integration with respect to 7 gives 


tol 


ie sin 6 dr dd. 


1c? 
= af if cos? 6 sin 6 dé d¢. 
edie at) 


Integrating with respect to 6, we obtain 


ik care 2 ci 
== d¢ = — a’. 
12 0 z 6 


It should be observed that the upper limit of the r-integral is a function of @ 


EXERCISES 


Evaluate the following integrals. 


1. f Seu ay ae. 2 § fersiny ay ax. 
58 4 a 
3) 02 2 sin @ 
3. it f iv adyz? dz dy dx. 4. { iL rar de. 


Tv 
(1—sin @ A 2a 
5. i) os 72 sin 6 dr dé. 6. f f p dp dé. 
¢ 0 0 a (1—cos 6) 


2 


2acos 6 
th i) f p® cos? 6 dp dé. 
0 


a (cz CV c2zr—y? : 
8. et f (22 + y?) da dy dz. 
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p 


are cos —— 
D) 


b hy es 2a D) 
9. { i, *V2 gy dy dx. 10. i) ij *p dO dp. 
0 1 0 C 


bs 2 WV ax 


abl, ih if a2y dy da. a2: if f a” dy dx. 

130. Plane areas by double integration, rectangular coordinates. 
We have seen (Art. 100) that the area bounded by a curve, the 
axis of x, and two or- 
dinates is given by an 
integral of the form 


f F(a) dex. 


When the area _ is 
bounded by two curves, 
as in Fig. 74, the area 
is given, not by a single 
integral, but by the 
difference of the two 


integrals 
7 f ” F(a) de, f ” F(a) de. 


The same result may be accomplished by successive integration. 
Consider the element of area Ay Ax. If we sum up these elements 
' with respect to y, we shall have the area of the strip PQ, and 
then by summing up the strips between the limits a and 6 we have 


b Q b @ 
>| z Bi aa na Ae 


Upon passing to the limits first as Ay=0 and then as Ax=0, we 


have the required area given by the double integral 
b (f(x) 
rAs i, (Ne dy dx, (1) 


which leads to the same expression for the given area as was 


obtained in Art. 100. 
We might equally well have summed up the elements of area 
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in the reverse order, namely, first with respect to # and then with 
respect to y. In this case, we should have obtained 


acu) 
cA dad 2 
) Hy) a ( ) 
where ¢(y) and y(y) are the inverse functions of F(x), f(@), 
respectively. 


Ex. 1, Find the area between the circle x? + y? = a? and the line x + y =a. 
See Fig 75. 

The coordinates of the points of intersection are (0, a) and (a, 0). The 
lower limit of the y-integral is the value of y found from the equation 
x+y=a, namely,.y=a—x; and the upper limit is the value of y deter- 

mined from the equation 2? + y? = a?, namely, 


y = Va2?— «x. Hence we have 


A= (ie a ay de 
uf ={, |V@=2#- Ga |a 


——_ 2 
=|§ Veae+ €are gin © get he 
a 


2 


Fia.. 75. =e 2 a2. 


In some cases the abscissas of the points of intersection of the 
two curves may not give the proper limits of integration; in such 
cases it is necessary to divide the area into 


two or more parts. e 


Ex. 2. Find the area bounded by the curves 
a2 + y? = 25, y2= 482, and y= ;77. See Fig. 76. 

The circle and the first parabola intersect at the 
point A whose codrdinates are (8, 4), and the 
second parabola intersects at the point CO, whose 
coérdinates are (4, 3). From O to A, the equation 
y? = 48 ~ gives the upper y-limit, but from A to OC, 
this limit is determined from the equation of the 
circle, «2+ y= 25, The equation y =.8, #? of the lower curve OC gives the 
lower y-limit throughout. Hence we have 


sav? ae 
A={ if 'ayan + ("f %— = dy dx = 7.55. 
0 ys 2 3 o/s 22 
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EXERCISES 
1. Find by double integration the area of a parallelogram with one side 
in the X-axis, 


2. Find by double integration the area of a right triangle with a short 
side in the X-axis. 


3. Find by double integration the area between the parabolas y2=8a - 
and 2? =8 y. 

4. Find the area between the circle x? + y2 =? and the line y= b, b<a. 

5. Find the area between the circle x2+y2=2aa and the parabola 
= Gx. 

6. Find the area between the curve y= «3 and the Y-axis from the origin 
to y= 8. 

7. Find the area bounded by the parabolas y2=1%, y2= 2a and the 
circle x2 + y= 25. Consider the first quadrant only. 

8. Find the area between the circle x? + y? = 25 and the line x+y=7. 

9. Find the area bounded by the curves #?+ y?=169, y2? = 1442, and 
5 a—12y=0, in first quadrant. 


10. Find the area of the ellipse © + v1. 
2 


131. Plane areas by double integration, polar coordinates. When 
it is desired to find the area of a surface bounded by two curves 
given in polar coérdinates, we may em- 
ploy the method of Art. 105, or we may 
find the desired area by double integra- 
tion. The latter method is introduced 
here as a simple exercise in the use of 
double integration. 

Let the polar element of area be ABCD, Fig. “7, bounded by the 
two radii OC, OD, and two circular arcs having their common 
center at O. Let the polar coordinates of B be (p, 6). ‘From ele- 
mentary geometry, we have 


Fia. 77. 


sector AOB= i p’Ad, (1) 
sector DOC =1(p + Ap)’ Ad. Qn 
Hence, AA= ABCD =}(p+ Ap)? Ad—3 p 46 


= (p +4 Ap) AG Ap. (3) 
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Using this polar element, we may find the area between two 
curves p= (6), p=f(9), Fig. 78, as follows: First keep A@ con- 
stant and sum the elements of area with respect to p. The result 

. of this summation is an 
area of the type PQSR, 
the expression for which is 


OP = 
Al» Tne Pat See 
Ap=0 o@ 


=ory if dp. (Art. 100) 
0g 


If now we sum with re- 
spect to 6, we get the sum 
of the wedge-like slices, and the limit of this sum is the required 
area. We have therefore 


() 


2 °OP 6, OP 
A= ad: { pdp=(-f pdp dé. 
Ag=0 ; 0g -/6, /0Q 


C) 


Replacing OQ and OP by F(@) and f(6) respectively, we obtain 
the formula 
aa af  pdpds. (4) 
0, “ F\6) 

The area included between the curve p= (6) and two radii, as 
OA and OB, is obtained from (4) by making F'(6) = 0. 

The required area may also be obtained as follows: Summing 
first with respect to 0, keeping Ap constant, we obtain a segment 
of a circular ring of the type HFGH. A second summation with 
respect to p gives the sum of such ring segments, the limit of 
which sum is the area A. The resulting formula is 


ve ef pas an (5) 
Py Y $(p) 

where $(p) and w(p) are the inverse functions of F'() and f(6), 

respectively. 


Ex. Find the area between the circle p=cos @ and one loop of the lem- 
niscate p2=cos26. Fig. 79. 

If formula (4) is used, the area must be taken in two parts. The upper 
limit for both integrations is determined from the equation of the circle 
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p=cos@. For values of @ between 0 and . the lower limit of the p-integra- 


tion is obtained from the equation of the lemniscate p2 = cos 2 90. Since, 
however, no part of this loop of the lemniscate lies to the left of the line OA, 


Fie. 79. 


the lower limit for the p-integration for values of @ greater than @ is 0. 
Hence we have = 


T 
4 6 2 6 as 
A—2f\ - p dp do + 24 ie pdp do =" a 
0 Vcos20 7 9 4 
4 


EXERCISES 


1. Find by double integration the area of the circle p = a. 

2. Find the area between the cardioid p= 2a(1—cos@) and the circle 
p =—acosé. 

3. Find the area between two circles tangent internally and having radii 
7, and rz respectively. Work also by single integration. 

4. Find the entire area of the cardioid p = 2 a(1 — cos 6). 

5. Find the area of one loop of the lemniscate p? = a? cos 2 0. 


6. Find the area between the circle p=cos 6 
and one loop of the lemniscate p? = cos 2 6 by 
the use of formula (5). 


7. Find the areas between the cardioid g 
p =2a(1 — cos 6) and the circle p=2a. (The 
“shaded areas OBAD and BDCB, Fig. 80.) 
Work also by single integration. 


_ 8. Work Ex. 3 by formula (5). 


132. Volumes by triple integration, rectangular coordinates. 
Consider the volume bounded by the codrdinate planes and 
any surface whose equation is z=f(«, y), where f(#, y) is a 
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continuous function. Through two neighboring points P and 
Q (Fig. 81) within the solid let planes be passed parallel to the 
three coérdinate planes. The six planes will inclose a rectan- 
gular parallelopiped PQ whose ‘volume is AzAy Aa; for if we 


Me 


Fig. 81. 


assume the coérdinates of P and Q to be respectively (2, y, 2) 
and (#+Aa, y+Ay, 2+Az), the edges of the parallelopiped are 
Ax, Ay, and Az, respectively. 

We first take the sum of these elementary parallelopipeds with 
edges lying along the line S'PS. With a, y, Ax, and Ay constant, 
the limit of this sum as Az is made to approach zero is the volume 
of the prism whose base is Aw Ay and whose altitude is S'S. Now 
with # and Aw constant, we take the sum of the prisms lying 
between the planes AMD and BNC. By an extension of the 
method of Art. 100, it follows that as Ay is made to approach 
zero, this sum approaches the volume of the cylindrical slice 
AB'C'DMN. Finally, we take the sum of the slices parallel to 
the YZ-plane. As Aw approaches zero, the volume of the cylin- 
drical slice approaches that of the actual slice ABCDMN. Hence, 
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the limit of the sum of these slices, as Aa approaches zero, gives 
the volume of the solid. We have, therefore, 


Volume of ees =AgAr L 3 Az= Ay Az | da. 
Az=0 


Volume of cylindrical slice = Ax LZ 3 Ay ( fi “az) 
Ay = 0 


= Ax “HRs dz dy. 


MD SS’ 
Volume of solid= JL 3 Az (JS, dy ae) 
Ax = 0 


°%OE MD SS’ 
oo J f dz dy da. (1) 
0 0 0 


Hence the volume is obtained by a triple integration, provided 
the limits of integration are properly chosen. 

The first summation, namely, that with respect to z, extends . 
from zero to SS', which is the value of the ordinate of a point on 
the surface. The upper limit is, therefore, a variable which is 
given by z=/(a, y), where a, y are the codrdinates of the point 
S'. The second summation is taken from zero to MD, and hence 
the limits are zero, and the value of y on the curve PDE, that is, 
the value of y determined from the equation f(a, y)=0, it being 
assumed that y is a single-valued function of « Let this 
value be y=¢(a). Finally, the integration which gives the sum 
of all the slices between O and Z has for its limits zero and the 
constant OH (=a, say). We may therefore write equation (1) 


in the form 
a py=b(«@) c2=f(e, y) 
v= fe §, {, dz dy da. (2) 


It will be observed that the limits for the second and third in- 
tegration are the same as those that would be used in finding the 
area OEF, i.e. the projection of the given solid on the X Y-plane, 


by means of the double integral df f dy da. This fact suggests a 
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method of finding the required volume by double integration, 
namely, by the integral 


a d(x) ; 
I J, a dy da, 
0 0 


when 2 is first expressed in terms of # and y. 

If the given solid is not bounded by the codrdinate planes, the 
lower limits will not be zero, as in (1) and (2); they can be readily 
determined, however, in the same manner as the upper limits. 


EXERCISES 
1. Determine the limits of integration for the triple integral § § Saez dy dx 
required in finding the volume of the pyramid bounded by the codrdinate 
planes and the plane ae + - =1. Draw the figure. 
2. The cone whose equation is y? + 22 = c?a? has the X-axis as its axis. 
Determine the limits of integration when the volume of the cone is found 


from the triple integral ff fa dy dx. Also when the volume is found from 


the triple integral (f i) f dx dy dz. Let h denote the altitude. 
3. Find the volumes in Exs. 1 and 2. 


4. Find by triple integration the volume of the ellipsoid 


A ey 
@ b2.@ 


5. Find the volume inclosed by the surface 
xy? + c2z2 = ay? 
and the planes y = 0 and y =. 


6. Show that the volume generated by revolving a plane figure about the 
X-axis may be found from the formula : 


d (F(a) 
V=2 Ney) dy dx. 
* ¢ Jia) eh ges 


Compare with results in Art. 106. 
7. Find the entire volume bounded by the surface whose equation is 


8. Find the volume of the wedge cut from the cylinder x?+ y2 = a? by 
the planes z = 0 and z = tan p. 


‘ 
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133. Volumes by triple integration, polar coérdinates. Let (a, 
¢ denote the coordinates of any point P within a solid, where, as 
usual, p is the distance OP (see Z 
Fig. 82), @is the angle ZOP which 
OP makes with the Z-axis, and ¢ is 
the angle XOP' which the projec- 
tion of OP on the X Y-plane makes 
with the X-axis. Through P sup- 
pose three surfaces passed: (1) the 
surface of a sphere with radius OP 
and O as a center; (2) a conical 
surface produced by revolving OP 
about OZ as an axis; (3) a plane 
surface passed through OP and OZ. 
Now let a second spherical surface 
be passed through P,, a second coni- 
cal surface through S by the rotation of OSS, about OZ, and a 
second plane surface through OZ and OQ. ‘The six surfaces 
inciose a solid element PQRSS,R,Q,P, having the two spherical 
surfaces PQRS and P,Q,R,S,, the two conical surfaces PP,Q,Q 
and SS,R,R, and the plane surfaces PP,S,S and QQ,R,R. By 
means of such sets of surfaces the entire solid may be divided 
into elements of this type. 

Let PP,=Ap, angle POS=Ad, angle P'OQ'= angle PHQ= A¢. 
Then the sides of the given element of volume are. PP! = Ap, 
PQ=PHAd=psin6Ad, and PS=pA6. Consequently, the 
volume of this element is p*sin6A6 Ad Ap, plus other terms 
which vanish when we pass to the limit.* Therefore, denoting 
the required volume by V, we may write, NaN ne 


Veal ee CL p’ sin 6 Ap Ad AO 
Jan SE ; 


Fic. 82. 


* The exact expression for the volume element is 


sin(o +) sin | Oe 3 
2sin @ Ap Ad Ag| —_* __? / (149% 495). 
f : sf sin 0 Ae | jo Bye 
2 
It will be seen that as A@ = 0 the factors in the first two parentheses approach 


1, and as Ap = 0, the last factor approaches 1. 
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whence V =f fe? sino dp ad as, (1) 


each integral being taken between the limits required by the con 
ditions of the problem under consideration. This summation of 
the elements of volume can be effected in any order so long as 
the given volume is continuous. The method of determining the 
limits of integration is illustrated by the following example: 


Ex. 1. Find the volume included by the surface p=a sin? @ cos ¢. 
This volume lies entirely to the right of a tangent plane through the origin 
perpendicular to the initial line. The limits for ¢ are, therefore, or and 


* and the entire volume will be included if @ be given the limits 0 and x 


(see Fig. 82). The limits of p are, of course, 0 and asin?@cos¢. Hence 
we have . 


i asin? @cosh 


w= ie if p? sin 6 dp do dé 


=o" i sin’ @ cos? ¢ dd dé = 


rE) 


128 a’ 
315° 


For a solid of revolution formula (1) may be simplified as fol- 
lows: Taking the Zaxis as the axis of revolution, the limits of 
the integration with pepee to @ are clearly 0 and 27; hence (1) 
becomes 


vies if if; 0? sin 0 dp dO. (2) 


The limits of integration for p and 6 are precisely those that 
would be employed in finding the area of the plane figure 
revolved. 


Ex. 2. Find the volume generated by revolving the cardioid 


p=2a(1— cs @) 
about the initial line. 


We have in this case 
mw (°2a(1—cos 6) f 
Vaan los p? sin 0 dp dé 


s 16 2a3 
3 


i" (1 — cos 6)’ sin 6 dé = “ ra. 
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EXERCISES 


1. Find by polar coérdinates the volume of a sphere (a) when the origin 
is taken at the center; () when the origin is taken at the end of a diameter, 


2. By passing to polar coérdinates find the entire volume of the solid in- 
cluded by the surface (x2 fy? + 22)2 = anye. 
3. In the same manner find the volume included by the surface 
(x? + y? + 2%)38 = 27 aSayz. 


4. Find the volume obtained by revolving the lemniscate p? = a? cos 2 6 
about the initial line. . 


5. Find the volume obtained by revolving the loop of the curve 


cos 2 6 
cos 6 


about the initial line. 


6. Find the volume obtained by revolving the curve p =2acoso+b 
about the initial line. First plot the curve and determine proper limits for 6. 


7. Show the different types of solid elements produced when the summa- 
tion is effected in the following orders : 
(a) with respect to p, then 9, then 9; 
(6) with respect to p, then ¢, then 0; 
(c) with respect to @, then ¢, then p. 


134. Additional examples. In the solution of problems that 
‘involve the summation principle there are three steps: (1) The 
choice of an element; (2) the determination of the limits of 
integration so that the whole of the region involved, and only 
that region, shall be included; (3) the integration. The beginner 
is likely to encounter more difficulty in the first two processes 
than in the third; in other words, the setting up of the integral 
with proper limits of integration is usually the difficult part of 
the problem. In attacking such a problem, therefore, attention 
should first be directed to the type of element. While in most 
cases the rectangular and polar elements heretofore used are 
most convenient, it is frequently possible to choose other types 
that lead more directly to the desired result. It is generally — 
preferable to take the element so that only a single integration 
is necessary; and frequently the polar element leads to a 
simpler integration than the rectangular element. Having 
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chosen the element, care must be taken to fix upon proper limits 
of integration. Sometimes it may be necessary to trace the curve 
representing the given function to determine these limits, but 
usually the limits are readily found from the conditions present. 

The following problems are chosen to illustrate more fully the 
process of setting up the integral. They should be carefully 
studied. 


2 i5i2 
Ex. 1. Find the volume bounded by the surface = + . =2z and the 


ai planezg=c. See Fig. 83. 

The most direct method of solu- 
tion is to take the rectangular vol- 
ume element Ax Ay Az, but this choice 
leads to inconvenient limits of in- 
tegration and a triple integral diffi- 
cult to evaluate. Slight consideration 
of the conditions shows us that the 
desired volume can be obtained by 
the summation of slices parallel to 
the XY-plane. (See Art. 107.) Such 
slices evidently have ellipses for their 
boundaries, and if we denote by a’, 
y' the semiaxes of the elliptical cross 
Y section at a distance z from the X Y- 

Fic. 83. plane, the volume of one of the slices 
is rx/y'Az. From the parabolic sections 


2 12 : 
—=2zand os = 2 z obtained by intersecting the surface with the XZ- and 
a 


YZ-planes respectively, we have «/y! = 2 2 Vab, whence the volume element 
is Av=2mVabzAz. The solid extends from the plane z = 0 to the plane 
z=, therefore the entire volume will be included if 0 and c¢ are taken as 


the limits of integration. Hence we have the integral ° 2 xVabz dz, 
and performing the integration, we get V = mc? V ab. 


Ex. 2. A plane, whose intercepts on the X-, Y-, and Z-axes are respec- 
tively a, b, and ¢, cuts a circular cylinder of radius r standing on the XY- 
plane with its axis coincident with the Z-axis. Required the volume of the 
quarter cylinder, Fig. 84, intercepted between the given plane and the XY- 
plane. 

In this problem, again, the usual volume element Az Ay Az may be chosen. 
The conditions are such, however, that another type of element is better. 
To form this element, let radii OZ and OF be drawn in the base of the 
cylinder and let 6 denote the angle AOF. Between these radii we take a 


‘ 
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polar element of area p A@ Ap and upon this as a base erect a prism meeting 
the oblique plane at Q. The altitude of the prism is the distance PQ between 


the X Y-plane and the oblique plane, whose equation is iz + + ent ; hence, 
a CR ee ie 


if x, yare the codrdinates of P, then PQ=z=c (1 —=— a and the volume 


a 


Y Fic. 84. 


element is zp A@ Ap = (1 _ = _ 4 pA@ Ap. Consider now the limits of inte- 


gration. If we keep 6 constant and vary p from p=0 to p=7, we get the 
yolume of the wedge OCMN FE; then by taking the sum of such wedges 


between the XZ-plane (6 = 0) to the YZ-plane (4 = a , we get the required 


volume. Replacing x and y by pcosé@ and psin @, respectively, we have the 
volume given by the double integral 


T 
2 ¢r 
p Pas 
cf) (, (1— coso—8 sina) pdp a, 


Performing the integration, we have 


Parelge sa ta) 
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Ex. 3. Required the volume of a hollow pipe bent as shown in Fig. 85, 
the axis of the pipe being a circular arc of radius @ subtending an angle p. 
Take r; and re respectively 
as the inner and outer radii 
of the cross section. 

In the cross section of the 
pipe we choose an, element 
of area pA@Ap, where p is 
the distance of the element 
from the center O of the 
cross section. Evidently 
the distance of this element 
from an axis through 0! is 
R—psin 6. Wemay there- 
fore take as the volume 
element a rod of cross sec- 
tion p A@Ap bent into an 
are of radius R — psin @ and 
subtending an angle 8. The 
length being B(R —psiné@), 
the volume is 

B(R — psin @)p A@ Ap. 

Fig. 85. The limits for p are ob- 
viously 7; and 72; and one 
half of the required volume, that on one side of the plane MN, will be 


‘obtained by taking — pand 5 as the limits for ¢. Hence we have 


pane 
V=2f J, BCR — psin 8) pda dp = BR (12 — 112). 
=i} rT) 


A still easier solution is given by the theorem of Pappus (Art. 187). 


EXERCISES 


1. In illustrative example 2, let the quarter cylinder be intersected by a 
sphere of radius c with its center at the 
origin. Using the same type of volume 4. 
element, determine the limits of inte- 
gration and find the volume of the part 
of the quarter cylinder intercepted be- 
tween the sphere and the X Y-plane. 


2. A conoid is generated by a line 
kept parallel to a given plane and moved Mu 
so as to keep in contact with an ellipse 
and with a straight line AB, Fig. 86, 


. 
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parallel to the plane of the ellipse. The semiaxes of the ellipse are a and b, 
and c is the distance of the line from the plane of the ellipse. Find the 
volume of the conoid (a) by taking elements parallel to the base; (b) by 
taking elements perpendicular to the line AB. 


3. Find the volume OABCD, Z 
Fig. 87, formed by the three coérdi- 
nate planes and the warped sufface 
generated by the line HF, which re- 
maining parallel to the 5 Y-plane 
slides on the lines AD and BC. 

itOC =a, OD=6, and OA=c, 
and Az Ay Az is taken as the element, 
show that the limits of integration 


for z are 0 and e(1 arent and 
b(a — x) 


those for y are 0 and 5a —x). Also 
a 


choose an element such that a Ane’ Fic. 87. 
integration is sufficient. 


4. Show four different elements of area that may be employed in finding 
the area of an ellipse. Write the integrals and determine the proper limits 
of integration in each case. 


5. Show that the volume of a solid of revolution may be found by means 
of the double integral anf (y dydx. What type of solid element leads to 


this integral ? Determine the proper limits of integration. 
6. Find the volume of the part cut from a sphere of radius a by a cylinder 


of radius Ba one element of which contains the center of the sphere. 


7. A right cylinder whose intersection by the X Y-plane gives loop of the 
lemniscate p? = a?cos 26 is cut by a plane that intersects the X Y-plane in the 
Y-axis and makes an angle of 45° with the X¥-plane. Find the volume of 
the solid bounded by the cylindrical surface, the X Y-plane, and the oblique 
plane. 


135. Mass. Mean density, If m denote the mass and V the 
volume of a body, the ratio 77 is called the mean density of the 
body. If we take a volume element AV, inclosing a point P, 


tind denote the mass of the element by Am, the ratio me is the 


mean density of the element; and the limit of this ratio as AV 
approaches zero (still including the point P) is the density at the 
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point P. If the density is the same at all points within a body, 
the body is said to be homogeneous; otherwise, it is said to be 
non-homogeneous. 

Let the mass of a non-homogeneous body be divided into ele- 
ments Am, Ams, ---, Am,, whose volumes are respectively AV, 
AVy, «, AV, -Denoting by yy, yo -*+) Yn the mean densities of 
these elements, we have ‘ 


Am =yAVi, Am,=y2,AVo2, +--+, Am, = 7, AV, (1) 


The mass of the body is therefore 


S DN 
1 


and the mean density of the body, which we shall denote by y, is 


given by the equation 
ydV 
y=4= Sxav : (3) 


If the mass is distributed continuously over a surface, we may 
replace the element of volume AV by an element of area AA; and 
if. the mass is distributed along a curve, as, for example, along a 
thin wire, we replace AV by As, the element of length. 

The element of volume AV should be so chosen as to lead to the 
simplest integrations. Usually triple integration will be neces- 
sary, but in some cases the element may be taken in such a way 
.. that a double or even single integration is sufficient. 


ie Snans fray, (2) 


p= IL 
= 17 = 60" at 


nr (o-2) 


Ex. 1. Find the mean density of a sphere in which the density varies as 
the square of the distance from the center. 

Since the distance p of the volume element from the center determines the 
density, it is evident that a polar element should be chosen. From the given 
law we may take the density at a distance p from the center as kp?, k being a 
constant ; and for the volume element AV we take p2sin @Ap A¢ A@. From 
(8) we have therefore 


w (20 (a 
is ndcet 
mer AE {i sin 0 dp de d0 
aoe tre 


She 
= 2ka?. 


The result may also be obtained by a single integration. Since the density 
is constant for all points at a distance p from the center, we may choose 


. 


Art, 136] FIRST MOMENTS. CENTROIDS 273 


for the volume element a spherical shell of thickness Ap. We thus obtain 
AV = 4 rp? Ap, whence 


The mean density is therefore 2 of the density at the surface. 


Ex. 2. Find the mass tn mean density of a thin plate in the form of a 


quadrant of the ellipse = — i+ += 1, assuming that the density varies as the 
product ay. : 

In this case we naturally choose the rectangular area element AA = Az Ay. 
The density may be noted by kay, k being a constant. Hence, we have 


V (1-2) 
nee 


fade dz =tkab? ; 


o 1 2 
and y= ots = Liab. 
4 7ab 2 1 
EXERCISES 


1. Find the mass and mean density of a semicircular plate of radius a,’ 
whose density varies as the distance from the bounding diameter. Take 
(a) the rectangular element of area, () the polar element. 

2. In Ex. 1 let the density vary as the distance from the center ; find the 
mass and mean density. Take the element of area so that only a single inte- 
gration is required. 

3. Find the mean density of a straight wire of length 7, the density of 
which varies as the distance from one end. 

4. Find the mass and mean density of a hemispherical solid, radius a, the 
density varying as the distance from the base. 

5. Find the mass and mean density of a thin plate in the form of a right 
triangle in which the density varies as the distance from one of the short 
sides. 

6. Given a right circular cone of height h, in which the density varies as 
the distance from a plane through the vertex perpendicular to the axis. Find 
the mean density. 


136. First moments. Centroids. Let a given geometrical mag- 
nitude, line, surface, or solid, be divided in any convenient way 
into elements — a line into elements of length, a surface into area 
elements, a solid into volume elements. Let each element (As, 
AA, or AV) be multiplied by the distance of some chosen point 
within the element from a reference line or plane. The limit:of 
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the sum of these products as the elements are taken smaller and 
smaller is called the first moment of the geometrical magnitude 
with respect to the given plane or line. We shall denote first 
moments by the symbol M with appropriate subscripts. 


Ww 


AS, 


O 
Fic. 88. Fie. 89. 


From the definition we have for the first moment M, of a plane 
curve with ee to the X- mae Fig. 88, 


S== ds ; 1 
ayes ts Sy © 


and for the first moment of a plane area with respect to the same 


is, Fig. 89 

eae WT AAS = fyda. (2) 
AA=0 

The first moment of a solid with respect to one of the coérdinate 

planes, say the X Y-plane (see Fig. 81), is given by the equation 


M,= L aay = 2dV. (3) 
AV 
For AA and AV proper area or volume elements are to be sub- 
stituted before integration is attempted. In some cases the ele- 
ments may be so chosen that a single integration is sufficient, but 
in general double or triple integration will be required. 

The first moment of the mass of a solid is derived from the 
corresponding moments of the geometrical magnitude by the 
introduction of a density factor. Thus, denoting the density by 
y, the first moment with reference to the XY-plane of a mass 
distributed throughout a given region is 


M,= {z4V, 


the limits of integration being taken so as to include the region 
in Sasa: 
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Let a given solid be referred to a system of rectangular codrdi: 
nates, and let M,,, M,., M,, denote the first moments with respect 
to the three coérdinate planes. It is possible to find a point @ 
whose codrdinates 2, y, Z, are given by the equations 


vdV 
pa Me s 
V V 
ydV 
V V 
zdV 
Peek 
V V 


The point G thus defined is called the centroid of the volume V. 

If we replace V and dV by A and dA, formulas (4) give the 
centroid of a plane surface. Likewise the centroid of a curve 
may be obtained by using s and ds, where s denotes the length of 
the curve. 

If in (4) we substitute the mass m of the solid for its volume 
V, the resulting values of 2, 7, z are the codrdinates of the cen- 
troid of the mass.* If the solid is homogeneous, the constant 
density factor y, which appears in each member of the equation 
in the first degree, may be dropped, and in this case the centroid 
of the mass and that of the volume coincide. If, however, the 
solid is not homogeneous, y is variable, and we have 


whence ay 


The remarks of Art. 134 relative to the choice of the type of 
element and the determination of the limits of integration apply 
with equal force here. Very often the problem can be simplified 
by care in selecting the element. 


* The centroid of a mass is often called the center of gravity of the mass, 
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137. General theorems relating to centroids. The following 
general theorems are useful in the determination of centroids. 


TueorEeM I. The first moment of a volume (or mass) with respect 
to a plane or axis containing the centroid is zero. 

If the centroidal plane (i.e. plane containing the centroid) is a 
coérdinate plane, the theorem follows at once, from (4) or (5). 
Thus, if the centroid les in the YZ-plane, # = 0, whence Ms AO 
It can be readily shown that the theorem holds for any centroidal 
plane; therefore it holds for the intersection of two such planes, 
that is, a centroidal axis. 


TurorEM II. A plane of symmetry of a solid or of a-homogene- 
ous mass is a centroidal plane. Likewise an axis of symmetry of a 
plane figure is a centroidal axis. 


‘Take the plane of symmetry as a codrdinate plane, say the 
XY-plane. To an element AV above the plane there corresponds 
an equal element at the same distance below the plane. The 
moment of the first element with respect to the plane is z,AV, 
that of the second element is — z, AV, whence the moment of the 
pair of elements is zero. Since all the elements of the solid can 
be thus arranged in pairs, the first moment of the solid with re- 
spect to the plane is zero, 


Turorrm III. If Vi, V2, «++, V, are n volumes, and if %, Bo, Bs, 
+++, @, are the codrdinates of their centroids, then the a-codrdinate of 
the centroid of the system of volumes is 
Vit + Villa + ose + Vin (1) 

Vie Vee, 

A similar theorem holds for n masses, m, ms, +++, M,, or for 
plane areas in the same plane. The numerator of the second 
member of (1) is the moment ©,, of the system with respect to 
the YZplane, and the denominator is the total volume; hence 
the theorem follows from (4), Art. 136. | 


i 


THEoREM IV. (Theorems of Pappus and Guldin.) 
(a) If a plane curve is revolved about an axis in its plane, the 
area of the surface generated is equal to the product of the length of 


the curve and the circumference of the circle described by the centroid 
of the curve. 


’ 
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(0) Ifa plane figure is revolved about an axis in its plane, the 
volume of the solid of revolution generated is equal to the product of 
the area of the figure and the circumference of the circle (or the length 
of the circular arc) described by the centroid of the area. 


From (4), Art. 136, we have for a plane curve 


where s denotes the length of the curve. The surface generated 


by the revolution of the curve about the X-axis is S=2 7 J yds. 


(See Art. 110). Hence equating the two expressions for fy ds, we 
obtain 


S =? TYS. (2) 


Evidently the theorem holds equally well for an incomplete revo- 
lution. 

To prove the second theorem, let the axis of revolution be taken 
as the axis of 2, as before; then denoting by AA an element of 
the plane area, we have for the volume generated by a complete 
revolution of the area, 


Ve D> 2yAA=2r ydA. 
AA=0 


But i ydA= AY; 
hence, V=2 yA. (3) 


Ex. 1. Find the codrdinates of the centroid 
of a circular are of radius @ which subtends an 
angle 2 6 at the center, Fig. 90. 

Take the line of symmetry as the X-axis ; we xe —_| 
then 7 =0, and the centroid lies in this line. 9 =] x 
Polar codrdinates lead to the simplest integral ; =e) 
hence taking x = acos 0, As=a A, we get, 


B 
_ \ a cos 6 dé pee ; 
ee | —2@sin§_ asin p Fic. 90. 


s 2aB 2ap B 


bo 


a 


ae ap a 
For a semicircumference B = a? whence # = — 
Tv 
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Ex. 2. Find the codrdinates of the centroid of the plate described in illus- 
trative example 2, Art. 135, 


ye dA 
From the defining equation, «= ifs! we have, upon substituting 
kay for y and dy dx for dA, f 7 dA 


Oars 


Salk fi, ka?y dy dx 


Weer 
4 i kay dy dx 


Similarly, is 


= {5 4. 


Ex. 3. Find the centroid of a semicircle of radius a. 

Taking the X-axis as the axis of symmetry, the length of the path de- 
scribed by the centroid as the semicircle is revolved about the Y-axis is 
2mz. The semicircle by its revolution describes a sphere whose volume 
is $a’; hence by the second theorem of Pappus, 


or c= —. 


Ex. 4. Find the centroid of a wedge-shaped solid, Fig. 91, cut from the 
cylinder «? + y? = a? by the planes 
Zi 0 ae % 1, 
bo a 
The volume of the solid is 
t1ra?-2b=7ad. 

The first moment with respect to 
the XY-plane is given by the in- 
tegral ( ‘i fe dzdydzx. The limits 


of integration, as determined by 
an inspection of the solid, are as 


follows: For z, 0 and b(t satk 
a 


Fig. 91. 


for y, —Va?— a? and Va? — a2; for x,—aanda. Hence, we have 


V Ge (1-2) 
My = Af BAe ae 2 dz dy dx 


=m (" (aaa: Va 2 42 dx = 3 ra*b. 
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For the moment with respect to the YZ-plane, we have 


Since the XZ-plane is a plane of symmetry, y¥=0. The codrdinates of the 
centroid are therefore 


— 3 = = 5 272 
Bee Oe eg 0 gira? _ 40. 
Tab 


EXERCISES 


Find (@) the coordinates of the centroids of the following plane curves ; 
(6) the coordinates of the centroid of the area between each of the curves 
and the X-axis. 


1. A semicircumference. 


2. An arc of the parabola y?=4 ax from x=0tox=a. 


3. Anarc of the catenary y = ; (e He 2) from += 0 tox =a. 


4. One arch of the cycloid = a9 — asin 0, y= a— acos@. 


and its 


5. Find the centroid of the area between the cissoid y? = 
asymptote x = a. 


6. Find the centroid of a segment of the parabola y? = 4 ax cut off by the 
double ordinate corresponding to « =a, assuming that the density at any 
point is proportional to the distance from the Y-axis. 


7. Find the centroid of a semicircle of radius a, assuming the density 
proportional to the distance from the bounding diameter. 


8. Find the centroid of a segment of a homogeneous paraboloid of revo- 
lution between the origin and x = a. 
9. Find the centroid of a hemisphere whose density varies as the dis- 
tance from the base. 
10. Find the codrdinates of the centroid of one loop of the curve 
p=asin 26. 
11. Find the codrdinates of the centroid of the mass of one eighth of a 


sphere included between the codrdinate planes, assuming that the density 
varies as the distance from the origin. 
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12. From Theorem III, Art. 137, show that if points P and @ are the 
centroids of two volumes V; and V2 (or areas A; and Ag, or masses m, and 
mz), the centroid of the whole system, Vi + V2 lies on the line joining P and 
@ and divides it into segments inversely proportional to Vy and Vp. 


13. A solid is composed of a right circular cylinder and a right cone. 
See Fig. 92. Find the centroid of the solid. 


14. Three masses, m; = 3, m2—=4, and m3 = 5, 
have their centroids located at the three vertices 
of an equilateral triangle the side of which has 
the length a@ By means of Theorem III, find 
the position of the centroid of the system. 


9 ae — 8 
Fic. 92. 


15. Using the Theorem of Pappus, find the 
centroid of the semicircumference of a circle of radius a. 


16. Using the Theorem of Pappus, find the volume of the pipe described 
in the illustrative example 3, Art. 134. 


17. Work the illustrative example 4 of this article by taking p A@ Ap Az as 
the element of volume. 


138. Second moment. Radius of gyration. Let each of the 
elements into which a volume (or area, length, or mass) is divided 
be multiplied by the square of the distance of some chosen point 
in the element from a reference line or plane. The limit of the 
sum of these products as the elements are taken smaller is called 
the second moment * of the magnitude in question with respect to 
the line or plane of reference. 

Formulas for second moments may therefore be derived from 
those for first moments by squaring the distance factor. Denot- 
ing the second moment by the general symbol J, we have the fol- 
lowing formulas corresponding to (1), (2), and (8) of Art. 136. 


For a plane curve, ft i y’ ds. (1) 
For a plane area, a =fy dA, (2) 
For a volume, iBS Se av. (3) 


~* The second moment of a mass is sometimes called the moment of inertia 
of the mass. ‘en 


Arr. 138] SECOND MOMENT 281 


From its definition, the second moment of a volume must have 
for its physical dimensions 


volume x (length)’; 


hence, the second moment of a volume V can be expressed in the 


form 
I=Vk, (4) 


in which & is a length. Similarly the second moment of an area 
A may be expressed in the form 


ie — Ak’, (5) 


and likewise for any magnitude whose second moment is taken. 
The length & as defined by (4) or (5) is called the radius of gyra- 
tion of the given magnitude with respect to the reference plane 
or axis. 


Ex. 1. Find the second moment and the radius of gyration of the area of 
a semicircle of radius @ with respect to the bounding diameter. 

Taking the origin at the center, and the bounding diameter as the axis of 
x, we haye, by transforming to polar codrdinates, y = psin 0, AA =p Aé Ap. 


Therefore, i vale p* sin? 6. pd0dp=i rat, 
1 rat 
and eats 3 _b, 
A tra 4 
whence k=ta. 


Ex. 2. Find the second moment of a straight rod or wire of length 7 about 
one end, assuming that the density varies as the distance from that end. 

Consider the rod as lying in the X-axis with the end about which the mo- 
ment is taken at the origin. At a distance x from the origin the density is 
kx and the mass of an element of length Av is kx Ax. The second moment 
of this mass element about the origin is «? . kx Ax ; hence the second moment 
of the rod is 


eaer, a Tew Aer = (kad de =} Ri. 
Aw=:0 0 


The mass of the rod is m= (ke di = 4 kr. 


Therefore e=-—= 5 2, 
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EXERCISES 
Find the second moment and the square of the radius of gyration in the 

following cases. = 

1. A rectangle of width } and length A about an axis coinciding with the 
short side 0. 

2. The same rectangle about an axis through the center parallel to the 
side b. 

3. A circle of radius a about an axis through the center perpendicular to 
the plane of the circle. 


4. The same circle as in Ex. 3, with the density varying as the distance 
from the center. 


5. A triangular area of base 6 and height A about an axis through the 
vertex parallel to the base. 


6. A semicircumference of a circle of radius @ about the diameter. 


7. The area between the cycloid « = a(@ — sin 6), y = a(1 — cos @) and 
the X-axis about the X-axis. 


8. The cycloidal curve about the X-axis. 
9. A solid sphere of radius @ with respect to a diametral plane. 


10. The same sphere as in Ex. 9, assuming that the density varies as the 
distance from the diametral plane. 


139. General theorems relating to second moments. The follow- 
ing general theorems are useful in the determination of second 
moments and radii of gyration. 


TurorEM I. Jf a solid (or homogeneous mass) is divided by a 
plane of symmetry, the second moment of the entire solid (or mass) 
with respect to this plane is double that of the part on one side of the 
plane of symmetry. 


This theorem is easily established. For any element AV on 
one side of the plane at a distance y there is a corresponding equal 
element on the other side at a distance —y. The second moment 
of one element is y’ AV, that of both is yAV+(—y)?AV=277AV. 
Since all the elements of the solid can thus be arranged in pairs, 
the theorem follows at once. The theorem holds also for the 
second moment of a plane surface with respect to an axis of 
symmetry. 


‘ 
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TueorEeM II. The second moment of a solid (or mass) with 
respect to a line is the sum of the second moments with respect ta 
two planes which intersect at right angles in the line. 


Consider the given line as the X-axis, and take the XZ and 
XY-planes as the intersecting planes. A point Pin a chosen 
volume element has the codrdinates (a, y, z). Its distance from 
the X-axis is V7?+2’, and by the definition the second moment 
of the solid with respect to this axis is 


L=f{(y+zar. 


But ik ydV=I,, and (2dV=L,; 


hence, yh a dB =F Te (1) 


A similar theorem applies to plane areas. Referring to Fig. 
89, it is clear that the sum of J, and J, the second moments of 
the plane area with respect to the axes of x and y, respectively, is 
the second moment of the area with respect to an axis through 
the origin O perpendicular to the plane of the figure. 


TueoreM III. The second moment of a solid (or mass) with 
respect to an axis is equal to its second moment with respect to a 
parallel axis through the centroid 
plus the product of the volume (or 
mass) of the solid and the square of 
the distance between the axes. 

Let the given axis pierce the 
plane of the page at O, Fig. 93, 
and suppose O, to be the trace of 
the parallel axis through the cen- 
troid. Take the line OO, as the 
X-axis, and let a denote the distance OO, Referred to O, as an 
origin, the point P in a given volume element has the coordinates 
(w, y); referred to O as origin, the coordinates are (w+ a, ¥). 
The second moment of the solid with respect to the axis through 
O, is therefore 


Fic. 93. 
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while the second moment with respect to the axis through O is 
72 if [(@ +a)?+y] dV 
={@ty) dV+ a fav+2 afeaV 
=L+0V+2af dV. 


Now ( adV is the first moment of the solid about the axis through 


O,; hence, since this axis contains the centroid, | dV=0, 


and we have finally 
Pe ba: V2 (2) 


Dividing both members of (2) by V, we get 
P=k?+ a’. (3) 


The student may show that the theorem holds for parallel 
planes, one of which contains the centroid. 

Theorem III is specially useful in finding the second moments 
of volume, as illustrated by Ex. 2 given below. 


TueoreM IV. If hy, ky, +++, k, are the radii of gyration of n vol- 
umes (or areas, or masses) with respect to a line or plane, the radius 
of gyration k of the entire system with respect to the line or plane is 
given by 

ie Okey? + Volkg? + 22+ + Uk’ 
a ee ao 


This theorem is useful in finding the second moment of an area 
or volume which can be conveniently divided into parts. The 
proof is similar to that of Theorem III, Art. 137. 


Ex. 1. Find the radius of gyration of a circle of radius a about a tangent. 

From Theorem I, the radius of gyration about a diameter is the same as 
that for a semicircle ; hence from Ex, 1, Art. 138, we have k,2=1a?. Using 
Theorem III, we obtain therefore 


M=iLepat= a2. 


Ex. 2. Find the second moment of a right circular cone with respect to a 
line through the vertex perpendicular to the axis of the solid, Fig. 94. 
Take the axis of the cone as the Z-axis, and choose the vertex as the 


‘ 
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origin. Let h be the altitude and } the radius of the base. Consider a slice 
of the cone parallel to the XY Y-plane at a distance z from it. The radius of 
the slice is oe, its thickness is Az, and its 
’ 
second moment with respect to a diametral 
axis X’, parallel to OX, is approximately 
4 

: 7 ye z Az. 

4 ht 
According to Theorem III, the second mo- 
ment of this slice with respect to OX is 
therefore 


ea ee 
: = Ce eee zt Az ¥ Fia. 94 
h2 4 pe 4 . . . 


The second moment of the cone about OY is the limit of the sum of terms of 
this type ; that is, 


2 / be wig b2 wb2hs 
ia 1 ZG =|| 2 Soa) . 
oe ar )f : (at ) B 


The radius of gyration is given by the equation 


2 2 
ie 3h at 1) = 5,0? + 47%). 


EXERCISES 


In the following examples determine the radii of gyration. 


1. A square whose side is @: (a) about an axis through the center per- 
pendicular to its plane; (6) about a diagonal. 

Suecestion: Make use of Theorem II. 

2. An ellipse with semiaxes a and b: (a) about the major axis ; (b) about 
the minor axis; (c) for a tangent at the end of the minor axis; (d) fora 
centroidal axis perpendicular to the plane of the ellipse. 


3. A ring bounded by circles of radii a; and az, respectively, about a 
diameter. Use Theorem IV. 


4. A sphere of radius a, about a diameter. 


5. A right circular cone: (a) about a plane containing the axis; 
(b) about the axis. Take a as base radius and h as altitude. 


6. A right circular cylinder: (a) about its axis; (b) about a generating 
element ; (c) about a diameter of one base, 
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7. Show that the radius of gyration of a right circular cylinder about its 
axis is the same as that of the circu- 
lar cross section about the same axis. 
Deduce a similar principle for pris- 
matic solids in general. 


8. Find the position of the axis x, 


passing through the centroid. of the 
Yj cross section shown in Fig. 95. 


SELILIDELD ty CLiiZ4 eo 


Lidddidddddddd 


Fic. 95. 


9. Determine the radius of gyra- 
tion of the cross section, Fig. 95: 

(a) with respect to the axis OX ; 

(6) with respect to the axis x. 


140. Illustrative examples. The following illustrative prob- 
lems are introduced to give the student further practice in setting 
up the definite integrals involved in various summations. 


Ex. 1. Find the total pressure on a circular disk of radius « held in a 
vertical position below the surface of a liquid. 

According to the laws of hydrostatics, the intensity of liquid pressure is 
proportional to the distance 
below the liquid surface. Tak--° === 
ing the polar element of area 
pA@Ap, Fig. 96, the pressure 
on this element is ky p Aé@ Ap, 
where k.is a constant ; hence 
the total pressure is given by the 


double integral k i j y p 40 dp 


with appropriate limits of in- 
tegration. Evidently the limits 
for p are 0 and a, and the area 
of the semicircle on one side 
of the vertical diameter will 


Fig. 96. 


be included if = and = are 


taken as the limits for 6. It should be noted that while the total pressures 
on the semicircles on the two sides of the vertical diameter are equal, the 
pressures on the upper and lower semicircles are not equal. Now taking 
y =h—psin@, we have for the total pressure 


wT 
P=2 i (", (h— psin 6)p dp dé = ratkh. 
ay 
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The mean intensity of pressure is‘therefore ra2kh + ra? = kh, which is the 
intensity at the center of the disk. 


Ex. 2. Find the volume of liquid that will flow in one second through a 
rectangular orifice of width 6, Fig. 97. 

It is known from hydromechanics that the 
velocity v with which a liquid-flows through a 
small orifice at a distance h below the liquid 
surface is given by the equation v= V2gh; 
therefore the volume flowing through an orifice 

having the area AA is AQ=V2ghAA. When 
the orifice is large the height A is different at 
different parts of the orifice and to determine the 
total volume fowing we must sum the volumes flowing through the elements 


into which the area of the orifice isdivided. Thus Q = Ly V2ghAA. For 


the rectangular orifice in question we naturally take the rectangular ele- 
ment Ax Ah; therefore 


i 
o=\ef V2 gh da dh = 2bV2G(ho! — hi®). 
1 


Because of contraction of the jet and friction, the discharge determined 
experimentally is smaller than that calculated. 


Fig. 97. 


EXERCISES 


1. Find the total liquid pressure on a submerged vertical plate of width b. 
(See Fig. 97.) Find also the mean intensity of the pressure on the plate. 


2. Find the liquid pressure on a vertical triangular plate having a vertex 
at the liquid surface and the opposite side horizontal. 


3. In the preceding examples of liquid pressure, show that the total 
pressure is equal to the area of the plate multiplied by the intensity of pres- 
sure at the centroid of the plate. Prove that this statement holds for any 
submerged plane surface. 

4. Write the definite integral with proper limits of integration that gives 
the total liquid pressure on a submerged vertical disk with an elliptical out- 
line, the major axis being horizontal. : 

5. Find an expression for the volume of liquid flowing through a trian- 
gular notch, that is, a triangular orifice with its base in the liquid surface. 
‘Take b and fh as the base and altitude respectively. 

6. Find the volume of liquid flowing through a semicircular orifice, radius 
a, with the diameter in the liquid surface. 

-7. Set up the definite integral that gives the volume flowing through a 

circular orifice, radius a, the center being at a distance h below the liquid 
surface. Take (a) rectangular coérdinates, (b) polar codrdinates. 
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8. Find the een integral that gives the second moment of the volume 


of the ellipsoid © — a e+e + “= = 1 with respect to an axis parallel to the Z-axis 


and passing aren the point (a, 0, 0).. 
Suacustion: ‘Take sections parallel to the YZ-plane and use theorem III, 
Art, 189. 


9. A cylindrical vessel is filled with water to a height h, A small orifice 
of area a is opened in the lower base, the water flows out, and since the 
water level is falling continuously, the velocity of flow varies continuously. 
Denoting by A the area of the cylindrical cross section, find an expression for 
the time required to empty the cylinder. 


10. Find an expression for the time required to empty a hemispherical 
bowl, radius 7, through an orifice of area a in the hottom, 


MISCELLANEOUS EXERCISES 
Find the following areas: | 


1. Between the parabola y? = 8a and the circle x? + y= 9, 


b 
3. The area of the loop of the curve x? + y3 = 8 aay. 


2 2 
2. The whole area of the curve (z) ae (7) fo ie 
a 


4. One loop of the curve p = asin2 6. 


5. The part of the curve p=a sin? ¢ below the X-axis. 


6. The parabola p = a sec? ® between the Nertex and the latus rectum. 


7. Find the volume. bounded by the cylinder (@— a@)?+(y — b)? = r, 
the surface wy = cz, and the plane z = 0. 


8. Find the volume included between the surface a2x2-+ b?z?= 2(aa + bz)y 
and the planes y =+ m. 


9. Find the volume generated by revolving the curve p = a(1 + cos @) 
about the initial line. 


10, Find the area of that part of the surface of a.sphere a2 + y? + 22 =2az 
lying within the paraboloid 2 = ma? + ny?. 


11. By extending the method of Art. 108, show that the length of a curve 
in space is given by the formula 


s= (14 (D + (Se 


12. From the formula of Ex. 11, find the length of the helix 


2 = aarecos®, 2= aaresin ©, 


from z=0toz=m. 
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13. Find the area of the curved surface of a right cone -whose base is the 
2 2 2 
astroid 23 + y§ = a3, and whose altitude is c. 


Suecestion : Taking the origin at the vertex of the cone, the equation of 


the surface is as + ys = & a 
¢ 

14. The axis of a right circular cylinder passes through the center of a 
sphere. The radius of the sphere is a, that of the cylinder is b, (b<a). 
Find the volume of the part of the sphere external to the cylinder. 

15. Find the volume included between the surface xy = cz and the planes 
te Oe On = OO. a 0. 

16. Find the mean density of a right circular cone whose density varies 
as the distance from the base. 

17. Find the mean density and mass of a solid hemisphere of radius a, 
assuming that the density varies as the distance from a tangent plane parallel 
to the base. 

18. Using the theorems of Pappus, find the volume and surface of a ring 
formed by revolving a circle of radius @ about an axis at a distance b from 
the center of the circle, b >a. 

19. A helical screw thread whose cross section is an equilateral triangle 
is cut on a cylinder. The radius of the cylinder to the root of the thread isr, 
and the height of the thread is a. Find by the theorem of Pappus the volume 
of one turn of the thread. 

20. Apply the theorem of Pappus to find the surface and volume of a 
right circular cone. _ 

21. Using the theorem of Pappus, show that an element of the volume of 
a surface of revolution is 27p2sin ¢ Ap Ag, and that the volume is therefore 
given by the formula 


Va=2 wf fe sin ¢ dp dp, 


with proper limits of inte- 


LLL dee 


gration. 7 
22. Using the theorem 
of Pappus, deduce the gen- 


eral .form for the polar 


volume element, viz. 

AV = p?sin 6 Ap A¢ AO. 

23. Find the radius of 
gyration of the hollow rectangle, Fig. 98, about the axis X., which passes 
through the center of the figure. 

24. In Fig. 99, the thickness of the plates (a, a) and channels (8, 0) is finch 


SS 
Litt 
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throughout. Find the length e in order that the radius of gyration with re- 
spect to the axis YY shall be the same as that with respect to the axis XX. 

M 25. A pipe elbow, Fig. 100, is to 
| * be provided with a foot @ to sup- 
port it in the position shown. The 
vertical line MM through the foot 
should therefore pass through the 
centroid of the elbow. Find the 
distance c. 


te----- 


26. The following graphical 
method is used for finding the radius 
of gyration of the cross section of a 
hollow cylindrical column.* Lay 
off to a scale of 1 inch equal to 4 

wirag (or 40) the inner and outer radii as 

Fic. 100. the legs of a right triangle; then 

the hypotenuse measured to a scale 

of 1 inch equal to 1 (or 10) is the radius of gyration sought. Give a proof of 
this construction. ~ 


| 
\ 


\ 


27. By particular examples verify the following rule, due to Routh: 

For homogeneous masses with axes of symmetry, the square of the radius 
of gyration is 1, 1, or 4 of the sum of the squares of the perpendicular semi- 
axes, according as the mass is rectangular, elliptic, or ellipsoidal. 


28. From the second moment of a sphere about a diameter deduce by 
differentiation the second moment of a spherical shell about a diameter. 


29. Find the centroid of the volume OABCD, Fig. 87. 


30. (a) For a surface of revolution show that the radius of gyration 
about the axis of revolution is given by the equation 


if yds 
2 


= ’ 
f yas 


where the X-axis is taken as the axis of revolution. (b) Show that for the 
corresponding solid of revolution 


fe dx 
k= a 
fr da 


* B, F, LaRue in Engineering News, Feb. 2, 1898. 


CHAPTER XV 
INFINITE SERIES 


141. Fundamental definitions. From the study of algebra, the 
student is already familiar with the elementary properties of in- 
finite series. In the present chapter, we shall recall briefly some 
of the more important of those properties and develop still 
others. 

Let 1%, ws, Us, +++ be an infinite succession of values following 
one another according to some fixed law. We denote the sum of 
the first n of these values by S,,, that is, 


S,, = Uy + Up + ee f Uy. (1) 
When n becomes infinite, we have the infinite series 
Uy + Ug+Ugt oe. (2) 


If S, has a limit as n becomes infinite, that limit is called the sum 
of the infinite series. The series (2) is said to be convergent if we 
have ig Cpe (3) 
n=O 

where A is a definite number; in all other cases the series is said 
to be divergent. As n increases indefinitely, S, may fail to have 
a limit, and therefore the series may be divergent, either because S,, 
oscillates between two numbers, as in the series 


fier Steet fot, 


or because S,, ultimately exceeds every finite number. 

The terms of the series may be functions of some variable a. 
Then the series is said to converge for any particular value of this 
variable, say * =, when, if wis replaced by a in each term, we 
eave L S,(m) =A. 

(o.6) 


n= 
291 
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If the corresponding limits exist for all values of « in a certain 
interval (a, 8), the series is said to converge throughout the inter- 
val and to define a function in the interval. We may then write, 


f@= aoe LY S,(@), aSaeSp. 


Ex. 1. Let the given series be 


DE ot a2) tore ewe Tones 
We have then 


Ly See bee 


nN N=O 1—“z 


This limit is = 1 


for all values of x within the interval —-l<a2<+1. 


Hence within this interval the series defines the function 
1 
—% 


It is to be noted that in this case f(x) is defined by the series only for the 
interval (—1, 1), the end points being excluded. For |#|21 the series 
becomes divergent and does not define a function. 


Ex. 2. Consider the series 
vel 1 
hale oa sae Ae a 
Ae aah ces 
This series may be written in the form 


q th padi 
jet ee et See 
Teale oll +2 atqts)t 


1 u 1 
a Gear 8 ree 5) oS 


The sum of the terms in each of these parentheses is greater than 4, and as the 
number m of such groups that can be formed from the given series is indefi- 


nitely large, we have D8 REG ok Se 


N=D W=D 


This result leads to an important observation ; namely, that a series is not 


necessarily convergent because the terms themselves decrease and approach 
Zero as n increases. 


If a series containing negative terms is still convergent when 
all of the negative terms are taken positively, that is, when only 
the absolute values of the terms are considered, the series is said 
to converge absolutely or unconditionally. If the series is con- 
vergent when the negative terms are taken with their proper signs, 


Arr. 142] TESTS OF CONVERGENCE 993 


but is not convergent when those signs are taken positively, the 
series is said to converge conditionally. The series 


Weetecty, 1 
5 ia Te oh a ae 
2 im 3.4 Es 5 
is such a series. On the other hand, the series 
1 gk tea) 
1B i gh he aaa 
2 a gana ag e 


is an absolutely convergent series, since it converges when all 
terms are given the positive sign. 


142. Tests of convergence. To test the convergence of a series, 
certain criteria are necessary. It is to be remembered that 
whether the terms of the series are constants or functions of a 
variable, we are concerned only with the limit of the sum of a 
finite number of constant terms as that number increases indefi- 
nitely. -For, in case the terms are functions of a variable, we 
either substitute a constant value for the variable and then pass 
to the limit, or, what amounts to the same thing, we consider for 
what values of the variable the series has a limit. It is impor- 
tant, however, to distinguish between convergence at a point, and 
convergence throughout an interval. 

The following tests, already considered in algebra, and conse- 
quently needing no proof here, will be found sufficient for series 
which arise in ordinary practice.* 


THEOREM I. Comparison test. Given a series of positive terms 
; Uy + Ug+ Us + ees ar Ups cae 
If from some point on the terms of this series are never greater than 
the corresponding terms of a known convergent series 
a Bm a pk wal Pn ee 
of positive terms, then the given series is convergent. If the terms 
of the given series are from some point on never less than the corre- 
sponding terms of a known divergent series of positive terms 
i ttt tists t+ os; 
then the given series is divergent. 
* Compare Rietz and Crathorne’s College Algebra, Chapter XVI. ~ 
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Ex. 1. Test the aes ee of the series 


1 +3, ay W+h em fis t+: (1) 
From Ex. 1 of the previous article we have the convergent series ( [x|i<1) 
14x24 08 + IA vee +f AM ove, (2) 
For x =}, this series Pee 
a | - 
L —_— eee, 3 
Be 3 te ra 1s aor aire = + (3) 


Since for n > 2, 2"°-1<mn!, and each term of (1) after the second is less than 
the corresponding term of (8); therefore the series (1) must converge. 


Ex. 2. Given the series 


u 
dl pies 4 
+atetit cP geag ot (4) 
Compare the series with the series whose first n terms are 
1 1 
= eS = 5 
seeds ye 3(2 tS ne foe sae) ©) 


By Ex. 2 of the previous article, the series “a is eee Moreover, since 
2n—1<2n, each term of the given series (4) is greater than the corre- 
sponding term of the series defined by (5) ; consequently, the series (4) is 
divergent. 


THrorEM II. Ratio test. ‘A given series 
Uy+ Uy + 205 Sp Una U, + Be 


is convergent or divergent, according as the limit L is less or 
greater than 1. I sad ho 
Ex. 3. Given the series 
2 a3 gn—-l ead 
1l+2 onde a aes. 
+ Foghat tGeDitat (5) 
We have then 
a” 
DT.) est nie == 0 
n=o | U,-1 2 N= ane n= n ; 
(n—1)! 


for any finite value of . Hence the series converges for all finite values of x. 


It is to be noted that this second criterion applies equally well 
when some of the terms of the series are negative. It gives no 


test, however, when the limit of the ratio | —™ 


is 1; in such cases 
other methods must be employed. Ya 
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Since each term of a series is finite, the sum of any finite num 
ber of terms is also finite, and consequently the convergency or 
divergency of a series is not affected by omitting a finite number 
of terms. 

If the terms of the given series are alternately positive and 
negative, the following is a convenient test of convergence. 


THEoreEM IIT. An infinite series in which the terms are alternately 
positive and negative is convergent if its terms decrease numerically 
and approach zero as a limit when n increases indefinitely.* 


143. Power series. By a power series we understand a series 
of the form Ay + Aqt+ Ag? + Ag2? + +++ 4+ Gy + oer, (1) 


where a, a, +++, @,, etc., are constants. 

Such series are of importance in mathematics because of the 
frequency with which they occur and because of the special 
properties which they possess. For example, it is not always 
possible to obtain the integral or the derivative of a function by 
integrating or differentiating term by term the series which de- 
fines the function. A power series, however, has this important 
property when the variable is restricted to a proper interval of 
convergence. Consequently, if f(#) is defined by the power 


series T (2) =a +ae+ aa? + wee Baw" foe, 


we may then write 


f° £@) dea fade + ("aye det + faa" do + 
d 


0 Q 


af (x) _ D(a) d (ma) oe Hae) iy 
da da da 
when we place a suitable restriction upon ee value of «Tf 
A valuable property involving the convergence of a power 
series is given by the following theorem. 


* For proof of this theorem, see Rietz and Crathorne’s College Algebra, 


' p. 188. Ne 
+ For a fuller discussion of the conditions for term-by-term differentiation 


and integration of a series, see First Course, Chap. XV. 
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TuroreM I. If a power series converges for «=a, it is abso. 
lutely convergent for all values of x such that |x|\<| «|. 


Let the given series be written in the form 


i 2 n 
(ern oe aol“) + aut") a see + anee(= +. eee 5 (2) 
Oo a a 


then the series of coefficients 
Cligy 150, AKG", =25 G00 20 


must decrease indefinitely in absolute value since the given series 
converges fora—«. Let M be equal to or greater than the abso- 
lute value of any number in this sequence. Then the absolute 
values of the terms of (2) are less than the corresponding terms 
of the geometric series 


N 


ap2 ed 7 
M1 ead pt =) 
a a w (4 


which converges for |a|<|a|. Hence the given series (1) con- 
verges absolutely for |«|<| «|. 


144. Maclaurin’s expansion of a function in a power series. It 
is often convenient to express a function in terms of a series. 
A power series is very serviceable for this purpose, because, as 
already stated, such series may be differentiated and integrated’ 
term by term, thus obtaining the same result as if the opera- 
tion had been performed upon the function itself. In the 
following article we shall discuss two methods of expanding 
functions in terms of a power series by making use of the prin- 
ciples of calculus. 

Suppose we have given a function f(«) which, together with its 
derivatives, is continuous in the vicinity of the value a=0. If 
such a function can be represented by-a power series, that series 
must be of the form 


SQ) = Apt At Age F Aah py 
where the coefficients A), A), Ay, -+-, A,, --- are to be determined. 
Since this is a power seriés, we may find the successive deriva- 


tives of the function f(#) by term-by-term differentiation of .the 
series. The following identities are thus derived: 
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S'(@) =A, +2 Aw+3 Ag?+4 Api+ ... 
f"@) =2 4,4+.3-2Aw+4-3 Ag+ 
f(a t)=3-2A,+4-3-2Ae+ 
= aah 3+ 2Ayt + 


= 


Ea ihtity %=Oin a) and in each of the above identities, we have 


FO)=Ay f'(0)= A, f"(0)=2! A, fi") 3.1.4, -- 


Hence the successive coefficients are 


- ip @) fee (9) 
4=/0), =f) 44=FP, 4-5, gy 


We have thus the values of the unknown coefficients in the 
assumed expansion in terms of the successive derivatives of the 
given function. Substituting these values in that expansion, we 


have f'(0) Fi") 


TOY ee 
+ a WML oy (3) 


where f”"(0) denotes the result obtained by differentiating the 
function f(x) in succession n times and substituting #=0 in the 
result. The above series is called Maclaurin’s series. 

For any given function, there still remains to be determined the 
interval within which the expansion obtained by (3) really repre- 
sents that function. This question will be discussed in a subsequent 
article. Assuming that such an expansion is possible, the fol- 
lowing examples will illustrate the method of computing the 
successive coefficients in the expansion. When the successive 
derivatives all become zero from some point on, the expansion 
has a finite number of terms. 


Ex.1. Expand f(@#)=(1 + %)™. 
We have Nee) == Glee a), 
f= ma 2), 
ee = te a © 2 A, Le 


ae er _ sie “Gh —n+1)1+4+2)"—™, 
whence SO)=1, f1O)= m, fC) = mon — 1), ete. 
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Substituting these values in (1), we have, when m is negative or fractional, 
the infinite series 
(1+ a)™=14 me + min 1) ot m(m — Than 2) ay 


4 mn — 1) ONAN ED om oy 
which converges for |a|< 1. 


If m is a positive integer, the series terminates with first m -+-1 terms, 
since all of the higher derivatives vanish. 


Ex, 2. Expand sin « in a power series. 


fie) = Stee, FO)=sn 0=—0; 
S'(&) = cos x, HONS 
Sf" (@)=— sin a, £70) =0, 
S''(«)=— cos @, f''O)=-1, 
IV@)= sin x, f(0)=0, 
etc. etc. 
Ps, eae x8 ie al 
Hence, pe a eS eae hap been to, 
Gan tee ae 
=r%— — —— 
S15 bt m1. 


The interval of convergence for this series is (— «2, +0). 


EXERCISES 


Expand in power series the following functions, assuming that such ex 
pansions are possible. 


ere: 2. cos”. 3. a. 4, esing, 


5. log (1 + e*). 6. log(14 2). 7.. arc sin x. 

8. arc tan x. 9. (cos 6)". 10. esec 0. 
11. sec@(to four terms). 12. earesind, 13. log (a +V1+2?). 
14. log cos 6. 15. t(e*+e-*). 16. log(l—a« + 22). 


145. Taylor’s expansion. In the last article, we studied the 
expansion of a given function f(«) in the vicinity of the value 
x=(. ‘The method may be easily extended to the expansion in 
the neighborhood of any point # =a, provided the given function 
and its successive derivatives are continuous. All that is neces- 
sary is to assume the expansion of the form 


S(@) = Ay + Ai (@ — a) + A,(@ — af + + +A, (@—a)"4+-- (4) 
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and proceed precisely as in Art. 144. The resulting form of the 
expansion is 


F(@)=f(a)+ f(a) (w— a) + FO w - a)? + 
+ FO (a — a) +o (2) 


-" 


which holds for all values of the variable within the interval of 
equivalence. The series resulting from this expansion is known 
as Taylor’s series. 


If in (2) we replace « by («+ a), we have 
Feta =SO+F@e+FOv 4 4 LOr4., @) 


which is a form in which Taylor’s series is frequently written. 
If x and a are interchanged, the expansion takes the form 


Fata)=S@+F@at+ e+ + lOeqo. 


- Forms (3) and (4) are useful when it is desired to expand a 
function of the sum of two numbers in powers of one of them. 


Ex. 1. Expand e* in powers of # — 1. 


We have ilo, iO) ="; 
Sa) = &, S()=e, 
SI (a)= &, SID =e, 
etc. etc. 
Hence, e=e|1 +(@— n+ Go + Ga 5. |. 
Ex. 2. Express 3 73 — 5 a? + 8x — 5 in powers of x — 2, 
In this case 
S@)=328 —52?+ 8a4—5, iC2) = 1b, 
f'(“)= 9 x? — 10 %-+ 8, S'(2)= 24, 
J! (a) = 18% — 10, SUC) = 26, 
f(a) = 18, fI"(2) = 18, 
F(a) = 0, f(2)=0. 


Hence, we have 


$@)=/@)+s/'@@-2)+ LO @—229+ 7 way, 


or 843 —5 9? 4+8x%—5=15+4 24(4 — 2)+ 18(@ — 2)? + 3(@ — 2)38, 


300 INFINITE SERIES [Cuap. XV, 


Ex. 3. Develop log (# + h) in powers of h. 


We haye f@+h)= a (a+ h), fC) =loga, 
f@==, {M"@=-5 
s@=tZ, pe@ =- 3, 


Malo iL i Duese (Tyee 
go@) =— (= 2 GD. 
Substituting in (3), we obtain 
ht é 
1 = a *es, 
98 alee e +5 Saree 4x2 
For « = 1, we have 


h? 
log 1th) =h-E ye EL. 


Ex. 4. Expand sin (* + y) and derive the formula 
\ sin (w@ + y) =sin cosy + cos asin y. 


We have JiGe) = sins, 
Fie) = cos x; 
f'@) =— sing, 
SJ''(@) =— cos g, etc. 


Substituting in (4), the result is 


5 
sin (2+ y) =sine + yoose— “sina —* cosn + 4 sine + © cose — 


ae a pieany: 
= s§1n & a <= eae 
(1 mtn eit 


+eos2(y-E +0 +...) 
= sin # cos y + cos wsin y. 
Ex. 5. If f(#) = 503 —42? + 18 a — 7, find f(a — 2) by Taylor’s expan- 
sion. 
We have here S'(e) = 15 a? — 8a 4 18, 
S"(@) = 304-8, 
f1'" (a) = 80, 
Hence from (1), PD 0: 
F@-D=S@) + (-DIM@ + SH p1@ + SE pw 
=528— 492118¢4—8 
— 30274 16 x2 — 36 
+ 60a — 16 
— 40 
= 5 a3 — 34 4? + 94% — 100, 
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; 


EXERCISES 
Develop the following functions in series. 
deers: 2. (@+y)™ 3. @+y)s. 


4. Arcsin (« +h) to four terms. 5. Log sin (# +h). 
6. Find f(«# +8), when f= 2—42+7. 
7. Find f(@—1), when f(@) =274+ 7x—5. 
—-; r3 8 a5 
8. Show that log @#+V1+4 27) =a“— ela 5 ee 
ee ie 2-3 “3 2-4-5 
9. Expand sin x in powers of x — a. 


10. Express 523— 622+ — 10 in powers of «—1; also in powers of 
a2—8. Verify the results. 


11. Expand log in powers of x—1. Find the interval of convergence. 


12. Expand lin powers of « — wand determine the interval of convergence 
Gc . 


146. Taylor’s theorem. Maclaurin’s theorem. In discussing the 
expansion of a function in terms of a power series, we have as- 
sumed that the series obtained actually represents the function. 
We shall now see under what conditions this is‘true. We may 


write f()=S8, (a) + R, (a), . (1) 


where f(a) is the given function. If the infinite series given. by 

L S,,(«) represents f(a) in a given interval, then for all values 
n=o 
of # in that interval, we must have 

L -R,,(@)= 9; (2) 
3 n=0 

for, R,(x) represents the difference between the given function 
and the sum of the first n terms of the series, that is, the error 
involved by stopping the expansion with n terms. It is conven- 
ient to have the value of R,,(#) expressed in terms of the deriva- 
tives of f(#). This value can be obtained for Taylor’s expansion 
as follows. . 


From equation (1), we have 


Fa\=f@+F'(O@— +59 @— a+ ~ 


=D (g pil 
eee +R). — @) 
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Since R,(#, a) contains the factor fea ss we may write it in 
n! 


the form ee (x, a). Replacing R,(#, a) by this expression 
Ns * 
and transposing, we have 
TT (pire. 
S@)-S@-F \@—a)- FO @—ayp— - — Fe ay 
ot ete (w—a)"=0. (4) 


n! 


To find the value of ¢(a, a) in terms of the derivatives of f(x), 
we shall consider the function 


F@)=f@)-f@-S'@@-)-F2e@-'- 


ee be oa f Shs 7 & 
Sea PED 6) 


F(z) satisfies the conditions of Rolle’s theorem in that it pos- 
sesses a derivative for each value of z, where a<z<a, and van- 
ishes forz=awandz=a. Differentiating (5) with respect to z, we 
have 


P@O=-f@O+SF@O-f"@@-D+L"@@—-2)— 


eee ace 2) at e (a —2)"-1, (6) 


The terms in the second member of this equation combine in 
pairs and the final result is 


PF @ =F TG a)—f"@). ‘a 


Since F(z) satisfies Rolle’s theorem, F'(z) vanishes for some value 
of z between a and 2, say 2, We have then from (7) : 


p(x, a) =f" (x), (8) 
B,() = (a — ay (9) 


and 
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Replacing #,,(a) by its value as given in (9), we may now write 
(3) in the following form 


f(x) = f(a) +f'(a) (@— a) + FO (@—a)24 4 9 e—ayn-} 
Mm — 


7 
s tee (w@— a)", (10) 
This formula is known as Taylor’s theorem. . 

We are now in a position to determine the interval within 
which the expansion represents the given function by determin- 
ing the range of values of x for which (2) holds. In the simple 
cases which will come under consideration this interval will 
usually coincide with the interval of convergence of the series. 

We have seen that Maclaurin’s expansion is a special case 
of Taylor’s. By putting a=0, we have as the value of R,,(x) in 
Maclaurin’s series 


R, (2) =fE) 2", O<ay <a, (11) 
Consequently f(x) is given by the relation 
f(x) =f(0)+ f'(0) x 4 £0) r+ «. Pe feee OW eed am TED 
2! (m-1)! n\ 
which is known as Maclaurin’s theorem. 
By means of this theorem we may determine the interval within 


which Maclaurin’s expansion represents the function. In any 
given case we have only to determine the range of values of x for 


which Rf, = LCD) op has the limit zero as n becomes infinite. 
n! 


147. Integration and differentiation of series. It is sometimes 
possible to expand a function into an infinite series by means 
of term-by-term integration or differentiation of a known series. 


Again if a given integral [7 dx cannot be evaluated by the 


ordinary exact methods of integration, it may be possible to de- 
velop f(#) into an infinite series and integrate term by term. By 
taking a sufficient number of terms of the series resulting from 
the integration, we may approximate the given integral to any 
desired degree of accuracy. Of course the series so treated must 
be such as can be differentiated or integrated term by term. 
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Even when the function can be integrated directly it is some- 
times convenient to use the method just described, for the series 
may be more easily handled in ae subsequent operations than a 
complicated integral. 


Ex. 1. For —l<2< 1, we have 


1 
=l—% x? — 98 ore, 
ee. sIF x? + 
7 = * yf 3 
Hence, {-- (fa (Feact [ x dx (Ode + 
log (1 7 _@ a3 at see, 
or og (1+a")=« 8 res 


Ex. 2. For—l<a<l, 


- =1l+at+a?+a3+ -, 
1-2 
Differentiating both members, we obtain 
1 
———=142%7+30¢?+4034 +. 
Ge + 22+ ar a5 
Likewise, a second differentiation gives 
if 
G—x)s Hee 24-9: 3e@ +3. +447 4 +), 
and in general we have 
ae j =(1—4#)-™=1+ mez + mont 1) a a ee ae) ae HB 4 vee, 
—a)™ 2 ! 


Ex. 3. The perimeter of an ellipse, which has @ for semimajor axis and 
e for eccentricity, is given by the integral 


4a (* vi- e? sin? ¢ dd. 


This integral can be evaluated approximately by expansion in series. Thus 
we have 
‘ di SS) 
=O SIN A hei 5 e§ gin? d — o.. 
4 Oe pet eae a ; 


which is a power series. Integrating term by term, we have 


T T mu 
2 2 2 
Ri eiaind & 1 re 1 
f, 1— ésin? ¢dp = r dp——e k sin? odd —-= - tet tants rae 


Evaluating these integrals separately, we get for the ee perimeter the 


- expression 
2ar[1— (5) ¢- Loe res a aa) S- |: 
2/ 1 Poe ya ya Sane oY 5) 


V1 — sin? 9 = 1—Fesin’g — 2 i 
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EXERCISES 
1. From the known series 


l—a+at—ao4..., 


which defines the function i = ; for —1<a%<1, derive the series for arc tan % 
a 


2. For —-l<2<1, 
3 


1 SE ses es 1.308 
EL tyes 2 act a alee 
paar ae Se SRP Ss bier ma eae 


Derive from this relation a series for arc sin x. 


3. Derive the series for cosa by differentiating that for sin x. 


erties ek ei le 
4, Show that (/ e a Su Tamer oe 


ee 
5. Express f, oe as an infinite series. 
6. Express {eee as an infinite series. 
ae 
7. Find Af nok __ 10 five figures. 
eNCT ae 

1 
8. Evaluate (, pie, 

o V1 =a 


9. The time of oscillation of a pendulum of length Z is given by the 


expression 
T=4 2 zg ie 
V1—# sin? ¢ z 


Integrate in series, and derive an approximate expression for 7 when & is 
small. 


10. Expand ja dit in series. 
Vsin 


sin? 


11. Evaluate ite e-* dx by expansion in series. This integral is of funda- 


mental importance in the theory of probability. 


12. Show that 


rT 


2 db 7 E Wet ee) ss ] 
cE eee er fh 5 8 |, 
S (a? cos? @ + b? sin? ¢)2 2 ab? - es ers 


fe pa staat Sak 
where k? = 1 -- aes E : 
az : ene a ae) % 
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148. Use of series in computation. Infinite series may be used 
advantageously in the computation of certain constants, loga- 
rithms, trigonometric functions, and roots of numbers; also in the 


derivation of certain useful approximations. 


I. Computation of e. 


We have ealte¢ +e vt: 
Therefore for x=1, 
ie el 
em le St a teagan sess 


whence, taking a sufficient number of terms, e = 2.7182818.-. 


II. Computation of zx. 


From the expansion 


Let 


1-3 1-3-5 
Sree > Oca Loe es eae. 
which holds for — 1<a#<1, we get for n= 
Roe ie a ea 8 a Lis hia 
are sin5 = 6 =575 ee} +5°q ae 
whence 7 = 3.14159.... 


Ill. Extraction of roots. 
I 


1 n 1 
Wehave  (a"4 yr=a(t a ) =a(l+2)*, 


al 
where # = a . Developing (1 + x)”, we obtain 


1 
(fatal gent ee eee 
nN n Call n? 3! 


Sannin 


Ex. +/100 = VOTH = 4 (1-8)! 
Substitute os for x in the series 


6 5610 61015 
The result of this substitution to six figures is 0.995268 ; hence 
1000 = 4 x 0.995268 = 3.981072. 


(1) 


2) 


8) 


(6) 
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IV. Computation of logarithms. 
The series for log (1 + 2), that is, 
Ce, a 
at 3 = a to os 


converges slowly, and is Loe not well adapted for computation. 
A more useful series is derived as follows: 


te tos 
log (12) =2— 248 #4... 
Substituting — x for x, we have 
Gane ee ar 
loo (1 — SS = eS SS SS GQ. 
og (1 — x) St 5 oe 


By subtraction we get 
log (1 + #) — log (1 —#)=log pti m2 (2+ +E + -. 


3. 5 
Let us take 2 positive and assume #= f ; then 
2y+1 
ae ytd 
12 y ? 


and we have 


log (y +1) =logy+2 INTE iad 41 = le eae 
bY Qyti  3\2y41) | B\2y41 
(7) 


From this series log (y+1) can be calculated when log y is 
known. Thus, since log 1=0, we have 


log 2 = Ae stemtegt iz) 


31° 33°! 53 
= 0.693147 -. 
Wises t 
log3=log2+2(5 +35 +5 mt ) 
= 1.098612 --. 


log 4 = 2 log 2 =1.386294 -- 
log 5 =log 4+2(5 +5 - wen 2) 


= 1.609438--.. 
“log 6 = log 2 + log 3 = 1.791759 «-. 
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Evidently it is only necessary to make the computation in the 
case of prime numbers. Logarithins to the base 10 are obtained 
from the natural logarithms by,means of the following relation: 


= 0.4342945--- - log, a 


1 
10 


Wet l08s 0% The 


V. Computation of trigonometric functions. 


| For all values of ~, we have the series 
(8) 


: ated ; 
These series converge rapidly, and may be used to compute the 
natural sine and cosine of any angle. Necessarily # must be ex- 
pressed in radians. 


Ex. Find the sine and cosine of 19° 30! correct to five figures. 


We have Ai ve m7 = .84034. Substituting this value for x in the two 


series, we get sin «= 0.33381, 
cos « = 0.94264. 


149. Approximation formulas. It is frequently convenient in 
computation to replace a function by another of approximately 
the same numerical value but having a more simple form or 
having a form better adapted to calculation. This substitution 
may be effected in many cases by expanding the given function 
and taking a certain number of the first terms of the series. 

One of the most useful of these approximation formulas is 
obtained from the binomial formula. Thus let m denote a small 
fraction, and expand (1+ m)”. The result is 


ao 1) 5 


dtim)"*=1linm+ m+ + 


Since m is small, powers higher than the first may be neglected, 
and we may write the approximate relation 


‘A+ m)t=1+ nm. (1) 
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An important special case is that in which n=14; for this case 
we have approximately 
Vltm=1+im. (2) 


From (2) we have the more general formula 
= Org l b 
VtEb=a(1 25%), (3) 


as may be easily shown. In this formula d is small in compari- 
son with a. 
m2 


Since e™=14+- m+ T 


3 
m : 
Sor + -+-, we have when m is small the 
vt 


approximate relation 
em=1+4m. (4) 


Similarly, taking two terms of the series for sina, cosa, and 
log(1 +), we obtain the approximate formulas 


sin m =m (1 —1 m’); (5) 
cosm=1—4m’; (6) 
log (1 + m) = m — 1m’. (7) 


“When m is small compared with a the following approximate 
relations are readily obtained. 


sin(a + m) =sina+m™ cosa; (8) 

log (a +m) =loga+™— 3"5 (9) 
1 1_m, m’? 

Sart erg sl ra 10 

atm eens (10) 


The degree of error due to the neglected terms may be esti- 
mated by taking the maximum value of the remainder R. For 
- example consider the approximation (5). If only two terms of 
the series are used, we have 

m? 
3! 


where 0 << m<m. Since f"(m,) =sin m, cannot exceed 1, the 
: 8 


difference between sin m and the assumed approximation m mee 


: eas 
sin m =m — tt (m), 


wa UES ii ish to restrict the 
_cannet exceed 190° hence A= 190° we wis 
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error to some definite limit r, we have only to write - 

poke ae 
and solve for m. Thus in the case just stated, if we restrict the 
error to one unit in the fourth decimal place, we have 


m> 


< .0001, 


whence |m|< /.012, or |m| < .413. Hence for angles lying 
between — 23° 40' and + 23° 40’, two terms of the series give the 
value of sin m correct to three figures. 


l 
relating to the balancing of engines, and a simpler approximate relation is 


desired. Take is al : 
‘ LG 


; -\2 
Ex. 1. The relation cos ¢ =I -- (7) sin? @ occurs in certain problems 


2 
Putting (7) sin? @ =m, we have for the value of m, Pas é, and this 


2 
cannot exceed a5 Hence we may use (2), and write cos¢ = 1 — rH sin? 0. 


The expression for F# is 


" ae ee! m= - ered A 
GT Se =— 37 3 (since f(m)= V1 —m). 
(1 — my)? 


The maximum vaiue of m is ,1;, and since 0 << 7m <m, the error of the approxi- 


. 1G? 
mation cannot exceed = — = 0.0001. 


Ex. 2. In the theory of centrifugal fans the pressure ratio is given by 


Me = e%, where po and p; denote respectively the pressure of the air entering 
1 
the fan and that of the air leaving it. The exponent & is a constant depend- 


ing upon the speed of the fan and is small. Taking k =0.04, we have 


approximately Pt_14%=1.04. To determine the error, we have for the 
pe 


2 n2 
remainder f/!(k1) - = one, the maximum value of which is 


eos 0.05)" = 0.00083. 


Ex. 3. In certain problems in surveying the relation between a circular — 
are and its chord is required. Let s denote the length of the arc, r the radius, © 


and C the chord, Fig. 101. We have s=ra, and C= 2rsing- If a is 


’ . 
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small the approximation (5) may be used. An approximation to @ is 


therefore 
Gonos nee | 
2 6\2 ”r, 
=rTrere— at re, 
Hence, s— C= ra’, a 


where @ is expressed in radians. If @ is taken in de- 

grees, the formula becomes ; 

Brot 

~ 4514180 Fig. 101. 


The error of the approximations cannot exceed 
Ppt 2) eee 
120\2 1920 


EXERCISES 


s-— 


. Calculate sin 15° and cos 15° to five decimal places. 
From the series for tana calculate tan 12°. 
_Find V1334. 
From the logarithms given in Art. 148 calculate log 31, also log 78. 


. Using the approximate formula (10) calculate the reciprocal of 102; 
of 9 


OO PONE 


Find the greatest value of m that will permit the approximation 
+m)t=1+4m 
with a maximum error of 1 in 1000. 


7. Within what limits will three terms of the series for cos x give an error 
not exceeding 2 units in the 6th decimal place ? 


8. Investigate the limits of accuracy of the formula 
sin (a + m)=sina + mcosa. 
9. Find the length of the chord of an arc of radius 200 feet subtending 


an angle of 3°: (a) by trigonometric methods; (b) by the approximation 
formula. Compare the results and find the relative error of the approximation. 
10. Derive an approximation formula for tanz and show the maximum 
error involved. 
11. Given log 5 = 1.6094, find log 5.01 and log 5.02. 


-150. Maxima and minima of functions of a single variable. 
Taylor’s expansion of a.function gives a convenient method of 
developing the condition for maxima and minima. This method 
is particularly valuable where several of the derived functions 
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vanish for the critical value. The condition for a maximum or 
minimum of a function in such cases may be stated as follows: 


Turorrem. The function f(x) has a maximum (or minimum) for 
x=a, if the first one of the derived functions f'(a), f"(x) +++ that 
does not vanish for x =a, is of even order and negative (or positive). 


We have from Taylor’s theorem, ‘ 
Mes Ae {"(@+6h),, 
fe+h=fo+s @h4+ 59 ne ¢ L794 = tee 
and 


fe—W=f(a)—f (hot ae w—t oo re LE yn, 
2 H Uv: 


Replacing w by a, we have, after transposing the first term of the 
second member of the identity, 


Fa+h—F@ =f Oh TOn + LO ws 


y ! 
as BaD h, (1) 
a! 


f(a—h)—f()=—f'(@h+: ie pL is 4 
C3 
« anefttahOhyas 
+ (=1p 2 (2) 


If for «=a the given function has a maximum, then f(a) must 
exceed the value of the function for all values of the variable in 
the neighborhood of a; in other words, the left-hand member of 
both (1) and (2) must be negative for all values of h sufficiently 
small, The value of h can be taken so small that hf'(a) will be 
numerically greater than the sum of the remaining terms of the 
second member. However f(a+h)—f(a) and f(a—h)—f(a) 
cannot both be negative unless f’(u)=0 and f"'(a) is negative, 
assuming that f(a) does not vanish. It may, however, happen 
that both f'(a) and f(a) vanish. In this case, in order to have 
S(a+h)—f(a) and f(a—h)— f(a) negative, f(a) must vanish 
and f'’ (a) must be negative. In general, in order that f(x) shall 
have a maximum value for «=a, the first derivative that does 
not vanish must be of even order and negative. 

In order that f(#) shall have a minimum for a=a, the two 
expressions f(a +h)— f(a) and f(a—h)— f(a) must be positive. 


‘ 
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This requires that the first derivative that does not vanish shall 
be even and positive. The argument is similar to that given 
above and is left to the student. 


Ex. Examine the function 2 cosa + e* + e-* for maxima and minima. 
We have Ft (2) = 2cosx + et + e-*; 
J'(®)=— 2sin « + e* — e-*, 
For «= 0, f!(x)=0; hence x = 0 is a critical value. We have further 
S!'(@) = — 2cosx + e* + e—*, whence f!/(0) = 0, 
S!'(@) = 2sin x + e* — e-*, whence f!!’(0) = 0 
JV) = 2 cosax + e* Lenz, whence fiv(0) = 4. 
Since the fourth derivative is positive, and is the first that does not vanish, it 
follows that f(x) is a minimum for « = 0. 


EXERCISES 


Examine for maxima and minima the following functions. 


1. tan?a#— 2tane. 2. e—e-*— Asin x. 
3. sinx(1+cosz). 4. pe + ge-®. 

5. CO Sinia. 6. 3cos 6+ tan? 6, 
7. cos x — log cos@. She ae aes. 

Ch eerie 10. cos7(2— cosa). 


151. Evaluation of indeterminate forms. Algebraic methods 
of evaluating certain indeterminate forms were shown in the 


examples of Art.15. For the form 5 , to which all other forms 


may be reduced, the differential calculus furnishes a general 
method of evaluation, which is developed as follows: 


Let the given function be of the form Jf a which reduces to the 


e=aPle 
Expanding each term of this fraction by Taylor’s theorem, we 
have 


form > fora=a. The value of the limit LZ as is required. 


Pa +(e +O ay + ea 


#0) Ha)-+ 9D @— a) + LO (eae + PED ray 
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By hypothesis, f(a) and ¢(a) are each equal to-zero. The above 
relation therefore reduces to 


f (#) f me SHEE E on FO @ a) oo pL) (e—a)" 
lO) aol [AS ORE il ee ae ee a 2) 
oe) a $'(a) (w—a)+ =i (x— a)? + -+ ¢” FED (w— ay" 


Dividing both terms of this fraction by (#—a) and passing to 


the limit, we have ak f@)_s'@, (3) 
ataP(&)> $'(a) 
If f'(a) =0 and ¢'(a)+0, this limit reduces to zero; if f(a) #0 
and ¢'(a) = 0, it becomes infinite. 
If f'(a) =0 and ¢$'(a) = 0, the limiting value of the given func- 
tion can be obtained by dividing the terms of the expanded form 
of the fraction (# — a)’ and then passing to the limit. The result 


18 zt LG tos fas (4) 
“=a 2 a9@) $"(a) 
Similarly, if f'(a) and $"(a) are both zero, we divide by (# — a)? 
and again take the limit, and so on. 
We may therefore state the general law of procedure as follows: 


To evaluate the indeterminate form : differentiate the numera- 


tor and the denominator of the given fraction and substitute the criti- 
cal value of the variable in the result. 


The function 1 aa may also assume the indeterminate form : 


when # becomes infinite. The limiting value may still be found 


by considering f£ oe z)3 for, we have upon putting « ao 
z 
Tipe a 
mae = fie 
Th Ley 2 i; oe yO ss 
ave = 0-  ANE i i as 
x (®) 2=0 als 2 o(2) x $'(@) 


ee) een 
Form = When the function $(@) takes the form mH? ib can 
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2 
be reduced to the form °, by writing it in the form a, This 
uh i) 


form can then be evaluated according to the law just stated. 


It may be shown as in the case of the form 7 that if Lf S has 
$'(«) 


a limit as 2 approaches a definite number or becomes infinite, then 


ay converges to the same limit.* This principle often affords a 


convenient method of evaluating this indeterminate form; for we 
need only to differentiate the numerator and the denominator and 
then pass to the required limit. 


Form «©—o. When a function takes the indeterminate form 


co — oo it may be reduced to the fundamental form u by writing 
it as follows: 1 as p 


C= ae eee OMB IOR 6) 
7) o@ Fe) -$@ 


Often, however, a simpler transformation will reduce the function 


to one of the forms 7 ae No general rule can be given, but 


that transformation should be selected which gives the simplest 
form. 


Form 0x. Whena function f(x) - ¢(x) takes the form 0 xX 
for «=a, it may be reduced to the type ; by writing it in the 
form 

Le (7) 
5 


Forms 0°, 9, 1%. The indeterminate forms 0°, 0°, 1” arise from 
a function of the form [f(x)]*. This function may be reduced 


S(@) + $@) = 


to the type form 5 as follows: / 


* See Pierpont’s Theory of Functions, Vol. I., p. 305. The special student 
of mathematics would do well to read Arts. 455-459 in the same volume. 
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Let  ¥=L@y, 
whence log y = $(@) - log [f(#)]. (8) 


Since, for each of the given forms, (8) takes the form 0 x, the 
solution is effected by (7). ; 


Ex. 1. Evaluate ae for «=0. 
I(x) _ sec? % — cos x 0 
We have HED Re | vale 
$! (x) 3 x ao 0 
i= cents + sin « 
$"(a) ee: 0° 
SUC) am 4 sec? x tan? « + 2 sect x + ad cade 
g!(x) 6 Ey) ¥ 
z tang —sing _ LS 
Bohan v0 x3 2 


Ex..2. Evaluate sec ‘ wx - log Z forz=1. 
x 


This function takes the form 0 x « ; hence, we write it in the form 


log u log = 
anne L 
Dee cos t. 


sec 4 1x 


which for 7 =1 takes the form ; - Differentiating the numerator and the 
denominator, we get 


a log 1 — 1 

dix x mA x 22 f 
CS ae an ee “f 
dx 2 a=l 2 2 c=l 


Ex. 3. Evaluate al- for a = 1, 
1 


Let y=a!-*; then logy = ‘ log 


: Og i as which has the form o 
—2x 1-2 0 


Hence, by the general rule 


—— log % 1 
log - on peo =—1, 
wl ay — 2) —1 
dx t=) 7 zl 
whence hp ps y 
wl é 
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EXERCISES 


Evaluate the following indeterminate forms : 


1. a? +4e¢— 21 | : 2 8 +2e07—-¢7—2 
x — 302-444 12 J,~3 ~  g2 +100 + 16 ots: 
1—cosz 4 1 

ch Se - gee , 

a? ie a ao : Es 

5. secx—tana] ,. Gi ee] : 

. Sing: V1 — gte=1 

7, tand—0) 8. aed | ; 

@—sin 6 |9-0 1—2a+ log at, 
‘eae 2 
9. — . I *— 1) Jexo- 
oa Le, 10. x(a*— 1) c= 
11. esin =) : 2: 2 _ cot | : 
‘ope x v4 eer) 
13. sin x log cot ¢]z=0. 14. (sin 6)t ADS ae 
: =) 
1 
LS] "| 7=0- 16. (1 + %?)*],<0. 
1 
17. (e+ 2)" ]e=0. 18. sec2@cos5 9] ,_m* 
“2 
19. tan « — 4 z 20 are tana — x ‘ 
fi z=0 . x3 dbs 
sec 7 
21 e= sec % — | ; 22 2 A 
Bae lien log (1—2) Jona 
epee al | : ihe ees oe 
singg tan? 7]}z-9 t—1 logxje—1 


152. Analytic condition for a singular point. In Art. 89 atten- 
tion was called to certain points of plane curves, called singular 


points, where the derivative a has not a single determinate 
HY 
value. At such a point “ must have therefore the indetermi- 
a 


- nate form Having now a general method of evaluating this 


indeterminate form, we can dc..uce an analytic method of deal- 
ing with singular points. 
sd 
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Let the equation of the curve, written in the implicit form and 


without radicals, be f(a, y) =0 (1) 
3 ass! ‘ 
Then for a singular point, we haye 
of 
dy dx. 0. 
eo Fa — ® 
dy 


that is, in addition to f(a, y)=0, we must have of =a of 9 
da y 

Solving these equations simultaneously, we find the codrdinates 
of points at which singularities occur. -Having found such 
points we may determine the character of the singularity at 


any one of the points by evaluating the indeterminate expres- 


sion for by the methods already developed. The following 
& 


examples will serve to illustrate the method of procedure. 


Ex. 1. Examine for singular points the curve 
S@ y) =40 — 1207+ 10%4ay+1ly—38y?—14=0. 
We have 0 of 


CY — 194? 242410+y, ~=x24+11-6y. 
Ox Oy 
The values x = 1, y = 2 satisfy the equations 
0 
ST (*, y) = = 0, oe ’ oF = 5 
dy 
hence the point (1, 2) is a singular aN The character of the singularity 


can be determined by evaluating the indeterminate form Zt. For con- 


venience putting a =p, we have 
x 


of 

: _ 90% 120? 24e4+10+y 
et *+11—6y : 
dy 


The right-hand member of this equation takes the form 5 fori = yin 


hence to determine its value at this point, we aimorentabe both the numera- 
tor and the denominator with respect to x and have 


24% —24+p 


p=- 
: 1—6p a 
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or aay Set Y 

| Dd Tap; 
whence 2p—6p?=0, 
p p=0, ort. 


Therefore at the point in question, ‘there are two distinct tangents to the 
curve and consequently two branches of the curve pass through that point 
and the singularity is a double point. The slopes of the two tangents are 0 
and 4,-respectively. 


Ex. 2. Examine for singular points the curve at + a3y — 4 ay + y3 =0. 
We have for the partial derivatives 


Of 498 4 82% — 8ay, LESTE Sy, 
Ox Oy 
The values = 0, z7=0 satisfy the equations f(a, y)=0, one 0, ig 0; 
; Ox Oy ; 
hence the origin is a singular point.- Putting dy =p, we have for the point 
(0, 0) e 
pee ee Oey — Oy =O, 


w—4a24+3y? Joo 0° 


whence differentiating numerator and denominator with respect to 2, 


we obtain | 
_ 12474 6ay +3 2% —8y —8ap 
3227— 8a + 6 yp 0,0 


p= 
For x=0, y=0 the second member again takes the form 0; hence dif- 
0 


ferentiating numerator and denominator a second time, we have 


_ 2444+ 6y4+6ap+6 ap —Sp—8P SEB p 

6x—8+ 6p? 0, 0 3p?—4 
Therefore p(3 p?— 4)=8 p, and p=0, 2, —2. The origin is a triple point, 
and the three tangents have respectively the slopes 0, 2, and — 2. 


p= 


EXERCISES 
By the general method of this article examine the following curves for 
singular points. Additional exercises are furnished by the examples of 


Art. 89. 
at — 4a + y? =0. 


Perse 3y* 1.7 = 0. 

a —4at + y? — 4a? y = 0. 
B+2a?—4ay+2y?=0. 

at — a2y + y® —6y2 +2224 12y—8=0. 


5 Ci =e by? 


Oar ONnE 
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7. Trace the curve x! + #%y —4 ay + y®> =0, discussed in illustrative 
Ex. 2. 

Suecestion ; Examine-for asymptotes, then put y = m# and find values 
of « for assumed values of the slope m. 

8. Trace the curve of Ex, 1. 9. Trace the curve of Ex. 6. 


MISCELLANEOUS EXERCISES 


1. Test for convergence the following series, and determine the interval 
of convergence : 
11.4 a a oe Wey ey ees 
Gp), ih = Bode 
oc ag a (5 ae a AS) a 
il ae 


(b) 14% 24 etn 


3 
(c) 1 +0084 +5 cos 2a +2 00s 8 a + ote, 
. vo. 


(d) cos + 3 cos 2a +5008 8 a + cee, 


Expand the following functions. 


2. tan é. 3. eF cosa. 4. cos” x. Bee i" 6. log secre 
— 
1 
7. Show that (1+ 2)*=e(1—4a%+4)422 — 7.2% +4.-.-). 
1 
SuccEstion: Let w= (1 +)*, whence log u = log C2). Make use of 
x 


the series already found for log (1+ x) to determine the successive de- 
rivatives. 
8. From the expansion for log (n + h) and log (n + 1), derive the approxi- 
mate rule of proportional parts, viz. : 
log (n +h) —logn _h 
log (n+ 1) — logn vie 
From this rule find log 7.523, knowing that log 7.52 = 2.0176 and log 7.53 ~ 
2.0189. 
9. Develop f(5+h) in powers of h, and determine the values of 
f(«) =2? (16 — x) for the following values of x: 4.7, 4.8, 4.9, 5, 5.1, 5.2, 5.3. — 
10. Show by development in series that ¢¥-! = cos” +-V— Ising, and 
e-*V-1 = cosa — V— Ising. 
are sin % 


11. Develop the function y =——*—— in series. 
1— 2 


Sucexstion: Multiply by V1 — 2? and differentiate. The resulting equa- 
tion is (1 — ves ou —ay=1. Nowassumey =A-+ Bu + Cx? + --. and deter- 
‘ mine the Ee ihe 


‘ 
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12. Derive the approximate formula tan (@ + m)= tan 6 + msec? 90. 


13. The strength of an electric current as shown by a tangent galva- 
nometer is given by i = C tan ¢, where C is a constant and ¢ is the deflection 
of the needle. Show that an error m in the reading of the angle gives:a 


relative error of pa in the current. 
sin2@ 
* 
Evaluate the following expressions by the use of series : 


14. en + ; 15. t= sin =| : 16. e = = ; 
: Asie a3 z=0 sing Jz=0 


Calculate the following. 

17. Sin 10° and cos 10° to five figures, 

18. Logarithms (natural) of 17, 31, 61, correct to four places. 

19. 2184. 

20. Prove that the expansion of an even function of x, that is, one for which 
f(@)=f(— @), will contain only even powers of «, while if f(~) = — f(— «) 
the expansion will contain only odd powers of #. Illustrate by several 
functions. 


' Making use of the known series for e*, log (1 +), sin, ete., derive series 
for the following functions. 


21. - ‘< . 22. elog(l+z). 23. Vitsin2z. 24. cosa. 
x 
25. By substituting mx for x in Ex. 10, prove DeMoivre’s theorem, 
namely, (cosa +V—1sinx)™ =cosmx + V— 1sin mz. 


‘26. By means of the exponential series and the identity 
ex¥—1 eyv—1 = exV—1+yV-1 


show that 2sinx cosa = sin2a, 


27. Denoting by c the chord of the half arc, Fig. 101, derive Huygen’s 
Becic—ee 

res 

SuecestTion. Expand sin $ and sin in series and combine the results. 


approximation to the length of a circular arc, viz.: s 


28. Referring to Fig. 101, deduce an approximate formula for s — C in 
terms of the chord C and the dimension h, 

29. Examine for singular points and asymptotes the curve 

2 — 5axr2y? + y° = 0, , 

and trace the curve. 

30. Examine for singular points and asymptotes the curve 

gt — 492 — oy? + 9? = 0. 

Trace the curve. : 


ANSWERS 


The answers to some of the problems have been purposely omitted. 


Art. 8. Page 11. 
1. —26; —14; — 110. 3. 1; £ V2; 0; 


6. s— VP FT: (8— vz)24+4; (y2+4)244; eee 
14. cosé; sin @. 


if e=—5 15. sec é. 
12. sin (#+ y). 16. tan(«#—y). 


Art. 12. Page 17. 


2. x=2,“2=3. 4. (a) Discontinuousatz=0. (0) Discontinuous at «=O, 


Art. 15. Pages 24, 25. 


30: 5. 48. 135.0 
4; 1. 6. Sat. bok ERE 


iS) 
bes 
owe 


Miscellaneous Exercises. Page 25. 
1. (a) (2a—8) Ax+ (Ax)? (b) 0.381, 2 (6) 81% 12 (a) f. (0) 


Art. 17. Page 30. 


Th §. 3a?—1. 9. a+ gt. 
2. 224-4. Ce SS ap by 
ee @=1) iets a 
"of 7%. 3(@—a)*. a ke 
4. Lad, 8. gt. j (v— 6)? 


Art. 28. Pages 37, 38. 


1. 6x—4. 2. 1202-42. 3. 3a7— 102. 4. 372—-24—2, 
5. «2(623 + 5a? — 84-6). 7, 8=2. 8. ae 
6. 622—82+3. x8 x : 
2 2(2 a2 — 8a — 
aes ee 11. 14-—. 13. . 
“ (ax + b)2 + 6s (a2 + 2)? 
10 ad—be 12 i Ae 14. — x?412%+ 19. 
"(ex + dy? : (@—1)? (x? + 4% — 5)? 


823 


324 


ITO ae 


iJ 


10. 


. §vo. 


ANSWERS 


Art. 30. Page 40. 


2. 2e+ 472, 


siete) 


. 82% —5)8. 
. 4(@ — 2)(? — 4x 4 8). 


. a(t — a)? 


ae! +02) 


4 
. —$(44%+438) 8. 


2 aa 

(a2 — a2)? (a2 en a?)? 
OP op Wb) pete 
( + ee 


eh 
Artes) 
py RSs 
3 
‘aide ROE 
Ve2—2%4+5 


3 
. —52(a? — x?)?. 


4. 5a(a®— 22)78, 


ga 803 4 a3). 
: 2 a8 (a2 — 2 a2) 
3 (a2 — a2)# 
. (Qa —4a)(32%—4a2)"3, 
' m+n+2a , 
2V/(% + m) («@ + 2) 


it 


‘12. 


14. 
15. 


16. 


18. 


19. 


— —— as eo 


eP-1(1 — £)I-1(p — pu— qr). 
(4 2? — 15) 


a?— 5 


« = @arc COs 


O-V, Faye 
a 


Page 42. 


9. 


10. 


1X: 


12. 


18. 


14. 


3a? — 2 


3(a? — 24 +45)8 


5a24+62—12)4/2+3. 
(5 2? + ) ayer 


3 
2 
Oo ea eee 
262(1 + 6)? 
60 Pt 
(n+VeB— at 
2V2— a 
x8 : 
x(2 a? — x) | 
(a ees 22) 


Art. 32. Page 44. 


os fag vO oe 
8(a— 4y8 Kesey 


a 


; 2Vae +b 


4. Vz 6. 4(evy—e-¥). 


Art. 33. Pages 44, 45. 


ab 4 b—ct. a 
3 : NUTT: y 
4p @ — ct 


10. 


(Bh 


Miscellaneous Exercises. 


_ net met an. 
ertl(g + a)mtl 
n(a@ + Va? — 1) 
Ve—1 | 
Vx +v1l+ xt 
2V1 + 2 
peere Ee = 
(@+1)V22—1 


BO —2p2—2*) 1, 


ANSWERS 


825 


Pages 45, 46. 


20 28 + 9a? — 8. ise es 
3 
2(@ — 8)2 Va2 + 5 
. 2(15 a8 + 1222 — 12% — 8), 14, —O+a)VI= a 
. (1+ a)? 
2 1 
. $2 F422 — ad) (xt ~ ah, Spay hw ee cd 
20-5 Wie ll 
(x — 2)8 16, 8% —9 ax? +3 aa8 
x . 8(@ + a) (a? — a®)3 
Vl+a2 17. 22 -2@—1. 
ei Ve—1 
xt? — 1 18. 47 222+), 
1 : Vert 
4Va+Va Ye ene el 
aes v (v—b)?2 
Sila xt 20. — ; 
c+ p’ma 


22. arctan (+ 3). 


102(2— 22) 


(at —10 #2 + 10)8 


23. 

OY, pairs SUSE 
“b+ 

- Cs 

25. 7 gt! 


26. (b) 1.0025025, 


(a + mw)? 


-O; 4495 FH. 


-(@)} OF 


? ? 
B& 


29. 


£3 OT 
S&S V2 as — 2 s? 


Art. 37. Page 55. 


3. 0.50925. 


Art. 38. Page 56. 
3a —8y= —38; 82+38y=—4. 
2. 9a +4y=72; 44—9y = — 65. 


. 2u—y=a;x4+2y=8a. 


2 ———— 
s —pwtvl + pe 


42 


30. ——__.. 
(ax + b)2 


10. 


11. 


Sta) Be? =) 


ANSWERS 


. 82+4y=50; 4x4—3y = 25. 
. 8a4+5V21y = 100; 5V2142—8y = 18 V21. 


9e—y=6; e+ 9y=110. 


. Wa—4y =20; 844 34y = 135. 


f 2 
| 8yYy =an(2e—m); y- n= —24 @—-a). 
1 


1 
3 
-y-mn=—-4 @—m) 5 y-n = ©). 


1° yi> 


yyi?) + xe" = a"sy— Y= tat (@— m1). 
ey 


HH Yt _ ey 
nahi e e oe (@— 1). 


Art. 39. Page 58. 


ee 3. 4; 4; 4V2; 4v2. 


2 
EN sgl ae mVertw. 64545 $k 
al 


al 


3 8 y1(a12 — 1) ; V9 x14 — 18 212 + 10; 


ywVv9 at — 18 #2 + 10. 


vi8; SVB. 8. 53 243 5 V5; ave. 


woaveaee Se eA ee 


26,2 V1 40. 


. AVI +6; ae?; aV1 + &; a 


2/4 +. 2 8 44 @ 
weit e adVE +B; 208. 


SES MCELI SEY (+12; VETO +, 4. 


pV4pt+(a4+260)2, 23 ppd ate CREE a+2b0. 
a+2b0° 2p am yet” 


? 


a+2b0 


Os ere gy aes ees 
2 a+2b0 
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Art. 43. Page 64. 


. (@) vV=%M— gh; a= —g. 5. (a) 82 rad./sec.; — 32 rad. /sec.2. 
(b) 2865.6 ft./sec.; —32.2 ft./sec.?, (b) 3% sec. 
(c) — 86.4 ft. /sec. 6. w=a—3bd2; a=—6 be. 
LON et ere Vt 
. 18122 sec, t=; b= — OVE: 
it 5 2Vt 40 
. 18 rad./sec.; 2 rad. /sec.?. 8. w=b42ct; w=2c, 


Art. 44. Page 66. 
. 0.54084; 0.23440; 0.23848. 2. — 0.00006704 ; 0.00026816. 


Miscellaneous Exercises. Pages 67, 68. 


1. (a2) 0; —i. (6) Atz=Oandzr=fa. (c) Atxv=—Zaandxe=2a, 
2. + 45°. 8. 15%+2y=60. 


(a) p=ko +e. (b) 04+ %=c. 11. 0.50925; 0.51040, 
p 


Art. 48. Page 77. 


2 dx aed dx 
Le Se Ty 8. dy= ai 
(2 ax — x)? 
9 Ge ee ae 
(a2 + 27) Vat — a4 9. dy =20.#de_, 
Body = Oe. V2a+1 ts 
15.23 (a —a)® 
__ medo, 3V2 ax — x? 
4. dp= mth 10. dy =——— 5 
5: dy = bmn(a + bar)” 2" de. P 
6 ip ee tee ees 2 ; 2 
2V1+4 PN oaiG 
Fo h\ta 8 «8da 
(ft EB 12. dy =. 
248 3(a? + 13 
Art. 49. Page 78. 

3 2 — y2 493 — 3 xy + 2 ay? +2y% 
ip ee a ee 4. Sa ae 
2axy 8 — 2 xy — 6 xy 
9, be. 5, ~<a tty, 
Py he + by +f 


328 


ANSWERS 
% —F; %. “ me pv®—av+2 ab 
8. }. eh) Bia vase) cae aaa 
9. (a) Subtan.=4p?V6— 200; 11, y(t 2) + 80+ 9 
: 2yAa—x) — (142)? 
Sabn, =P yw 2 (1 +2) 
4 pV0—20 12. a 
* ry 
b) Subtan, = 1 — 2 pé; 
Sub p? ais Vy —2Vz 
n. : ee ee 
Se aga 70) t Ven avy 
Art. 50. Pages 80, 81. 
1 Bis gv3E. 7. 
Danone a Ve 
3. - 6 ft./sec.; (b) 10ft./sec.  *® pe ee approx. 
4. (a) 0=ap; (b) ph =k. aaa 
5. 2m cu. in. /sec. ¢ 
‘ P aie 11. 2? tt. /sec. 
6. 3} mi. /hr. = 
Miscellaneous Exercises. Pages 81, 82. 
dpe 5. Sa = Was 
x /{ — a2 5 ax? — 21 y? 
VJ 2 4./ 2 me 5 
dy vanes de. 9, #0 = P= sy 2 
21/1 — at 9 5S ioe 
P 1 os 2\32 3 
dy —5[ 62 $3522 — 12256 oC a see 
OY eS a y? 
3 a (a? — 4)2(@ + 78 nf a 
Piya eV GR t= 22 hee 
2Va? — x y 
: es aor v eek -6V2; 6V2. 
V 100 + 2 V100 + y? 
. 4 ft./sec.; 3 ft. /sec. 11. CO tanip Es 
4v11; 62. raz 
Pu ae ie 18. V16.1 F, /sec2. 
. 14V8; 14. 50 
3 20. — 2.24 Ib. /sq. in. per sec. 
cih 
. Gy = —, where k = Da. 21. 0.1 Ro(a + 2 br). 
8 ty 22. Role — 2 fm) 
5 Par cx? = 0 el — em + he)? 


. (a) eves (b) 0.899 a. 


(c) y—2V2V3—3 =—(3 + 2V3) V2V3 — a2 -§): 


aihe 
« ——I1N./S8eC. 
67 / 


‘ 
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Art. 56. Pages 86, 87. 


1. — asin az. 
2. 3 tan? x sec? x. 
8. 2[cos 2a + sin 2 x]. 
4. 2sec? x tan x. 6 
5. 6sin38acos3a. 
6. 62 cos? (a? — x?) sin (a? — 22). 
7. xcosx+sin 2. 
8. = osec? 2 + 4tan 5): 
2 2 2 
ee in W/a? — ai. 
Va — a 
10. — tan? x. 
ll. z?csc24(3 —2xc0t2 x). 
12> 2 sin x. 14. 2sin? x. 
13. «cosa. 15. 38cos’a. 
16. 2 a(2 sin 6—sin$ 6) 
cos? @ 
17. —£ sin 26. 
Vcos 26 
1-n 
18. a(sinné@) ™ cos né. 
6 6 
19. asec? — tan —- 
S 3 
Art. 60. 
a 1 
; @— x2 
2. VEX 
k + x? 
3. 2 a? 
TV xt — at 
4. =a eS 32 
Vat — a2 V1 — a? + 2? 
x 
5. arctanz : 
+ 1+ 2? 


a@ 


p Vp? — a? 


20. 


25. 


22. rsin | 1+ 


ie sin 6 
(1 — cos 6)? 


. — (Asin wt + Bcos wt), 


? COS 0 : 
VL? — 7 sin? 6 
sind 
1—cos¢ 


- a¢cos¢d; apsing; tang. 


a 2 , 
a(1 — cos 6)" 3; asin 6. 
sin @ 


(0) 


(ce) asec? E cot? : a sec?’ tan 2. 
PR 2 ee, 


27. tana; a?sinxcosa. 
28. 90°. 
29. arc tan (2V2). 
= a nr. 
81. 0.00027 ; — 0.00011. 
32. 1 V2 ab. 
83. — kvo sin kt. 
Page 92. 
1. aie A BAe heel 
p V p* Ais a2 
Pees she k? sec? x tan « : 
(2— k? tan? ~%) V1 — k? tan? « 
11. 24 (are comnts 
Vv1— at 
1 
12, —_+—_—_., 
n (m? + a?) 
13, —L Vat— al 
2 
4. 1Vepo a 
a 2 
Ng eae 16, arc cos % 
Vae— x 
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RS 


Art. 65. Pages 97, 98. 


1 2¢—3 _, 198 Sen eee 
B= 8x46 Vaz — a2 
2m 1 
le ee carne a aan 18, —————_ 
(a? — m?) log a e/g? + at 
g, cave log a, 14. arctan a. 15. xe. 
Vx — a? 16. Lae 
4, 3 wer + e, a + bx? 
5. 1+ log. 17, LH 2e+2H-38 
8 re V1 + 2 
* glog a 1g, 2(2+922—24) | 
(lo C2 Vx? — 4(x +3)8 
AO fee Sot A, 19 Pa eee 
(e = e-*)3 2 z 3 3 
9. esinz cos x. pera” 
10 sec? % 20. : 
aaa G42) Vi-# 
Epucut Sele Deer 21. Vk(Ae’V* — Bev"), 
eee 22. e-* (B — Bkt — Ak). 
23. e—* [ (ma — bk) cos mt — (mb + ak) sin mt]. 
G4 teens goad 7 ett © +1 ec Vat +. 
95, 45°; arc tan 4. 
e 
2 Ge ae 
a a ao a a 2 
26, ace ce *), ae =e oF ; Meteo. 1.4656, 
ete 4a 
Miscellaneous Exercises. Pages 98-100. 
4. (a) pte £75 oa + ne. (b) me are tan (+ 2); wieed 
(c) 2 nm; arc tan (+ V2) ; = +nmr. (d) x=1; a nowhere. 
5. (a) 0.80902. (b) — 0.58779. (c) 1.52786. 
Gap REE BTI8 x, Tene wa Ss 
1— cos 0 xt + 27). 
Var — a x —x 
Me oes . 11 eae 
2 ex + e-% 
2 
fp. 1 1 
; V2 ax + x 19, — 7 sec? a? log a, 
9. Vat — x, a 


‘ 
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13. (a) #01 +008 9)". 4 cin 9, (b) 22; ae, 
sin 6 nae 
1 aie 6 6 
(c) =ptan@; a?sin29@. (d) pcot —; ptan —-.- 
2 2 2 
1+ cosé 2 tan @ 
14. Se 0) e= 5 we 
eae yO. (d) cot 
16. m cos 2; msin 2. 
2 2 
2C pnO 
ve — — 2D) ba loc @ — cBe , 
@) —P( at ge) O gop gy (©) PCoat log a — opPlog p) 
18. — ae-* {2 rbsin2 (bt + c) +A cos2 r(bt + c)t. 
Art. 68. Page 103. 
a b il i 1 
=e erates Meat ; 
B 2 a2 Pigked x 328 nee 
6. #2 = eda eas 
2 a5 ; 
7. —2440-F4 2% 40. 9. ga 20°40 
10. —12 as 4 36 wy Se £6 
fi EG 13. an, C. 
38a 32 
144 oe eee 
: A ; 
(a + 4)? Sate earls 
am 3 1M 15. 2Ve? —544+7+C, 
Art 70. Page 108. 
1. $@4+a)°+C. 13. Va?+22+ C. 
3 
2. 4 (@?— a)? +C. 14. dare sin cx + C. 
3. log (3 a? + a?) +C. C 
4. e+ C. 15. arcsec ax + C. 
1 iia 
is "sin 6 o: 16: 2m? log a 
a 3 
bam ep Laretan 2+14 ¢, 
7. 4 (arctan x)?+C. 2 
8. arc sin ma + C. 18. axe eh 0. 
9. tan? 4+ C. 5 
19. log (a +3+v2?+ 6a +410). 
1. 2 (ax + B34 C. Aas, 
Ta 20. Llog + * ae if -1<a<ll, 


12. log (20° — 5) + 0. 


a 


ANSWERS 
‘Art. 71. Page 110. 
A lat be ~ alog (a +0e)}. 4. 4(442)Ve—2. 
Net at a 5 log v2e4+1-1, 
ee ° V@e4+141 
x — 


Cv a — x? 


Miscellaneous Exercises. 


a—24. C, 14. 
Ae a = 
. 2V8e—a2 + C. 15. 
Lae IRN 5) 16. 
8Vve8—a 
= aay aE 17. 
. logva?—62+4+14 C. 
ae Eyre TT 18. 
Vei—6%+14C. 
deP +. 19. 
— 4} cos® 0+ C. 
Poanz 20. 
—tesc? 0+ C. 
. 2aresin 5 BV ae 91. 
aVvax +b 
5 log(3 x8 — 5) + C. 23. 
log Vzt— 522 +2a2—74+0. 
24. 
sarc tan2t3 4 ¢, 
2 25. 
. loge[u +m +V (w+ m)? — v2] + C. 
1 Ae 
. =arcsin—-+ C. 33. 
7 in oth 
. arcsing + V1 — 22+- C. -34, 
; 1 
. log C. 
"ite" 35. 
2( vi =.) +10. 
Vie 


%. are cos % 


Pages 111, 112. 
4a3—1o2+a%—log(*#+1)4+C. 


log (a3 + x) — 4 log (a? + 1)+C. 
-+ log(a + bcosx) + C. 


— ecose + CG 
arc tan z — logV1 + 224 C, 
lo 2e+1 

2x+1 
ae ee 

57 
log[#+3+V2?+62+1]+ 0. 
ol tog 2 See 
2V6  z2+V6 

ee v3 0-2 
a= fog 

4vV3 V3042 
arc sin (log x) + C. 


log[s + a+ Vs? + 2. as] + C. 


+ ¢ 


are sin 


y =logV2z? +142. 
y=2r—1ta(1— 2). 
s = sin kt. 


ANSWERS 


Art. 73. 


- (@) v=%4+ mt—Iiné; 
S$ = Spt Vel + 4 mi? — Fy nti. 


4 me : 
(c) eos sorte aes Ys a a: 


2 a=10—2¢;; s=dt?—163. 
. 10 sec.; 1662 ft.; —10 ft. /sec.2. 


Miscellaneous Exercises. 


v3 


42 


ee ALG, bale —, = Ce 
6 v3 
1 1 a—l 
ae = yee EOL 
Ret Tg Pie 


. 8Ver +1(e*-2) + C. 
- (@) y= $a? 4244C. 


Te. 
=— Cc. 
(c) y pe eames: 


8. y=4u—423—5. 
9. Q=ar+4br? + ter’. 


14. 


(a) w (xe — a wl. 


(c) wlra? _ wat | 
16 24 
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Page 114. 


» Y=824+C; y=)234+ C; y=hme2+C; y=it+ C; y= ae?—be+C; 


a Aa! 
ST er hie 
yest. 5.- F=Kkp + CO. 8. y= Cer, 
y =b4+ C. 6. m@=p+k. 9. logy=2+4+0. 
a 
. ~p=met+ C. 7% y= $u?+ 5e—18. 10. p=e4, 
Art. 76. Page 118. 


(6) v=v%— mk sin kt; 
S$ = 8) + Vol +m Cos kt. 
4. 8sec.; 15.27 rev. 


y= gx? 


8. 60 ft. /sec. 
2 0" 
Pages 124, 125. 
4. arc tan e*+ C. 
5. ae are sec Eagar C. 
V7 V7 


r—a 


C. 
Pee Tt 


6. 1 are sec 
b 


(b) y=3u54 Ce+ Cl, 
(@) y= en + Cr. 


3 wl wre — ‘ 


6 6 


Art 82. Page 129. 


. 6x. 
. a [; + (log % + 1°]. 
% 


. e@[ (a2 — 1) cosa—2asin gz]. 


— x . » 
(1—a2)! 
a2 


(a —x?) 3 


4. 


ja 
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1. D-+(sin az) = 4 sin ax + ae 4 Pha + ¢3% + C4: 
a F 
il 1 
2. D4+=—76 ——g¢t+- Loa ts cut? + cae C 
S00, 222k gees eit 
8. D-*=—tloga +e? +4 one + C4. 
4. — kee mk —6n, 
6 6m 
5. Ely =} Mo? +4 Ro — 3, wet + Cie + C2. 
C,=0; (=—4MI-{RP+ Ave. 
Art 84. Page 136. 
“1, Max. for =0; min. for = 63. 11. Min. fore=$7, }7, ete. 
2. Max. fora=0; min. fora=+V3. 12. Min. fora =2. 
8. Max. for *=—4V3; min. for 4g yin. freee oe 
= }v8. 3a 
4. Max. forx=0; min. for~=%. 14. Min. fore =—3. 
5. Min. tor¢ = 2. 15. Min. for « =— $. 
6. Min. for =1. 16. Max. for =e. 
7. Min. for x = V2. 17. Min. for «=3 and for e=— 2 
8. Min. for «=0. Max. for x =— §. 
9. Max. for %= 1. 18. Max. for « =0. 
10. Max. for x = ro 
Art. 85. Pages 138, 139. 
il 5 and 3 - 2. 45°; max. range el a 
g 

38 —wtvl+p > 5. 8 in. 7 v165. 
4. " 6. Length = diameter. 8. 4V5. 


16. 


17: 


ANSWERS . 
2(a? — a?) | 1g, (—1)"n! 
(a? + x2)?’ ntl 
en(% + 8). - s 49 Cho@—p! 
9 Serer poe 

eee a 

@— 3) 

— («cos% +3sin #). 14. (a) Ages (b) = 
a a* (log ays E a 
15. 12Q(aly + 7 xy? + 23 xy? + 38 xty* + 23 wy? + 7 x2y8 + xy) | 

(a3 + 6 x?y + 3 xy?) 
(a? — 1) (y? — 2 axy + 2), 18, _2+.0089 , 
(y — ax)? (1 — cos @)? 
i, 19. 2 csc? 6 cot 6. 
a2 


Art.83. Pages 131, 132. 


10. 
12. 
13. 
14, 
15. 


16. 


17. 


11. 


12. 


13. 


15. 


16. 


‘17. 


. sinv(2—2?)+ 42 cosa. 


. 2e7 cos ws 
é (= +7) 
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Altitude = 2 x diam. of sphere. ee ae 
Base = altitude = rv 2. Pe 
av2, bv2. 19. 33. 
Base = av3, altitude = 3 a. 14V3 
= 2 . B < dtl = —} 
Altitude = } x altitude of cone. egg py 
Radius of base = 2 x radius of 14V6 
base of cone. ata aera 
. ad = . £ 
Altitude = ; a; _Tadius of base 21, Breadth =6; depth — 6V3. 
=; av2. " 
: i ev 
Radius of base = — \— ; 
ve aes \ 
arm rg 
altitude = [0 


T 


Miscellaneous Exercises. 


9. 
os 
— 10. 
ind 
3 esys 
3 ata 


(a2 — a?) 2 


Pages 140, 141. 


8. (a) 4e(sin x —- cos x) ; (0) °. 


= a(n) 2 
ery, 

y = ax? + Ce + Ce; 
Yy = we? + C4 ; 

y = ax? + 5 av + Cp. 


y 


AF ee) ul Dae wee tes 
(a) Later sy SA aire ar pee + cot + C3 


Qey= 4 (e% + e-9) + sex + CoH + C3. 


((), fae =< cos(kt +e)+ seit? + Cot + C3. 


(a) Ocye—at + B?c2e—Ft. 
(b) we-%*[ 0c, + Cot) — 2 ce]. 


e-2*[ (a — B?) (cy cos Bt + ¢2 sin Bt) + 2 &B(c1 sin BE — Cz cos Bt)]. 


(a) Max. for x = 3; max. value = 2. 


Min. for « = —1; min. value = 3. 
(b) Max. for 9@=47; max. value = V3, 
Min. for 6 = $7; min. value = — $v3. 
ba 1g, abe +2fgh — af? — bg? — ch? 


(ha + by +f)? 
rl? + v3 sint 6] 


3 
(12 — 7? sin? 6)? 


a a(1 — cos 6)? : 
19. rw,? [ cos 6+ 
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ha Carbo G- 


OARS 


ona kroner 


ANSWERS 


Art. 86. Page 143. 


Concave up if —Z49ne<act 4 One; 


. Concave up if x > %; concave down if «<< %. 


concaye down if aa ne <a< iar t+2Qnn. 


. Concave up if «<< —1; concave down if z>—1. 
.. Concave down at every point. 
. Concave up at every point. 


(a) Concave up at every point. (6) Concave down at every point. 


. Concave up at every point. 


Art. 87. Pages 144, 145. 


os (ie AE 
. No point of inflexion. S34 —=0: 
No point of inflexion. 9. e=+}vV2 
. Points of inflexion for 7 = nz. 10. c=+ 3, 0 
. Points of inflexion for « = a noda 11. %= Ae 
x = log 2. 13. y=Ca3 +.” +4 38. 
Art. 88. Pages 148, 149. 
y=u— fd. 9. z=a =e x ape 
L=d, y=+(%+ a). oe ay De 
= 2'0. 10.377 = 0: 
b lh yas 2s 
=4+-%. 
‘ a 12. oti 0 ey 
AV 13. y=2+H 
84+3y=2. 14 0 oy OSereiO 
@=+c;y=+c¢. 16-3210 
CS, 16. No asymptotes. 


Art. 89. Pages 151, 152. 


Cusp at (0, 0) ; tangents y? = 0. 


. Tacnode at (0, 0); tangents 9? = 0. 
. Tacnode at (0, 0); tangents y? = 0. 


Double point at origin ; tangents y= + 2. 


. Double point and cusp at (0, 0); tangents y2 = 0, y =a. 


. Double point at origin ; tangents y = 0, « = 0, 
. Double point at = a, y = b; slope of tangent = + Va. 
. Double point at (0, 0); tangents y =+ Vaz. 


it 
12. 
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Art.92. Page 160. 


8 
_@Y+a)? 9. (4y +0)! Ve 
a2 2 yt =— 4 ay 
(9 a2yt + 422)3 10 avx(8a—38x)8 
3 ay(6 ays — Ba) . aa ayt 
(aty? + bix2)2 ( 3 
a atbt , ws =e : 
23 
_(@+a?+ 1 12. —15V3; (20, —10V2). 
L+ a4 ' 
. sec x. 13 or ; (214, 15,9). 
z 
- d(axy)§. 14, — a (0, 0). 
y ; ieee 
a 2 ak 
= (aty?b + btn)? 16. ae) tit 52 ae oie 
abt [1+(2ax+ b)272 


17. «= log} =— 0.1534. 


Art. 93. Page 162. 


é 7. (a? sin? 6 + D2 0s? 8) ?. 2. 3asiné@ cos 6. 
a 
3 

Pana) *. 5. 3, sind! " 7 
p2+2a? 4 3 5 gle 
a a 

——*e 2 8. 6 
V3 6. pV1+ a. 3 


Art.96. Pages 166, 167. 


. The origin. 2. 4(m—2p)® =27 pn®. 8. (am)* +(bn)? =(a2 — oF 


a2 — b2 


2p oe 
cos? 6, n=—% > e sin? 6, 


n= 


. m=acos 6, n=asin4#, a circle. 


Miscellaneous Exercises. Pages 167, 168. 


3 
OY (PR) 3. —13 (0,0). 
ice A 8 16 
Z 3 
ees (ue PN Se 
Caen a Aner 13-1): 


Double point at (a, 0) ; tangents y= + (#@— @). 
Conjugate point at (0, 0). 
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13. 
14. 


16. 
18. 


20. 


11. 
12. 


ANSWERS 


Double point at (0, 0); tangents y =0, y=}. 

(@) y=atts O) y= 4ee, 15. —8asin$@. 
+2=alog at Ve — io _votR i. 

(a) p= asec @; (b) the initial line 6=0. 

(c) four asymptotes, p = 5 sec (; ae a), p= ; sec re - 0). 


4096 a8m + 1152 a?n? + 27 nt = 0. 
| Art. 97. Page 170. 
1322. 
. log V3. ee 17. r. 
AME . rare sin is 
10V10 —1 
d 15. a(as — 1)2. 18. 5 Rae 
se 16a52: 
Art. 99. Pages 172,173. 

. d arctan 4. 4. d(e#— 1). 7. + log? 2, 
= 5. arc tane—=. Se 
6 4 a2V2 
4, 6. 4. 

Art. 103. Page 181. 
eer ee 3. 2. aoe 8. $(14+/T6). 
2a a 2 z 
‘Miscellaneous Exercises. Pages 182, 183, 
2/2 gsi8. 92 272. 
aes 19a. 
en 7) 

. (a) 4(cos @ + cos B); (b) Za, HW. © 

et — @, 
Art. 105. Pages 187, 188. 
78. g frat 
1062. 3 
10 9. a? 
32. 10. 4 12a?. 
eo 1l. ab. 
g ne on): 12. a2. 
mOm (m-1 m=) bi metas: 
BO (om <am ); Gees ”, 


’ 
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Art. 106. Page 190. 


- (a) trn?m; (b) 4 rmn. 2. 27 7. 
8. 144 7. 5. dmat(ee + 2c—e-*). 7. &7a8(8 log2 — 2). 
4. x. 6. 3; 7a’. ae 
> 2 
< Art. 107. Page 192. 


1. 108%. 22 $rabe. 5. ath(w—4). 6.3493 curin. 7%. 240. 


Art. 108. Page 194. 


a5 6 a: ay pay 
2 3. (eee a ) 
8a 9m\? 
oe) 4 te 
2 27 ( +77) : | 4. 27a. 5. 47a. 
Art. 109. Page 196 
2 
1. 27a. 3 vite 
2. eae e (03 1); tea 4. a. 
a a 


Art. 110. Page 198. 


1. S27 (avi — 1); 22 6v5— ava). 8. 27((37) $19, 


2. rnVvm?+ n2. 4. me (e2? —e-% +4). 
Art. 111. Page 200. 
n2 
cit 6. 4. “6 
2. — 5. Beppe log 3 
Ho — MH Hi 
8. (a) 2; (b) 0. rey? 
oF Tv 


Art. 113. Page 204. 
_ 1, 48082 in.-Ib. 5. 83,219 ft.-lb. 


me 
2 Mn+ 6. 65,684 ft.-Ib, 


BEC eB 1e 8 
> vat ee 7. 3,273,000 in.-Ib. 
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Miscellaneous Exercises. 


Pages 204-206. 


3 
4g, (78)2 = 27, 
16 


ae sin ba — be cos bx 


+0 


sin @ (log sin @ — 1) + @, 


2a°. 


15 


rs 


1. (a) 872; (b) 48; (c) e—1. 10 
2. ve 11. 2 mn? 
2% 
8. log 2. 12. oe: 
2 
4a 2 Po 
6 13. ogee 
5. (a) 820; (b) 4m. 14. - 
6. 128 cu. in aes 
F A ° 15 k(sy"41 = $+) J 
8. 2a3, ; n+1 
9. a. 16. 56,530 ft.-lb. 
Art. 114. Page 209. 
1. eF(@?-—2442)4+C. 5. 4(@—sin @cos 0)+ C. 
2 gmt gg mtl 
“m+1 (m+ 1)2 i a+ Be 
8. darcsind+V1— #4 C. 7% wlorxz—2x2+ C. 
4. Resi Re Bamps 8. 
9. = are tan x — 7 eet) + o, 
10. oh (sin + cos aie C. 
11. cosa -—- asin a + C. 
2) 5 |i 6 sec 6 + log tan (5+ ay + C. 
13. © [v2 4: log (1 +5} 14. 
act 2 
15. 7 | 08) — log + +|+ Cm 16: 
Art. 115. Page 211. 
lee eg rian. Siectt C. 
1. log (x — 2)4 5 gs e+ 1) + 


2. log V(# +5)5(a— 8)+ 


3. 


log h(a —4)4 


(@—8)* 


+ ¢. 


5. log htt +¢. 
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6. $27 «+ $log x + }$ log (w — 5)— 2 log (a@+.1) + C. 


7. log [Semen] 4 C. 8. log [x2(@ — 2)8(@ 4.2)2] aC. 
Art. 115. Page 212. 

1. log@—* 4 1+ C. oo loge 5+ 0. 

2. logy (223) + G. 6 og @—VP_1, 8§_+¢, 

4. log (+8) +45 + 0. 8. ne eeaerrereye 

. eet i ae Ais D+e a ena mat 3 
Art.115. Page 213. 

ie log @= D+ D" 4 4 are tana + C. 

(22 +13 

2. ; og 2 =F — Fare tana + C. 4. i tae aC. 

Ss hig Ba 

6. a: if: 5 log eS Ney + glog(y +1) + are tan + 6, 

8. = [ 1e8 as tan ES C. 

9. [et yee lt 10. eee re 6 

11. jog Gta tat ee gt | 

12. a C. 13. log EE rar waif 


Art. 116. Pages 217, 218. 


+4 7 peas 


ee get 
3 ‘e 4oe-8 


age Fi 
Seg = tra; 


12823 , 10240% | 4096 1473 nb 4 ]+¢ 
= or Gapyepeah ) 
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(ma +b)! _ 2b (ma +b)? , pee C. 
2 cal 7 i) 13 


6. Meise 5. 0. 


4. 2are tana)’ =! 4 Cc. 
%. log [a#—44+Wv2?—T2e+4]+4+ OC. 


o— 


5. Gare tan |” — 2+ C. 8. NE are tan se) + C. 
5—4 — x) 


4 5 
ce sect ae +. 


10. 8V x2 — 3 — log[# + Va? — 3]+ C. 
11. log([a# +1+ Va? +2x%+4+5]+ 0. 


3 
12. G—)" aay +o. 15. log[e+4+v224+2]4+ C. 
2 , Teh 
190 2 oe Cee Fa 
Vie+1 or 
14. — 2V20— 07 arc vers2 + C. ty. = SS arcein | + C. 
x V a? — x a 
18. + log (x + Vx? — a®) + 0. 


vase 
19. Ve = @ + £ log (w+ Vi @) + 6}, 


20. 5 (2a? — 5a?) Va? — a? + 5 © og (e + Va? — a®)+ CO, 


21. garcsing —22 +8 tet vine x2 + C0. 24. me. 
22. 1(a2 — 2) V1+a24 C. 
pa 3 
93. veel ae kere C. 95. 11V15_ 
a 323 64 
Art 117. Page 221. 
1. dsecéa + C. 7. } tan? — logseca + C. 
2. —cotx—tcot8a + C. 8. +tan®a + OC. 
8. —tcot's —tcot®a+ C. 9. —sinz —escxa+ C, 
4. —tcot?x+ C. 10. gtan? a + C. 
5. — tcos?x + 4 cos'a + OC. ih, asin? ¢— g.sin a + C. 
6. — }cot? x + log tana}+ C. 12. tanx — cota + C. 


is 


42, 


46. 
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Miscellaneous Examples. 


343 


Pages 228-230. 


1 1 13 

eee 2e\+ C. 8.. galt —tat 4 O. 
Vi+a2\x 
i ae (Vata)? —4a(vz +a)? + C. 
—— are sin —“—" 4+ @. : 
V2 V41 ~ 5.  @-DVEFET , g 
(@ + €) cose + sine log sec (6+ .€) 4+ C. 
(a) ga a — 22?) Va? — a2 2450 are sin “+ C. 
at 


(0) 5@ a? — a?) Va? — a2 + = are sin a CO, 
(a) {tanta —} tan?a + logsec a+ C. 


log 4 (=H. ¢. 11. 


%—1 
r # e ere tance 1+ EGE 13. 
V1 2? 
1 Sa eae Pe Ed Ww igh ghia > eben 
3| va x aarecos = | + ! a — ® 


EAC ar BTiog? Pa 


T 


1 rat 43. m4. 44. 


a CE Sap eee 


meee TOs 
- y+ 2 


Cin — 1) 


(6) 4tan? ¢@— tanéd+6+4 C. 


———— 8 
ta8are cosa—iV1l —2? +41 —27)?4 0, 


te(1 +2sin x cos & + 2 cos? x) + C. 


+¢C 


2 9 
1_ jog VI4@ + V2%5 — 28. (a + da2)? A isi) * © 
2V2 V1 + 92 — yey ; 
mab. 27. 3 3a? 29: SO a) 
3 rab. 28. 10log10—9, 16Vm 
(a) Saal 9 y/o log 
1) eV e* Ed 
(b) V3T —V2 + log SA+V2). (6) avi. 
fe 87. 
girvi + 2 + log (rn +V1+m)]. 
zal vb—2— Ve lop V5 7. 
2V2+V6) 
. $70. _ 36. 5 12a3. 39. £4 ma?. 
12a. 87. 6 13a3, 40. 4a°h. 
. rab. 38. 172. 
2 
F 2nd] b ies are Cos |; 2mal a+ b are cos |. 
a — b2 a b2— ae b 


o) (pi"—p2"). 
n 


ce ol 
So 2 
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. e* log yz; oe 
y 


8. (yde — x dy) ( 
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Art. 123. Pages 235-236. 


Sey oes bigayss 

. cos“ cosy; —sin «sin y. 
. ye +e; e + xe. 

. 403— 2 axy + by?; 


— au? +2 bay + 4y3, 


. Plogy; «cyt. 


Senos ee 
VP 2 wR we 


. yoos%+siny; sinx+acosy. 
. COS(x+ yy); cos(a#+y). 


ex 


Zz 


. mim — 1)am—2yn s mnxm—lyn—l ; 
OGG Gs = 6 ¥. 


11. 


12. 


13. 


14, 


18. 


mnxe”— 
21. 


cos « cosy — sin x sin z; 
cosy cosz — sing sin y; 
cos % cos 2 — Sin y sin Z, 


eae ges 
ety aty’ z 
Qu _223-y— 2 
ox xyz 
2Qarh, wr? 

Sunk = 3 
fact, Se a 

ie Se 
1ye-1s n(n — l)amyr*, 


exty; exty; erty; exty, 


22. 0; —3y2; —3y?; —6 ay. 


Art. 125. Page 241. 


. 2(¢ + cos we?s8inz), 
9 CAB 1D) 
“2 4. @2x 
pecliee . 
Var + a 
i 
. e*(2 x cos % — cosa — x sin x). 


. et sin x(a? + 1). 


6. 
7. 


Increases 34 sq. units per sec. 
679 units — 
15V11 sec 


_ 0.284 CU: ft. ‘ 
; sec 


Od—n) n= s5 
Rv 7” Rn 


Art.126. Pages 243, 244. 


. ety? dx + 2 ety dy. 
. cos «cosy dx — sin x sin y dy. 


ry 2adx_ 3ady. 


ys y* 


2 


5. 
6. 


. y* log y de + xy*-1 dy. 
atev (log adx + dy). 
y de — x dy. 

ee + y 


f 3 (a2y? +4 By?) dx + f (aby? —4 aby) dy. 


1 


4 ef 
Pty eV — 
. 2” log z(y dx +a dy) + xy 2-1 dz. 


. cos x cos y tan z dx — sin a sin y tan z dy + sin x cos y sec? z dz. 


_ ey dx + 2x dy — xy dz, 
g2 a uy? 
2x2 du+ x dz 
Chi yp 


3 aytz dy | 
(a8 — y3)2 


14 


15 


. Approx., 0.00117 ; actual, 0.00116. 


ap = (22 BH), 
\ 0 v 


. dk= C(T*dp + npT*-1dT). 


b Aa+a Ab ’ 
ab 


20. 
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Art.127. Page 245. 


1. 6 ay — y? ee 4 x(a? + y?) + y? bt PTs 
3 y? —3 a? + 2ay 4y(a? 4+ y?)+2y(@— 2a) b-—v 

9 da siny+y> sin x 5 £7 37 8 p sin 6 
3ycosa—acosy 6 y(a#— y) " 2cosd—3p 

Se 6. —tany. Oe ees 

NX y ay 
Art. 128. Page 251. 

1. Exact. e*siny. 6. Exact. ay?—(a?+ x)y. 

2. Exact. pv”. 8. Exact. xsiny— ey. 

5. Exact. $23 — ay. 11. (a) —4; (0) +4; (©) —8. 


Miscellaneous Examples. Pages 251-253. 


eye’ so tye, ey tes. 


. AV =r? Ah4+2 rrh Ar; a + 


a : y? ca 


. dxe%cosz; 2 x3e%cosz; — x3e sin z. 
z ae © x+y z 

@+yrte G@+yt+2) @+y+2 

ea raeres aay : g. om. 7, —~aethyte. 
2 x3y — 16 xy? + 15 yt ay by +ha+f 

3 xy ’ 9 x. + 23 + arc tan x ‘ 

5y— 223 (1 + @?) Va? + (are tana)? 

: Beeerar sine | eet aro.sina po. ala lp e—*(sin & — Cos #) | 

V1— x2 e— + cos? % 
. e@sin x(a? +1). 18. 0; — 10; 72y. 


. —e* cosy; —e*siny; e*siny. 
. wy sin xy —2x“cosay; xy2sin xy —2ycosxy; «sin ay. 


Biomed 2k BT See en le 
t—) — (0 = 0)? 3VI11 5VI11 
2 ee 2 
elite 26. V3; 20. 


7 ee (b? + c? — a)? 
2 Ar, 
r 


(a) gay? +y*)+o(a)t+¥(y). (0) datsiny + F@) +f). 


- (a) xy — fy". (6) (1+ 2?)are tan y— y. 
. (a) ee 81S? | +t 


Amn a 
(b) «log T+ BT— AB log p — ae +p) +% 


rat(B OB D _ 
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Art. 129. Pages 256, 257. 


Late + Fe) +9). 9g marer(4 + 02), 
— eos y + F(a) + 9M). 9 80 
: 3 
. 14,3878. 9, 2V2g(he! — Ia?) 
ue Ld 
8 10. rome 
: (2-2). 11, @2?, 
8 15 
a?(8— 7) 19, 4 an. 
8 2n+3 
3 rat 
Art. 130. Page 259. 
215. 4. a arc siny/1 = aie bv a? — b2. 
2 
a? 
Bure HS 7. 3.549. 9. 60.1+. 
12 8. 0.049. 10. zab. 


Art. 131. Page 261. 


eae 2 
vem 3. 1(r2—122). 4 6rar 5. 5 - ,%. 4.8584 a2; 11.1416 a2. 
Art. 132. Page 264. 
20 4 ne 
4 mabe , 5, Tae, 7 een 8. Za? tan B. 
3 85 
Art. 133. Page 267. 
A aa 9 a3 
4ar8, 2, aan 3. > ~COB. F wa¥(log 8 — 2). 


) Qa 1 4 
-)- 6. [ 2 Ses ~ |. 
6 3 a@(a+b)+(a+b) 8a 


Art. 134. Pages 270-271. 


8 
nds — (c2? — r?)?}, 6. 37a3_— $8 a’, 
. 4 mabe. ile ~ a. 
. dabe. 
Art. 135. Page 273. 

: Sy a A aie 

: pha? ; y=", ify = ky. 4. trkat; 3ka. 
2. 1 

Ria, 4 ka. 5. tkab?; Lk. 

3 6. $ of density at base. 


. ¥kd. 


‘ 
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Art. 137. Pages 279, 280. 
Qr 4p 
1. (a) (= 9): (0) (0, =eih 


2. (a) (a[Sv2-blosS—2v2)], 4a[2V3—1] ). (0) ( 3a 
8[V2+log(V2+1)] 8[ v2 +4log v2+1)] 5’ ri 


2a a(e?+4—e2 2a a(e?+4~— e-2) 
3. (a : b 7 
- feat ate~- 2-2) Se ear 8(e — e71) 
4 R 
4. (a) (=a, =) (b) (ra, =o 
5a 
5 (BF °) 7 (3 0 == 198-a 
: 37 By ear 
5 = 
6 (5,0). 9. (0,0, ma nS eS aa Sp 
‘ 15 
2] 


13. 1,4 in. from base of cylinder. 
14. Take mass m, at origin and X-axis along the side containing m, and 


oe BS cen we) 
2; thenz =— a, y =—— a4 
M2 5 4” y 34 
Art. 138. Page 282. 
1. 458; 42. 5. 2 bA3; 3h? 8. 258 a3; 22 a2. 
2. +, bhF ; py h? 6. $73; 4 a2. 9. + ma®; 4 a. 
8. drat; id@ 7. $3 at; 38 a2. 10. trka®; 442. 
4. 2rka>; 2a 


Art. 139. Pages 285, 286. 


The squares of the radi’ of gyration are : 


j 3 2 2 
| Cae 8. (a) $a"; (0) Bats (@) F4+E" 
2. (a) ©; 0) $; 

2 8. y= era Tie a 
(c) 208 vs @ es, Meee eh 
G = ¥)72 
83. 4(a;?+ 427). 9. (a) k? = 3 + (a—tb)t , 
4. $07. Bt Ot) 
5. 8, a. (b) ke = — wy 
’ Art. 140, Pages 287, 288. : 
3 2 Ah 
2 fiy2). . V2 gbh?. ele ane 
OS Ee, sien av2 gh 
5 
2. 1 kbh?. 6. 0.54.2 gra?. 198 otf? 


1b av2g 


10. 


11. 
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Miscellaneous Examples. Pages 288-290. 


12.022. 6. $a’. 9, 8 ans 
3 rab. . 3 
$a. %. mabr? | 10, 27%. 
t ra’. c mn 
a8(27V3 + 10 7) | 8. 4m? 12. mV eet i 
64 ab a 
. $ac + $(a?4+4 c®)are tan“. 19. Oey at re aA 
2¢ V3 BI 3 
4 3 
: a; ae 93. 42 — —Oiha® — doh? 
12 (byhy — bshe) 
ae =e log =) : 
he 2) ac 24. 10.814 in. 
. dof density at vertex. Saas 2 (2 4 re + ny. 
2 of density at base. = tk 
. 22a; 4 wad. 29. x=1 00, y=2 OD,z 


Art. 144. Page 298. 


; 2 3 
; (ge oe cS a ds Bet = 
PE ane ii 
Uo Peet nae ee 
euLR Bi ee 
, L+sloga +2 Con ay 5 BCE a" 5 > ~o<r<ow. 
I¢a¢ 24. —-o <r<w 
eo, x ot 
Nog aS tse ge ag) > —-oD<r<o, 
ba ee tls alte 
fe a OS id gree RN na | 1 
Ore a Wetec ar 3 aE 
Le rg Sie Sle 8) wk? 
Soh po apedl sy ay aac oe yl ale 
ee eel 7 =k ’ <Ua< 
ne Wak ail 75 
fi Safe I CD, SN ter A pee Thee 
3 Bar eg Ss! 
2 
h 1—n5 4 (Bnt—2n)F—..,, —0o<dI<w. 
140+ e422 40 ae eee ue & 
54 616% 277 68 7 T 
jp eee Oe Chet es a ee 
720 ' g0e4 7 °°” Be <3 


12. 


13. 


: e(1 +h+ 


- 0% + manly + 


- arc sin ¢ + ———— + 


ANSWERS 849 


a2 6 6 1768 T 
ers aes Cpe a aS ~ as 
eS ae ); Y a5 


1454547 4., —0 <aco. 


a? 2ae ot 95 
-—-zx — — —_ wee _ 
Tigh: 3 ar BT 9 COL TG <6 


Art. 145. Page 301. 


hn? he 
ae 
m(m — 1) 


= gm 2y2 4 ater 


- 0 + 6 ay + 15 aty? + 20 23y3 + 15 ay! + 6 ay + 8, 


h h2x, Gl 2%" 
—+ fi ae ee ee 
(l— a)? 21(1—a#2)2 38!(1—22)2 
h? 


2 
: log sin + heot x —* esc + ese? x cot x— --, 
. 22 +992 423 e+ 22. %. 22+5%—11. 
; sina + (# — a) cos a— @= 9" sin g — GD" co 4 4 0 


. 5(e—1)8 4+ 9(@—1)2 + 4(@ — 1)— 10; 


5(x —8)8 + 39(a — 3)2 + 100(a — 8) + 74. 


11. fe ye @ dP Se hare =, O<E< 2, 
2 3 4 = 

12. ee ee OS a)” oe, 0<x< 2a. 

a @ a at 

Art. 147. Page 305. 
7. 0.52360. 8. 1.31105. 9. 2 ry(1 rf a 
g 4 

10. 39824 45 sin2%+73,sinz cos? a+ ---. 
11. 0.746824. 

; Art. 149. Page 311. 
2. 0.21256. 6. 0.016+. 
3. 11.008. %. —19° 15’ <4 < 19° 15/. 


4, 3.433987 ; 4.290459. 
5. 0.009804 ; 0.010309. 


m2 , m3 
8. EOE es a4 


9. (a) 10.472. (b) 10.50. Relative error = 0.0027. 
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Art. 150. Page 313. 


Min. if « =" + nm. 4. Min. if = log 2. 

4 ‘ 2a p 
No max. nor min, 5. Max, if *=—tan 2, 5 Teou<cnm, 
Max. if «= se min, if ¢=— a Min. if e=—tan x, oT <a<2 T. 


6. Max. if @=0; min. if @=7, or are cos V3. 
7) Minto 0. 9. Max. if z #0. 


See Mule 05 al ee 10: Max. 1f2—0. 


21. 


22. 


ES GS ie 


Art. 151. Page 317. 


2: tls 2 13. 0 19. 4 
2 835— 2, 14. 1 pWnie: A * 
al 
ae 9. 4. iE a 21.4 
a 
ae 10. loga. 16¢01. 22. w. 
0. 1100, 17. @. 23. 2, 
0. 1270; 18.. 0. 24. 4. 
Art.152. Pages 319, 320. 
. Triple point at origin ; a = 0, 2, —2. ‘ 
ie 
. Conjugate point at origin. 4. Cusp at origin. 
. Triple point at origin. 5. Triple point at (0, 2). 
Miscellaneous Exercises. Pages 320, 321. 
. (a) Convergent if «<3. (6) Convergent if -w <a<a. 
(c) Convergent if —w <<a<ow. (d) Convergent ifa+~0. 
PADD re NUE ee 8 2. 
o+e ae Vas Tite : 5. Loo tbeetres 
3 4 8 gl 
con gM ped 22 aah 
Pe Seah or BOsey ee 6 242 ee a+ eat sf 
ie x) n) at — 06 
; ric ; 
. 2754 85h+h? +h; 
249.617 ; 258.048 ; 266.511 ; 283.509 ; 292.032 ; 300.563. 
- +2084 8 oo 4 48 at pe, ares 15. é 16. 2. 
n2 -98 3 art 
i sree ene 23. lte—— 
a ae =f 8 +x eee e+e 20 


2 9 
6a Ea ape TS 4 top. Eo Awe, 
+5 4°25 4 na teeter 


Se 


INDEX 


(Numbers refer to pages.) 


Acceleration, 61. 
angular, 62, 116. 
Adiabatic expansion, work of, 204. 
Algebraic functions, 39. 
Angular acceleration, 62, 116. 
speed, 62, 116. 
Anti-derivatives, 101. 
Approximate integration, 225. 
value of small errors, 79. 
Approximation formulas, 308. 
Huygens’, 321. 
Approximations for circular arcs, 510. 
Area under a curve, 7. 
representing definite integral, 178. 
Areas, approximate determination of, 
224, 
by double integration, 257, 259. 
~ of plane curves, 184, 186. 
of surfaces of revolution, 196. 
Astroid, 155. 
Asymptotes, 145. 
curvilinear, 167. 
oblique, 146. 
parallel to axes, 147. 
Atmospheric pressure, 122. 


Beams, strength and stiffness of, 159. 


Cardioid, 155. 

length of, 195. 
Catenary, 155. 

length of, 194. 
Center of curvature, 158. 

coérdinates of, 159. 
Center of gravity, 275. 
Centroid, 273. 

of circular arc, 277. 


Centroid, of cylindrical wedge, 278, 
of semicircle, 278. 
Centroids, theorems concerning, 276. 
Circle of curvature, 158. 
Circular ares, approximations for, 
310. 
functions, differentiation of, 83. 
Cissoid, 154. 
Coefficients of expansion, 65. - 
Compound interest law, 122. 
Compressibility, 82. 
Computation by means of series, 
306. 
of e and z, 306. 
of logarithms, 307. 
of trigonometric functions, 308. 
Concavity of a curve, 142. 
Cone, second moment of, 284, 
Conjugate point, 149. 
Conoid, 270. 
Constant, 1. 
of integration, 102. 
Continuity, 15. 
of functions of several variables, 
231. 
Convergence, tests of, 298. 
Convergency of series, 291, 293. 
Cubical parabola, 153. 
Curvature, 157. 
center of, 158. 
circle of, 158. 
Curvature, radius of, 158. 
of involutes, 163. 
Curve, concavity of, 142. 
length of, 192, 195. 
slope of, 47. 
tracing, 152. 
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Curves, areas under, 184, 186. 
derived, 94. 
with given properties, 118. 
Curvilinear asymptote, 167. 
Cusp, 149. 
Cycloid, 155. 
evolute of, 167. 
length of, 194. 
~ radius of curvature of, 161. 


Definite integral as limit of a sum, 
173. 
definition of, 169. 
geometric representation of, 178. 
of discontinuous function, 179, 
properties of, 171. 

Deflection of beam, 137. 

DeMoiyre’s theorem, 321. 

Density, mean, 271. 

Derivative as a rate, 69. 
conditions for, 30. 
definition of, 28. 
interpretation of, 31. 
of a constant, 32. 
of a function of a function, 41. 
of a product, 34. 
of a quotient, 36. 
of a sum, 82. 
of algebraic functions, 39. 
of inverse functions, 42. 
of pw”, 38. 
total, 232, 237. 

Derivatives, miscellaneous applica- 

tions of, 64. 
partial, 232. 
successive, 126. 

Derived curves, 49, 
function, 29. 

Differential coefficient, 29, 71. 

Differential notation, 70. 
partial, 242. 
total, 242. 

Differentials defined, 70. 
differentiation with, 75. 
exact, 248. 
inexact, 248. 

' kinematic illustrations of, 72. 

Differentiation, defined, 29. 


‘ 


INDEX 


Differentiation, logarithmic, 96. 
of algebraic functions, 40. 
of exponential functions, 94. 
of implicit functions, 77, 244. 
of inverse trigonometric functions, 
88-90. 
of series, 303. 
of trigonometric functions, 83-85. 
process of, 29. 
successive, 126. 
theorems on, 32. 
with differentials, 75. 
Discharge through orifices, 287. 
Discontinuous function, definite inte- 
gral of, 179. 
Divergency of series, 291. 
Double integral, 255. 
point, 149. 


Efficiency of a screw, 138, 
of water turbine, 141. 
Electric currents, 124. 
Ellipse, perimeter of, 304. 
radius of curvature of, 162. 
Ellipsoid, volume of, 191. 
Epicycloid, properties of, 168. 
Equation of normal, 55. 
of tangent, 55. 
Errors, approximate value of, 79. 
Euler’s theorem, 253. 
Eyolutes, 165. 
Expansion of functions, 296. 
by integration and differentiation 
of series, 303. 
Exponential functions, 92. 
Exponential functions, differentia- 
tion of, 94. 
problems involving, 122. 


Falling bodies, 6. 
First moment, 278. 
Flow of liquid, 287. 
of water, 287. 
Formulas, approximation, 308, 
Function, definition of, 2. 
of several variables, 231. 
point, 240, 249. 
algebraic, 39. 


i a i i i 
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INDEX : 


Functions, continuity of, 15. 
explicit and implicit, 39. 
graphs of, 11. 
inverse, 42. 
monotone, 20. 
multiple-valued, 87. 
notation of, 10. 
single-valued, 87. 
transcendental, 83. 

Fundamental integrals, 104. 


Gases, work done by, 203. 

Geometrical interpretation of second 
derivative, 128. 

Geometrical representation of definite 
integral, 178. 

Graphs of functions, 11. 

Guldin, theorems of, 276. 


Harmonic alternating current, 205. 
motion, 118. . 

Helix, length of, 288. 

Hooke’s law, 202. 

Huygens’ approximation, 321. 

Hyperbola, radius of curvature of, 

159. 
Hypocycloid of four cusps, 155, 


Implicit functions, 39. 
differentiation of, 77, 244. 
successive differentiation of, 127. 

Increments, 27. 

Independent variable, 2. 

Indeterminate forms, 21, 313. 

Infinite limits of integration, 179. 
series, 291. 

Infinitesimal, 14. 

Infinity, 14. 

Infiexion, points of, 144. 

Integral, defined, 101. 
definite, 169. 

Integrals, approximate determination 

of, 223. 
fundamental, 104. 
multiple, 254. 
of a” and w”, 105. 
table of, 221. 
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Integrand, 101. 
Integration, approximate, by series, 
3804. 
by inspection, 105. 
by parts, 207. 
by substitution, 108. 
by trigonometric substitution, 216. 
general theorems on, 102. 
mechanical, 227, 
of irrational forms, 213. 
of rational fractions, 209. 
of series, 3038. 
of trigonometric functions, 218. 
special methods of, 207. 
successive, 129. 
Interchange of order of differentia- 
tion, 236. : 
Inverse trigonometric functions, 87. 
differentiation of, 88-90. 
functions, 42. 
derivative of, 43. 
Inversion of sugar, 123. 
Involutes, 162. 
curvature of, 163. 
Trrational integrands, 213. 
Isothermal expansion, work of, 201. 


Kinematic illustration of differentials, 
72. 


La Rue’s rule for radius of gyration, 
290. 
Latent heat of expansion, 246. 
Law of the mean, 53. 
Leibnitz’ theorem, 140. 
Lemniscate, 155. 
Length of a curve, 192, 195. 
Limit, definition of, 12. 
of monotone function, 20. 
of product, 18. 
of sum or difference, 18. 
Limits, laws of, 18. 
of integration, 169. 
change of, 172. 
infinite, 179. 
Liquid pressure, 286. 
Logarithmic differentiation, 96. 
Logarithms, computation of, 307, 
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Maclaurin’s expansion, 297. 
series, remainder for, 305. 
theorem, 303. 

Mass, 271. 

Maxima and minima, 132, 311. 
applications of, 136. 

Mean density, 271. 
value, 198. 
value theorem, 53. 

Mechanical integration, 227. 

Moment, first, 273. 
of inertia, 280. 
second, 280. 

Monotone functions, 20. 

Motion in resisting medium, 119. 
of a projectile, 116. 
rectilinear, 114. 
simple harmonic, 118. 

Multiple integrals, 254. 
points, 149. 


Napierian base e, 93. 

Newton’s law of cooling, 123. 

Node, 149. 

Normal, equation of, 55. 
length of, 57, 60. 

Notation for functions, 10. 


Orifices, discharge through, 287. 


Pappus, théorems of, 276. 
Parameter, 2. 
Parametric equations, 47. 
Partial derivative, 232. 
differential, 242. 
Pelton water wheel, power of, 189. 
Pendulum, oscillation of, 305. 
Physical interpretation of 
derivative, 128. 
Plane areas by double integration, 
257, 259. 
Planimeters, 227, 
Point function, 240, 249. 
Points of inflexion, 144. 
Polar element of volume, 265. 
normal, 60. 
subnormal, 60, 


second 


INDEX 


Polar subtangent, 60. 
tangent, 60. 
Potential of a straight line, 252. 
Power series, 295. 
Pressure of liquids, 286. 
Probability curve, 156. 
integral, 305. 
Projectile, motion of, 116. ~ 
range of, 118. 
Proportional parts, rule of, 320, 


Radius of curvature, 158. 

parametric representation, 160. 
Radius of gyration, 281. 

of surface of revolution, 290. 

of system, 284. 
Range of projectile, 118, 138. 
Rationalfractions, integration of, 209, 
Rectification of curves, 192, 195. 
Rectilinear motion, 114. 
Regnault’s experiments, 66. 
Remainder for Maclaurin’s series, 303. 
Rolle’s theorem, 52. 
Roots, extraction of, 306. 
Rotation about a fixed axis, 116, 
Roulettes, 162. 
Routh’s rule for radii of gyration, 290. 


Secant, slope of, 4. 
Second derivative, interpretations of, 
128. 
moment, 280. 
Second moments about parallel axes, 
283. 
theorems on, 282. 
Semi-cubical parabola, 153. 
Series, convergence of, 293. 
expansion in, 296. 
for log (« + h), 300. 
for sin x, 298. 
infinite, 291. 
integration of, 303. 
Maclaurin’s, 297. 
power, 295. 
sum of, 291. 
Taylor’s, 299. 
use of, in computation, 306. 
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-Simpson’s rules, 224. 
Singular points, 149, 317. 
analytic condition for, 317, 
Slope of curve, 47. 
of secant, 4. 
of tangent, 31. 
Solid of revolution, volume of, 186+ 
Specific heat, 65, 246. 
of superheated steam, 141. 
Speed, 61. 
angular, 62, 116. 
of falling body, 6. 
Springs, compression of, 204. 
Standard integrals, 104. 
Strength of beams, 139. 
Subnormal, 57. 
Subtangent, 57. 
Successive derivatives, 126. 
differentiation of implicit func- 
tions, 127. 
integration, 129. 
Summation, process, value of, 176. 
volumes determined by, 190. 
Superheated steam, equation of, 230. 
properties of, 253. 
specific heat of, 141. 
Surface, area of, 284. 
of revolution, area of, 196. 


Tacnode, 149. 
Tangent, equation of, 55. 
length of, 57, 60. 
slope of, 3, 31. 
Tan y, cot y, 58. 
Tangential acceleration, 62. 
Taylor’s expansion, 298. 
theorem, 303. 
Taylor’s series, remainder for, 302. 
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Tests for convergence, 293. 
Theorem of mean value, 53. 
Theorems on differentiation, 32. 
of Pappus and Guldin, 276. 
relating to centroids, 276. 
relating to second moments, 282. 
Total derivative, 232, 237. 
differential, 242. 
Transcendental functions, 88. 
Trigonometric functions, computa- 
tion of, 308, 
differentiation of, 83-85, 
integration of, 218. 
Triple integral, 255. 
point, 149. 
Turbine, efficiency of, 141. 


Van der Waals’ equation, 68, 168. 
Variable, 1. 
dependent, 2. 
independent, 2. 
Velocity components, 73. 
Volume of elliptic paraboloid, 268. 
of solid of revolution, 188. 
Volumes by summation of. slices, 
190. 
by triple integration, 261. 
in polar codrdinates, 265. 


Wetted perimeter, 136, 

Witch of Agnesi, 154. 
area of, 181. 

Work of expanding gases, 203, 
or variable force, 200. 
represented by area, 201. 


Zeuner’s equation for superheated 
steam, 230, 
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